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Motivation, 1

m The modal logic S5 is very interesting from different viewpoints (epistemic logic,
Al, philosopy and theology, etc.).

m S5 axiomatizes the one-variable fragment of FOL!, the validity problem w.r.t. it is
decidable and S5 is Kripke complete (for example w.r.t. the class of all partitions
’Cpartition)-

m ltis also finitely axiomatizable and has the polynomial finite model property FMP.

m The modal definability problem w.r.t. the class of all partitions is
PSPACE-complete as well as the correspondence problem and the first-order
definability problem is in PSPACE w.r.t. the same class.

m A surprise is that the validity problem w.r.t. the class of structures having two
equivalence relations K»g5 is undecidable and consequently the modal definability
problem.

m But if we add the condition that the two equivalence relations are in local
agreement both problems become decidable!

m Since S5 enjoys so many interesting properties, it is natural that the products of
logics of the type L x S5 for L a normal modal logic, will be subjected to study.
That is how arrive to the current study of S5 x S5 (S52).
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Motivation, 2

Definition (Product of structures)

We will use two types of products of structures in this work: direct product (classical
model theory definition), denoted x and the modal product X

If & =(W,R)and ® = (U, S) be two Kripke structures, then % X ®=(FxG,H,V)is
called the modal product of & and © is a Kripke frame deflned as follows:

m The universe is F x G; \, i

u ({a;,b1),(az,by)) EH = /‘\J \1 ; ’f\;l

[{a;.a,) € R&b, = by]; N NN wxe
u (a1, b1),(ay, b)) €V = e ,
la, = a, & (b, by) € ST; [ .8

Definition (Product of modal logics)

Let L, and L, be two Kripke complete unimodal logics.
Then their product is defined as following:

Ly xL,=Log({F X B, | & €Fr(L) &G, € Fr(L,)}).
mod
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Motivation, 3

m The language of S5 is the propositional language based on a fixed countably
infinite set of propositional variables and equipped with the two modal operators ]
(vertical) and fm (horizontal).

m Satisfiability of modal formulae in S5% is NEXPTIME-complete and validity of
modal formulae is co-NEXPTIME-complete;

m A key feature of S5 is that it corresponds to the equality and substitution free
fragment of two-variable first-order logic FOL?, via the standard translation of
modal formulae to first-order formulae. There is a wide variety of proofs available
of the decidability of FOL?;

m S5 has the exponential FMP;

m S5%is Kripke complete w.r.t. to the class of all structures with two commuting
equivalence relations and other;

m |t is interesting that S5 x S5 x S5 has an undecidable satisfiability problem. In
general S5" for n € N, has an undecidable satisfiability problem;
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Motivation, 4

|

m Let Koommute € the class of structures for the language R(R,, R,,=) in which the
two equivalence relations commute and let Kp,iion b€ the class of structures for
the language {(R, =) of all partitions.

m We take an interest in Kgommute @nd some of its subclasses. S5 is Kripke
complete w.r.t. it and the models over the structures from the class Kgommute We
will call the nonstandard models of this logic.

m Let us define two other subclasses of this class of structures which have more
“standard” modal semantics: Kyectangle = {2 X Ay | Ay, Ay € Kpariition} and
Ksquare = {% = A | A € Lpanition }-

m S5 also is Kripke complete w.r.t. Krectangle @Nd Ksquares 1-€-,
Log(Keommute) = LOQ(]Crectangle) = LOg(]quuare) = 85 x S5.
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Motivation, 5

m Our main goal is to study the modal definability problem w.r.t. Kreciangie @nd
Ksquare- We need also study the modal definability problem w.r.t. Keommute t0 get a
better understanding of the former.

m These classes almost fit the criteria of the definition of a stable class conjured by
Balbiani and Tincheyv, so we will call them pre-stable (by modifying the methods
for stable classes).

m By being pre-stable this means that we can reduce the problem of deciding the
validity of sentences in each of the class in question to the modal definability
problem w.r.t. the same class. Alas, this only gives us a lower bound of the
complexity of the modal definability problems w.r.t. each of these classes.

