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Introduction

The study of the right derived functors of the functor of limit
was initiated in the works of Yeh, Milnor, Roos and
Grothendieck.

In particular, it was shown that for inverse sequences of
abelian groups, lim’ = 0 for i > 1, but the functor lim! turned
out to be non-trivial.

Milnor emphasized the significant role of this functor in
algebraic topology by introducing what is now known as
Milnor exact sequence for homotopy groups.

It was also proven that if the inverse sequence consists of
epimorphisms, the derived limit is trivial.

Grothendieck in [1] introduced the Mittag-Leffler condition for
an inverse sequence, which generalizes the epimorphism
condition, and proved that it also implies the vanishing of the
derived limit.
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o If all components of an inverse sequence are at most countable
abelian groups, then the Mittag-Leffler condition becomes
necessary and sufficient for the vanishing of the derived limit.

@ However, for arbitrary inverse sequences of abelian groups, it is
not a necessary condition.

@ There arose a need to find a necessary and sufficient variant of
this condition.
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Generalization

The same results can be proved for any abelian category with a
generator G, small direct sums (AB3) and exact small products
(AB4").
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Inverse sequences

Definition

An inverse sequence of abelian groups A is a couple consisting of
two families A = ((A;), (f;)) indexed by natural numbers i € w,
where A; is an abelian groups and f; : Ajy1 — Ajis a
homomorphism.

f £ f f f
Al 2 Ap <2 Az <> Ag = As — ...

.
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Inverse sequences

Definition

An inverse sequence of abelian groups A is a couple consisting of
two families A = ((A;), (f;)) indexed by natural numbers i € w,
where A; is an abelian groups and f; : Ajy1 — Ajis a
homomorphism.

f £ £ f f
Al 2 Ap <2 Az <> Ag = As — ...

We call an inverse sequence A null-sequence if every f; is a
null-mapping.
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Inverse sequences

Definition

An inverse sequence of abelian groups A is a couple consisting of
two families A = ((A;), (f;)) indexed by natural numbers i € w,
where A; is an abelian groups and f; : Ajy1 — Ajis a
homomorphism.

f £ £ f f
Al 2 Ap <2 Az <> Ag = As — ...

We call an inverse sequence A null-sequence if every f; is a
null-mapping.

We call an inverse sequence A epimorphic if every f; is an
epimorphism.

Mishel Carelli,Sergei O. Ivanov Transfinite version of the Mittag-Leffler condition for the v



Limit mapping

Definition
Let A= ((A)), (f;)) be an inverse sequence. The limit mapping of
A is the homomorphism

d) i I_I?i]_AI- — I_I?ilAl'

defined as follows:
¢(al, az,as, ... ) = (31 — fl(a2), ay — fg(33), v )

.
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Limit and derived limit

Suppose A is an inverse sequence and ¢ is the limit mapping of A.

Definition

Inverse limit lim A := Ker(¢).

All the sequences (a1, a2, as, ...), such that
(a1, a2, a3,...) = (f(a2),f(a3), f(as),...).
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Limit and derived limit

Suppose A is an inverse sequence and ¢ is the limit mapping of A.

Definition

Inverse limit lim A := Ker(¢).

All the sequences (a1, a2, as, ...), such that
(a1, a2, a3,...) = (f(a2),f(a3), f(as),...).

Definition

Derived inverse limit lim! A := Coker().

If lim! A = 0, then for any sequence (by, by, bs, ...) exists sequence
(a1, a2, a3, ...) such that

(31 — f(az), az — f(a3), ) = (bl, bg, b3, )
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Connection of limits

Suppose we have the short exact sequence of inverse sequence
A — B — C, then there is an exact sequence of abelian groups:

1 1 1
0—=IlimA—=IlmB—limC—=IlmA—=ImB—=IlmC—0
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Connection of limits

Suppose we have the short exact sequence of inverse sequence
A — B — C, then there is an exact sequence of abelian groups:

1 1 1
0—=IlimA—=IlmB—limC—=IlmA—=ImB—=IlmC—0

A=7 ¢ p7 & 27 p37 L prr
0= A—={Z} = {Z/p'Z} -0

lim'A=12,/Z
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Mittag-Leffler condition

For any i € N Let us define image filtration /*(A;) for an inverse
sequence A recursively for any ordinal a:

o I9(A) = A
o [*TH(A)) = fi(1*(Ai1))
o IMNA)) := Nacal“(A)), if Xis a limit ordinal.

A
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Mittag-Leffler condition

For any i € N Let us define image filtration /*(A;) for an inverse
sequence A recursively for any ordinal a:

o I9(A) = A
o [*TH(A)) = fi(1*(Ai1))
o IMNA)) := Nacal“(A)), if Xis a limit ordinal.