Definition (Modal definability problem w.r.t. a class of structures K)

Let K be a class of structures for a relational FOL language 8. A FOL sentence ¢
defines a modal formula A w.r.t. K or alternatively A defines ¢ w.r.t. K if for every
structure §: (VI eL)IF FA= T Fol

A FOL sentence ¢ is called modally definable w.r.t. £ if there exists a modal formula
A which defines her w.r.t. £. The modal definability problem w.r.t. £ is whether
there is an algorithm which given a FOL sentence can determine whether it is modally
definable w.r.t. £?
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Motivation, 6

m So the decidability of the first-order theories of these classes become an essential
part of our study of the modal definability problem w.r.t. them.

m Our hopes of measuring the complexity of the modal definability problems w.r.t.
Krectangle @Nd Kgquare Using the complexity of the modal definability problem w.r.t.
Kcommute are in vain, because the latter is undecidable.

m Also, we will see that the first-order theories of Kygctangle @Nd Ksquare are decidable,
giving us only a lower bound of the modal definability problems w.r.t. the classes.

|
In proving all these statements we will use various techniques from classical and finite
model theory and other. Some of them will be methods from like Ehrenfeucht-Fraissé
games and results on generalized products started by Mostowski and continued by
Feferman and Vaught to demonstrate decidabilities of the first-order validity problems
and the possession of the FMP.
We will use Relative elementary definability introduced by Ershov is derived from
Tarski’'s Method of interpretations which is one of the methods for proving
undecidability of first-order theories as well as FOL relativization and bounded
morphisms lemma, etc.
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Motivation, 7

We will review the decidability of first-order theories of the following of Keymmutes
Krectangles Ksquare @Nd some constrainted variants of Keommute*

g R
m Let for each positive natural number n ICcolnfrr;ute be the class of all structures from

Keommute SUch that for each matrix in the structure the rows have < » number of
cells;

R <n,Ry<w

m Let for each positive natural number n K be the class of all structures

commute
R e o
from lcwlrﬁ"mute such that for each matrix in the structure the columns have a finite

number of cells;

- R LRy < :
m Let for each positive natural numbers n, m ICC(jnf;uf;”’ be the tighter subclass of
R <n,Ry<w,
commute °’

|
Ry<n . P Ri<n Ry<n,Rj<w . bl
Note that because K ormute 1S similar to K commute and Keommute 1S similar to
R <n,Ry<w R <n,Ry<w

5 - 0 o R <n
commute e Will only discuss the decidability problem of K£_ . and K~ &

The same reasoning can be applied for obtaining the results for the other two classes.
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How can we describe the structures?

YR.and T.T. SU-FMI-DMLA Modal definability of some classes of modal products February 11, 2022 11/62



How can we describe the structures?, 1

How we represent a structure from Keommute

Let (A4, R, RY) € Kgommute- Then we can prove that R'oRY € Equiv(A), and, thus, A

is a set of blocks (equivalence classes) w.r.t. the equivalence relation Rf‘oR?.
The following proposition is true:

Proposition

Letce Aand a,b € [c] pu, pu-
1 2

Then [a]R?[ C [C]R?(ORg[ and [b]REI C [C]R?[OR? and [a]R%I n [b]Rgi # 0.
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How can we describe the structures?, 2

How we represent a structure from Keommute, (Cont.)
Letc € Aandlet p = [c] pu, g
1 2

Enumerate all the blocks of R* w.rt. p: {a,},; and enumerate all the blocks of R
w.r.t. p: {by}se,, Where card(p/RY) = 4 and card(p/RY) = u
Denote ¢, 5 = a, N by.

We have that: S R VR I 2 IR 1

moc,,#0;

B oc,pNeyp =Bfor(a,p)#(d,p); Gl R 2
500

.aglc"’ﬁ:p Ry | o | 2 || o |27

P<u

l.e., the family M = {caﬁ}a<,1 is a partition of p. So we can thlnk of pasa matrix of

the type A x y” of non- empty, mutually disjoint sets. We will call an element of the
family {a,},<, @ “row” and we will call an element of the family {5,},., a “columns”. A
set ¢, ; we will call a “cell. All the structures % = (4, R¥, RY) € Kgommute are a
collection of matrices { M(y)}, .. of the type 4, x p,, v < ¢, for #R‘flokgl =&,
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How can we describe the structures?, 3

Ri<n R <n,Ry<w AR <n,Ry<m
1= 1= 2 and K 1 2

How we represent a structure from lCcommute’ TR SO

The structures are going to be similar to those of the wiser class Kqommute With some
restrictions of the number of cells a matrix can have in a row/column. For example if we
take a structure from 2 € Icfo‘rﬁﬁ]ute, then a matrix from 2 will be of the type m x u for

m < n.

How we represent a structure from Kegtangie aNd Ksquare

Both the structures in the classes Kiegtangle @Nd in Kgqyare are models of the formula
VxVy(x = y & R;(x,y) A Ry(x, )); therefore, automatically all cells have cardinality one.
Hence, all matrices in a structure from Kyectangle are rectangles and are essentially
modal products of two structures from the class Kpapition> i-€-

Krectangle = {% = B | A B € Kpanition }-

The same goes for the structures from Kgq,4¢ With the exception that the modal
product is of the same structure from Kpayiitions i-6- Ksquare = {2 X A | A € Kpartition }-
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Motivation, 7

We will review the decidability of first-order theories of the following of Keymmutes
Krectangles Ksquare @Nd some constrainted variants of Keommute*

g R
m Let for each positive natural number n ICcolnfrr;ute be the class of all structures from

Keommute SUch that for each matrix in the structure the rows have < » number of
cells;

R <n,Ry<w

m Let for each positive natural number n K be the class of all structures

commute
R e o
from lcwlrﬁ"mute such that for each matrix in the structure the columns have a finite

number of cells;

- R LRy < :
m Let for each positive natural numbers n, m ICC(jnf;uf;”’ be the tighter subclass of
R <n,Ry<w,
commute °’

|
Ry<n . P Ri<n Ry<n,Rj<w . bl
Note that because K ormute 1S similar to K commute and Keommute 1S similar to
R <n,Ry<w R <n,Ry<w

5 - 0 o R <n
commute e Will only discuss the decidability problem of K£_ . and K~ &

The same reasoning can be applied for obtaining the results for the other two classes.
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A quick overview of some properties
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A quick overview of some properties, 1

Do the theories differ?

B Th(Kcommute) & Th(K ectangie)- FOr example the formula
@_(x,y) = (R;(x,¥) A Ry(x, y)) is true in all structures from Krectangles Ut not all of

Keommute-
B Th(Kectangle) & Th(Ksquare)- Define:

PRjoR, (X, ¥) = F2(R (x, 2) A Ry(2, ).
PoneBlockR oR, = IXVY(@R, oR, (X, ¥)).
@PtwoOrLessindividuals = 3XIWVz(x =z V y = z).
@onelndividual = 3XVY(X = ).

Let ywyot be the following sentence:

Vdot = PoneBlockR;oR, N PtwoOrLessIndividuals = Ponelndividual-

Then o is true for all structures of Kgquare- But wye is not true in all structures of
Krectangle> DECaUse the matrices can be rectangular.
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A quick overview of some properties, 2

Do the theories differ?, (Cont.)

Ry <n
commute

B Th(Keommute) & Th(K ). Let for each k € w* define the formula:

PKeelising, (X1, X2, ..., Xg) = /\ =0 = x;) A /\ Ry (x;, x )N

1<i<j<k 1<i<j<k
N\ “RGX)AVYRGxD A\ S0 =x) =\ Ralx, ).
1<i<j<k 1<i<k 1<i<k

For each positive natural number k, the formula says that x;, x,, ..., x; forms a row
with exactly kK non-empty cells. Now define the formula:

OR<n = VY V 3xp ... 3 Preelising; Vs X1 -+ » Xp—p)-
1<k<n

This formula proves that the theories differ.

] Th(lcfclnf'r;me) c Th(lcfc;rﬁ'r;ﬁ:“’). The collection of infinitely many formulae

PKeelising, for m € o (it is essentially gycejising, Where the symbol R; is substituted
for R,) help us to establish this statement.

- Th(ICRISn,R2<w) c Th(KRISn,RZSm

commute . commute
helps us to differ them.

). The formula ¢g, <, (written similarly as ¢g, <,)
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A quick overview of some properties, 3

With & fin we will denote the class of all the structure of a class of structures K having a
finite universe.

Definition (Axiomatized class of structures)

Let £ C Sent(R) and K be a class of structures for Q.
¥ axiomatizes the class of structures K if for all structures 2 for
[AET=AeK]

Definition (Finitely axiomatized class of structures)

Let ¢ € Sent(R) and K be a class of structures for L.
¢ finitely axiomatizes the class of structures K if for all structures 2 for 8
AEp=AecK]
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A quick overview of some properties, 4 ® I

u

Are the theories axiomatizable?

B Kcommute is finitely axiomatizable and so are £

R <n Ry <n,Ry<m fin

2 2 & = 2 colr?mut% and K:commute © ““commute’
1<n fin 1=n,Ry<mfin 1<n.Ry<o 151, Ry <o\ fin

( _commu_te) ’(]Ccommute ) ’]Ccommute and (]Ccommute )" are only

axiomatizable.