Definition

We say that A satisfies the Mittag-Leffler condition if for every i
filtration /X(A;) stabilizes in a finite number of steps.
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Mittag-Leffler condition

Definition

For any i € N Let us define image filtration /*(A;) for an inverse
sequence A recursively for any ordinal a:

o I9(A) = A
o [*TH(A)) = fi(1*(Ai1))
o IMNA)) := Nacal“(A)), if Xis a limit ordinal.

Definition

We say that A satisfies the Mittag-Leffler condition if for every i
filtration /X(A;) stabilizes in a finite number of steps.

This condition is sufficient for the vanishing of lim! A but not
necessary if groups are uncountable.
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Completions

Definition

For an inverse sequence A let us define for every ordinal «

AY = A/IY(A)
For any limit ordinal A\ the A\-completion of A is defined as
AN = lim AP, (1)
B<A
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Completions

Definition

For an inverse sequence A let us define for every ordinal «

AY = A/IY(A)
For any limit ordinal A\ the A\-completion of A is defined as
AN = lim AP, (1)
B<A

Ais called A-complete, if the morphism A — AN is an epimorphism.
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Completions

Definition

For an inverse sequence A let us define for every ordinal «

AY = A/IY(A)
For any limit ordinal A\ the A\-completion of A is defined as
AN = lim AP, (1)
B<A

Ais called A-complete, if the morphism A — AN is an epimorphism.
Also this morphism induces a monomorphism

~

AN — AN (2)
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Preservation of the limit

Proposition

For any ordinal o there are isomorphisms
limA® =limA® =0, lim/%(A) 2 lim A, (3)

where the last isomorphism is induced by the monomorphism
1%(A) — A. Moreover, there is a short exact sequence

lim}/%(A) — lim'A — lim A2, (4)
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Length of the transfinite image filtration

Definition

The length of the transfinite image filtration of A is the the least
ordinal len(A) such that for any a > len(A) the monomorphism
1%(A) — (A (A) is an isomorphism.
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Length of the transfinite image filtration

Definition

The length of the transfinite image filtration of A is the the least
ordinal len(A) such that for any a > len(A) the monomorphism
1%(A) — (A (A) is an isomorphism.

Proposition

For an inverse sequence A the ordinal len(A) is well defined.
Moreover, in this case I'™(A)(A) is an epimorphic inverse sequence,
and the canonical morphisms 1'*™A)(A) — A — Al*™A) induce
isomorphisms

lim! A 2 lim! Alen(A) lim A 2 lim /**"(A)(A). (5)

v
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For an inverse sequence A the following statements are equivalent

Q limA=0;
Q@ /'n(A(A) = 0.
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For an inverse sequence A the following statements are equivalent
Q ImA=0;
Q /(A)(A)=0.

v

If S is an epimorphic inverse sequence and limS = 0, then S = 0.
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Local sequences

Definition

An inverse sequence A is called local if lim A = lim*A = 0.

Mishel Carelli,Sergei O. Ivanov Transfinite version of the Mittag-Leffler condition for the v



Local sequences

Definition

An inverse sequence A is called local if lim A = lim*A = 0.

For a general category C and a morphism 6 : ¢/ — ¢ an object / of
C is called 6-local, if the map 6* : C(c,/) — C(c’, 1) is a bijection.
The class of 6-local objects is closed with respect to small limits [2,
§1.5]. Further, we show that local inverse sequences are 6-local
objects with respect to particular morphism 6 in the category of
inverse sequences. As a corollary, we obtain that the class of local
inverse sequences is closed with respect to small limits.
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Definition

For a natural number n we denote by Z(n) the inverse sequence
such that Z(n); = Z for i < n, Z(n); = 0 for i > n, and f; = 1 for
i<n.

Zn)=Z42 . T 0 0«...

Mishel Carelli,Sergei O. Ivanov Transfinite version of the Mittag-Leffler condition for the v



Definition

For a natural number n we denote by Z(n) the inverse sequence
such that Z(n); = Z for i < n, Z(n); =0 for i > n, and f; = 1y for
i< n.

LM =Z % . 2200+ ...

v

For any inverse sequence A there is a natural isomorphism

AL (Z(n), A) = AB(Z, A,), © > On. (6)

Mishel Carelli,Sergei O. Ivanov Transfinite version of the Mittag-Leffler condition for the v



Generator of inverse sequences

Let us define )
Z =P (7)

i<w
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Generator of inverse sequences

Let us define )
Z =P (7)

There is an isomorphism

AL TN (Z, A) = [ Abz A)=]]. A (8)

1
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Generator of inverse sequences

Let us define )
Z =P (7)

There is an isomorphism

AL TN (Z, A) = [ Abz A)=]]. A (8)

Let us define our morphism ¢ : Z — Z such that
¥(0,0,...,0,1,0,...) = (0,0,...,0,—1,1,0,...), that is, an
element that has 1 in place n and all the other zeros, it sends to
the element that has 1 in place of n and —1 in place of n — 1.
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Generator of inverse sequences

Let us define )
Z =P (7)

There is an isomorphism

AL TN (Z, A) = [ Abz A)=]]. A (8)

Let us define our morphism ¢ : Z — Z such that
¥(0,0,...,0,1,0,...) = (0,0,...,0,—1,1,0,...), that is, an
element that has 1 in place n and all the other zeros, it sends to
the element that has 1 in place of n and —1 in place of n — 1.