Al Krectangler Ksquares ]Cfrigctangb and K . are not closed w.r.t. isomorphisms.
That is because if we take a structure A € Kyeciangie, then it is of the type
(A; X Ay, R, RY). Let the set B be such that card(4) = card(B) and the elements
of B are not tuples. Then % = (B, R}, RY), but (B, R¥, RY') & Kreciangle (the same
reasoning can be applied for the other classes).
Therefore, Krectangle: Ksquare: ’Cfrlgctangm and Kty . are not axiomatizable.
The question is if we close the classes w.r.t. isomorphisms, can we (finitely)
axiomatize the new classes?
Let us denote with I(K) = {2 | (3B € K)[A = B]} the closure of the class £
w.r.t. isomorphisms.
Even after we close them w.r.t. ismorphisms I(Kegtangle) @Nd 1 (Ksqare) are not
axiomatizable (can be seen by using Ehrenfeucht—Fraissé games, Downward

. g i i -
Lowenheim-Skolem theorem, etc.). I(K ) @nd 1(Kgg,,.) are not finitely
axiomatizable (can be seen by using Ehrenfeucht—Fraissé games).
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Are the theories decidable?

What about the modal definability problem w.r.t. these
classes?
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First-order validity problem w.r.t. X.ommute

YR.and T.T. -FMI- Modal definability of some classes of modal products February 11, 2022 22/62



First-order validity problem w.r.t. £ ommute> 1

Some of the tools needed

m Let us define a class of structures which will be of interest to us: Kiyef, sym =
{(A, R%) | R¥ is symmetric and irreflexive in A} for the language (R, =).

® Th(Kiref, sym) @and Th(e M ) are hereditarily undecidable (Ershov, 1980).

irref, sym

Theorem for hereditary undecidability, (Ershov, 1980)

If the class of structures K, is relatively elementary definable in the class of
structures K, and the theory Th(X,) is hereditarily undecidable, then the theory Th(X;)
is also hereditarily undecidable.
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First-order validity problem w.r.t. £.ommute> 2

The idea
Let k,m € ™ be positive natural numbers such that k # m. For simplifying the following

steps letus fix k =1 and m = 2.
B—®
©

Let A € Kief, sym b€ the simple finite structure:

12| 2

Then we can represent 2 within a structure 8B with
the following matrix: 2|13
2| 3|1
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First-order validity problem w.r.t. K¢ommutes 3

The idea, (Cont.)

Let k, m € w* be positive natural numbers such that k # m. For simplifying the following
steps let us fix k =1 and m = 2.

Let A € Kief, sym € the simple finite structure:

112|233
Then we can represent 2 within a structure 8 with 2133
the following matrix: 20313
3/3|3]|1
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First-order validity problem w.r.t. £.ommute> 4

The idea, (Cont.)

Let fcuni be all the structures which have exactly one matrix.

commute
m We will prove that the class Ky, sym is relatively elementary definable in the class
uni
commute
i P uni
m For an arbitrary structure 2 € Kiyef, sym We Will construct a structure 8 € K0 .

= Then we will “filter” a structure € from 2B and we will have explicitly from the
construction that 2 = €.

= From Thcun ) is hereditarily undecidable, rending Th(Xcommute) hereditarily

) commute
undecidable.

i - in geuni
Theorem: RED of fCiges sym N K omute

H i H i uni
The class Kjyer, sym IS relatively elementary definable in the class K5 .
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First-order validity problem w.r.t. £.ommutes

Theorem: Undecidability
Thaedt ), Th(K  gommute)s THOC M fimy, Thaefin - ) are hereditarily

commute . commute commute
undecidable and therefore undecidable.

Corollary (Janiczak, Rogers)

Let Kog5 the class of all structures for 2(R,, R,,=) such that the relation symbols are
interpreted as two equivalence relations on the universe of the structure.
Th(K»g5) is undecidable: (Janiczak, 1953) and (H. Rogers, 1956).

Corollary: Undecidability

Th(Kos5) and Th(ICZﬁS”S) are hereditarily undecidable and therefore undecidable.

Additional properties of Kzommute

Th(Kgommute) IS NOt essentially undecidable and K.ymmute does not have FMP.
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Modal definability problem w.r.t. K.ommute
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Modal definability problem w.r.t. Keommutes 1

Some of the tools needed

Relativization theorem

Let A and %, are structures for 8, ¢(x, x,, ..., x,) € Form(R) and a be a list of
individuals in A.

If A, is a relativized substructure of 2 w.r.t. ¢(x,x,...,x,) and a, then for all FOL
formula z(y;, ..., y,) and all lists of individuals ¢ in Ay: % | (r)?[a;¢] <= A, = yIel.

Ehrenfeucht-Fraissé theorem

For all k € w, for all finite FOL languages without function symbols £ and for all
structures 2 and B for  the following are equivalent:
The Duplicator has a winning strategy for G, (2, B) < A =, B.

Bounded morphism lemma

Let & and g’ be frames.
If &' is a bounded morphic image of & then & < &'.

Y.R.and TT. SU-FMI-DMLA Modal definability of some classes of modal products February 11, 2022 29/62


https://www.uni-sofia.bg/index.php/eng
https://www.fmi.uni-sofia.bg/en

Modal definability problem w.r.t. Keommutes 2

Definition (Quantifier rank of a formula)

Let ¢ € Form(R).
The quantifier rank ¢r(¢) € w of ¢ is defined in the following manner.

= @ € Atomicg, then gr(g) = 0;
u ¢ =y, then gr(e) = qr(y);
B o= (y; V), then gr(p) = max{qry,), ar(y,)};
m @ = Ixy for x € Varg, then gr(p) = 1 + gr(y);
A k-rank formula is a formula having quantifier rank exactly k.

Definition (Partial isomorphism)

Let be a & finite RFOL language and let 2 and B be structures for .
Let h be a mapping such that Dom(h) C A and Range(h) C B. his called a partial

p € Predg and for every ay, ... ,a, € Dom(h):
(a,...,a,) € p% <= (h(ay), ..., h(a,)) € p®.

We will denote the set of all partial isomorphisms from 2 to 8B with Part(2, B).

Y.R.and T.T. SU-FMI-DMLA Modal definability of some classes of modal products February 11, 2022 30/62


https://www.uni-sofia.bg/index.php/eng
https://www.fmi.uni-sofia.bg/en

Modal definability problem w.r.t. Keommutes 3

Definition (k-equivalent structures)

Let 2 and B be structures for L.
The structures % and B are called k-equivalent, denoted 2 =, B, if they satisfy the
same i-rank first-order sentences for 0 <i < k.

Definition (Elementarily equivalent structures)

Let 2 and B be structures for L.
2 and B are called elementarily equivalent, denoted 2 = B, if they satisfy the same
first-order sentences , i.e., Th(2) = Th(B).

REINET

Let % and B be structures for & and card({) < N,,.
If A =, Bforall k € w, then A =B.
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Modal definability problem w.r.t. Keommutes 4

How the game is played?

Let 2 and B be the following structures for the language (R, =):

ay IJJ_

as ba b

a4 by
A B

The Ehrenfeucht-Fraissé game G, (2, B) is played by two players called the Spoiler
and the Duplicator. Each player has to make k moves in the course of a play. The
players take turns.
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Modal definability problem w.r.t. Keommutes 2

How the game is played?, (Cont.)

Y.R.and T.T.

In his i-th move the Spoiler first selects a structure, 2 or B, and an element in this
structure.

If the Spoiler chooses s; € A then the Duplicator in his i-th move must choose an
element d; € B. If the Spoiler chooses d; € B then the Duplicator must choose an
element s; € A.

Let {(s;,d;) | 1 <i < k} be the corresponding choices for each turn. The
Duplicator wins if and only if 5 — d € Part(2, B). Otherwise, the Spoiler wins.
Given Ehrenfeucht—Fraissé theorem that means that Duplicator wins if and only if
A=, B.

A strategy is a system of rules which tells the player what move to make,
depending on the history of the game up to the current moment.

We say that a player has a winning strategy in G, (2, 3B), or shortly, a player wins
G (U, B), if it is guaranteed that he is always the winner of the game (following
mindlessly the strategy).

SU-FMI-DMLA Modal definability of some classes of modal products February 11, 2022


https://www.uni-sofia.bg/index.php/eng
https://www.fmi.uni-sofia.bg/en

Modal definability problem w.r.t. Keommutes 6

Theorem: Reducibility Kcommute

The problem of deciding the validity of sentences in Xgommute is reducible to the modal
definability problem w.r.t. Keommute-

Beginning of proof

Let ¢ € Form(&(R;, R,,=)) be defined ¢(x, x;) = =3z(R,(x, 2) A Ry(z, X)).
Let y € Sent(R(R,, R,,=)) be such that gr(y) = k for some k € w and define the
sentence y to depend on gr(y) in the following manner:

ws3yAnaC \ RGLY) A R, Y) A, = ).
1<i<j<k+1

Let 6 = 3x;@xe(x, x;) A ~(1)? ) Ay be a sentence of (R, Ry, =).
We need only prove that Keommute | ¥ < 6 is modally definable w.r.t. Kgommute-
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Modal definability problem w.r.t. Keommutes 7

Corollary

The modal definability problem w.r.t. Ksommute iS Undecidable.

Theorem: Reducibility &fin

commute

The problem of deciding the validity of sentences in xfi" is reducible to the modal

commute
. TR fin
definability problem w.r.t. K ommute”

Corollary

The modal definability problem w.r.t. IC'C‘[;mmute is undecidable.
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R <n
commute

First-order validity problem w.r.t. £

and related subclasses
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R <n 1

First-order validity problem w.r.t. £

commute’

How we will accomplish the task
We will show decidability of KcRisn

commute aNd the related e‘.ubclas.sef2 b<y demonstrating that
1<n

they have the “strong” FMP (to see if a FOL sentence ¢ € Th(K_ - ..) we will need
only to check that ¢ € Th(C), where C is a finite class of finite structures w.r.t.
isomorphisms directly yielding the decidability of the respective theory). For the task
we will use Ehrenfeucht—Fraissé games and so some basic definitions and theorems
are needed to be remembered.

Definition (Finite model property (FMP))

A class of structures K for a RFOL language £ has FMP if for any sentence ¢ of the
language £: Th(K) i ¢ = (3B € £ ")[B K ol.
An analogous definition is that Th(x) = Th(xfin),
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R <n 2

First-order validity problem w.r.t. £

commute’

Let ¢ be a sentence in &(R;, R,,=). Then for all positive natural numbers n:

R <n
commute

R <n
commute

» & Th(K, )= @AM e (K ) I = o]

Let ¢ be a sentence in &(R,, R,, =) such that gr(¢) = k for some natural number k;

q R <n o
Take a witness 2 € Iccc;mmute such that 2 [ ¢;

m Refine U to a structure A’ with the property that in every cell in every matrix of 2’
is of cardinality not greater that k;
= Next for every matrix M € 2’ of type m x pu for m < n we will do the following:
m We will set an ordering of the columns. In this way we can extract a set of m—tuples R,,
of the cardinalities of the cells of rows in the matrix.

m Afterward for every m—tuple from R,, we will leave not more than k rows with that “type”
and discard the rest from the matrix. We obtain a new matrix M’ which is finite;

m After applying the previous step for every matrix in 2’ and replace them with finite
matrices, we obtain a new structure 2" which consists only of finite matrices;
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R <n 3

First-order validity problem w.r.t. K ommute’

Proof., (Cont.)

m Fix an ordering of the columns of all matrices. For each matrix take the set of
m-tuples R/ and the number of every such m-tuple of R/ in the respective matrix
(Defined on the previous slide. They are a finite number of sets.).

The last step is to leave no more than k matrices of 2 with the above described
property. In this way we end up with a finite structure 2.

m Checking that the Duplicator has a winning strategy for the game G (2, %) is
immediate and by Ehrenfeucht—Fraissé theorem that means that 2« =, .

m Since gr(p) = k and A = @ then A | .
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R <n 4

First-order validity problem w.r.t. K ommute’

The theory of Icfolnf:'nme is decidable for all positive natural numbers n.

m Fix a positive natural number n.

R <n .
m We know K ommute has FMP;

m Let ¢ be a sentence from (R, R,,=) and let gr(p) = k. Let red(k) denote the
compositions of the operation of refinement of the structures in the previous
theorem proving FMP. Then (ngrﬁ;ute)red(“ is a class in which for each structure,
the matrices in it have cardinality no more than some natural number - the
maximal cardinality of a matrix produced after applying red(k) to the original
matrix, that is, all structures are finite. Therefore, (ICfo‘j"mmG)’ed(k) is a finite class of

. . Ri<n red(k) — Ri<n
structures w.r.t. isomorphism. As a result, (K~ ) = K ommute-

Risn e need only check validity of

Finally in order to see if ¢ is a theorem of K|

@ in a finite number of finite structures.
|
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R <n 5

validity problem w. mat——

Corollary
The theory of (K

R <n

sommue)™ is decidable for all positive natural numbers n.

Corollary
R <n

The theory of (l(?cormmte)“”i is decidable for all positive natural numbers #, where Ui
means that there is only one matrix in the universe of the strucres in the class.

Using the same arguments we can prove that:

Theorem

The following classes have decidable theories for all positive natural numbers n, m:

R <n,Ry<w R <n,Ry<w.ynj R <n,Ry<m\fin .
. ICcommute ’ (Iccommute ), (ncommute s
R <n,Ry<m

R{<n,Ry<m i R{<n,Ry<m.fi
e 25 x 1 2 )um, x 1 2) )fm.

commute commute

m K
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R <n

. and related

Modal definability problem w.r.t. £

subclasses
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R <n

commute’ etc.

Modal definability problem w.r.t. £

1
K

R <n Ry <n,Ry<w
commute’ ~~commute

Ry <n,Ry<m
commute

Let by X we mean any of the classes K or K for n,m

positive natural numbers.

Theorem: Reducibility

The problem of deciding the validity of sentences in K is reducible to the modal
definability problem w.r.t. K.

Theorem: Reducibility &fin

The problem of deciding the validity of sentences in K" is reducible to the modal
definability problem w.r.t. xfin.

The inspection of the proofs shows that the proof for Kggmmute and &fin

: commute 1S @ proof
for K and ki respectfuly.
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First-order validity problem w.r.t. Th(K ectangie)

and Th(Ksquare)
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Th(Kectangle) @nd Th(Kq,are) are decidable, 1

How can we prove the decidabilities?, 1

m We can prove it by using old results on decidability of generalized products and
powers from the 50-ties started by Mostowski and continued by Feferman and
Vaught, we will prove a corner case corollary which will yield one means with
which we will show the decidability of Th(Kegtangie) @nd Th(Ksquare)-

m The original papers are (Mostowski, 1952) and (Feferman and Vaught, 1959).
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Th(Kectangle) @nd Th(Kqare) are decidable, 2

How can we prove the decidabilities?, 2

m Another solution to the decidability problems can be described using
Ehrenfeucht—Fraissé games to prove that they have the strong FMP.

m We will use that Cpqition has FMP is a folklore fact.

m This proof depends on this property of Ehrenfeucht—Fraissé games w.r.t. direct
product of structures.

m This method gives us more information about the exact upper bound of the
complexity of the membership problem to Th(K ectangie) @nd Th(Kgqyare)-
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Th(Kectangle) @nd Th(Kqare) are decidable, 3

How we can represent the structures of Kegtangle @Nd Ksquare

m Let 2, and A, be structures from Kpiion- But how is the direct product of
A, x A, remotly close to the modal product 2 X A, € Krectangle?

m Let us have a structure 2 = (4, R¥) for the language (R, =).
m We will effectively generate two new in a way expansions of 2 for the language
2(Ry, R,,=) in the following manner:
m Let A=2 = (A, R?‘=2,R§‘=2) be such that the interpretation of R?‘=2 is the same as that of

RY and the interpretation of szz will be that of equality of individuals of A (formal
equality in the structure 2).
m Similarly, we generate an expansion 2=! = (A, R?‘=] , R§‘=l ).
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Th(Kiectangle) @Nd Th(Kgqar¢) are decidable, 4

How we can represent the structures of Krgcangle @Nd Ksquare, (Cont.)

m Let us take a formula ¢ from (R, =). We can effectively generate two formulae
¢=2 and ¢=! like this:

m For ¢~ we substitute all occurrences of the predicate symbol R for R;, and we
substitute all occurrences of the formal equality = for R,.

m For ¢=! we substitute all occurrences of the formal equality = for R,, and we substitute
all occurrences of the predicate symbol R for R,.

m In turn by taking a formula ¢ from (R, R,,=) we can obtain a formula from the
language {(R, =) by substituting all occurrences of the symbol R, with R and
substituting all occurrences of the symbol R, with =. We will denote it as
@[R{/R, R,/ =] Or try(e).

m We can do also this translation ¢[R;/ =, R, /R] or tr ().
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Th(Kectangle) @nd Th(Kqare) are decidable, 5

Example

Let ¢ = VXVYVz(R(X, ) AXx = 2) V X = y).
Then ¢=! = VxVyWz((Ry(x, ¥) A R;(x, z)) V R,(x,y)) and
tr (=1 = VXV Wz(R(X, ) AX = Z) V X = y).

Properties of the translation

If we want to return to the language £(R,, R,,=) we do not know which = comes from a
substitution of the symbol R; with = or was originally =; thus, we do not have injectivity
of the translation, but at least every formula from &(R,, R,, =) has a translation.
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Th(Kectangle) @nd Th(Kqare) are decidable, 6

We can prove:

For any formula ¢(x, ..., x,) from the language £(R, =), for any structure 2 for
(R, =) and for any individuals qa,, ..., a, € A we have:

A Eplay,...,q,]l = A=2 |=qo=2[[al,...,a,,]] = u=! |=(p=l[[a1,...,a,,]].

and

Lemma

For any formula ¢(x, ..., x,) from the language (R, R,,=), for any structure 2 for
(R, =) and for any individuals qy, ..., a, € A we have:

A=! Eolay,....q,] = A=2 Eolay,....a,]l = A =trio)lay, ..., a,l.
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Th(ICrectangle) and Th(lcsquare) are deCidable, 7

Corollary

If 2 has a decidable theory, then so do the structures 2= and 2°=2.

Corollary

If K has a decidable theory, then so do the classes £=! and K£=2.

Why was it all necessary?

Why was all this introduced, and why is it useful? The reason is that it gives us a
deconstruction of the models of Kgctangle-
If we have 2,2, € Kparition, then 272 x 25! will be such a structure that:

m the universe is A; X A,;

AT
® R is such that for any (a, b), (c,d) € A; X A,:

=2 9r=1
1

A=29 =2 A=! =2
(a.b),(c.d)) €R' % <> (ac)ER" &(bd)ER* < (ac)eR, &b=d;

A2y
m R,' ~? issuch thatforany (a,b),{(c,d) € A; X 4;:

2 =1

AT A2 o> bl
((a,b).{c,d)) €R,' " * <= (ac)eR,' &(bd)ER,” <= a=c&(bd)ER,’.
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Th(ICrectangle) and Th(lcsquare) are deCidable, 8

Proposition

Therefore, we have that 2, x 2, = A2 x A1, i.e., the direct product and the
modal product coincides for these specific structures.
def.
’Crectangle = {¥ m>”<d A | AL A, € ]Cpartition} = ’Cpartition ”ifd Icpartition =
=2, gr=1 _ =2 =1
{?Il > 2[2 | 2y, s € Kpartiion} = ]Cpartition S Icpartition'
def.

’quuare = {% m>a<d A|Ae ’Cpartition} = {2[:2 x A=! | A e ICpartition}-

The corollary of Mostowski’s theorem:

Proposition
Let ® be a finite RFOL language with or without formal equality =.
If 2, and 2, are structures for the language 8 such that Th(,) and Th(,) are
decidable, then Th(2, x 2,) is also decidable.

If £, and K, are classes of structures for language & such that Th(x;) and Th(K,)
are decidable, then Th(X; x K,) is also decidable.
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Th(Kectangle) @nd Th(Kqare) are decidable, 9

The theory of Kreqiangle is decidable.

Proof.

Itis well known that Kpapiion has a decidable theory.
=2 =Il i
Therefore, by Corollary, so do K?partmon and leamtion. As a result from applying
-, i) 1 . .
Proposition part 2 we have that leamﬁon X ICpartition has a decidable theory which by
Proposition means that K ectangie has a decidable theory. |

In a similar manner we can prove that:

Theorem
The theory of Kgquare is decidable.
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Th(Kectangle) @nd Th(Kqare) are decidable, 10

Let 2 be a structure for the language {(R, =) and let k € w. Then the Duplicator has a
winning strategy for G,(2, 2=2) and G, (2, A=").

k=2 and k=1 have FMP.

partition partition

Lemma

Let 2, A,, B, and B, be structures for & and k € w be a natural number.
Ifthe A, =, B, and A, =, B,, then A, x A, =, B; X B,.
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Th(Kectangle) @nd Th(Kqare) are decidable, 11

Krectangle has FMP.

Similarly, we can prove that:

Ksquare Nas FMP.

Th(Krestangle)s THOCUM, oo Thaen gio)» TNKsquare)- Th(lcggiuare), Th(ICfsiguare) are
decidable.
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Modal definability problem w.r.t. Th(K\gctangie) @nd

Th(lcsquare)
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Modal definability problem w.r.t. Kyegtangle @Nd Ksquare

Let by X we mean any of the classes K(gctangie OF Ksquare-

Theorem: Reducibility

The problem of deciding the validity of sentences in K is reducible to the modal
definability problem w.r.t. K.

Theorem: Reducibility &fin

The problem of deciding the validity of sentences in £fin is reducible to the modal
definability problem w.r.t. kfin.
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Summary and conjectures

The main results of this work can be summarized in the following table:

Classes and status of validity in them
Classes of structures Arbitrary cardinality Finite cardinality
i (o e undecidable undecidable
s e decidable decidable
e e Uil e L decidable decidable
gl ot et ol EL decidable decidable
[ ety Ictjgci:tangle decidable decidable
Kequares Kotuare decidable decidable

We conjecture that the modal definability problem w.r.t. all proven decidable classes is
decidable.
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The End

Thank You For
Your Time Today

ANY QUESTIONS?

Y.R.and TT.

SU-FMI-DMLA
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