Proposition

An inverse sequence A is local if and only if it is a v-local object.
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Small limits

The class of local inverse sequences is closed with respect to small
limits.
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Small limits

The class of local inverse sequences is closed with respect to small

limits.

The class of §-local objects is closed with respect to small limits [2,
§1.5].
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Small limits

The class of local inverse sequences is closed with respect to small
limits.

The class of §-local objects is closed with respect to small limits [2,
§1.5].

Proposition
The class of local inverse sequences is closed with respect to
extensions by null-sequences.
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Localization in the category C, this is the endofunctor L : C — C for
which there is a natural transformation 7 : Id — L such that
nL = Ln: L — L? is an isomorphism.
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Localization in the category C, this is the endofunctor L : C — C for
which there is a natural transformation 7 : Id — L such that

nL = Ln: L — L? is an isomorphism.

In this case, the object ¢ € C is called local with respect to L if

Ne : € — Lc is an isomorphism.
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Localization in the category C, this is the endofunctor L : C — C for
which there is a natural transformation 7 : Id — L such that

nL = Ln: L — L? is an isomorphism.

In this case, the object ¢ € C is called local with respect to L if

Ne : € — Lc is an isomorphism.

In the category ALY there is a localization for which local
objects are exactly all local sequences.
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Transfnite Mittag-Leffler condition

Let A be an inverse sequence. Then the following statements are
equivalent:

Q lim'A=0;

@ lim Coker(A — A) = 0 for any limit ordinal \;

© for a limit ordinal \, if cofinality of \ is countable, then A is

A-complete, if the cofinality of A is uncountable, then
lim Coker(A — A) = 0.
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A description of the class of local inverse sequences

The class of local inverse sequences is the least class containing the
zero inverse sequence and closed with respect to small limits and
null-extensions.
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Sequences defined by one abelian group.

Definition
Consider an inverse sequence S(A) such that S(A); = A and
fi(a) = pa.
S(A) : AL Al Al (9)
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Sequences defined by one abelian group.

Definition
Consider an inverse sequence S(A) such that S(A); = A and
fi(a) = pa.
S(A) : AL Al Al (9)

Let us fix an ordinal «.

Definition

Denote by o the set of all finite increasing sequences of ordinals
(a1,...,a,) such that a3 < -+ < ap < a, n > 1. We endow a®
by the deg-lex order: (cv,..., ) < (of,...,c/,) if and only if

either n < n’, or n = n’ and there exists 1 < m < n such that
am < af, and aj = o} for any 1 < i < m. It easy to check that it is
a well order. )
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A local sequence with a long image filtration

Definition

Consider the direct product and the direct sum of the group of
p-adic integers Z, indexed by a®

Po =7, Pl =78 (10)
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A local sequence with a long image filtration

Definition
Consider the direct product and the direct sum of the group of
p-adic integers Z, indexed by a®

Po =7, Pl =78 (10)

We denote by (e,)scqe the standard basis of P/, over Z,. Consider
a Zp-submodule of R, C P/, generated by the elements of the form

n>2,
(11)

Fay *= P€ay, lag,..,an = P€ay,...,an — €as,...,an>
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A local sequence with a long image filtration

Definition

Consider the direct product and the direct sum of the group of
p-adic integers Z, indexed by a®

Po =7, Pl =78 (10)

We denote by (e,)scqe the standard basis of P/, over Z,. Consider
a Zp-submodule of R, C P/, generated by the elements of the form

Fay *= P€ay, lag,..,an = P€ay,...,an — €as,...,an> n>2,

(11)

Da = Oé/ROn Déz = P&/RO!) EOé = Ol/paDa' (12)
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For any ordinal « the inverse sequence S(E,) is local and

len(S(En)) = . (13)
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k-supported product

Definition

Let x be a regular cardinal. For a family of abelian groups (Ax)xex

we define its k-supported product as the subgroup HE:QX Ay of the
product ], . x Ax consisting of elements whose support has
cardinality < k.
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k-supported product

Definition

Let x be a regular cardinal. For a family of abelian groups (Ax)xex

we define its k-supported product as the subgroup HE:QX Ay of the
product ], . x Ax consisting of elements whose support has
cardinality < k.

If J is a small category such that |Ob(J)|, |Mor(J)| < &, then for
any family of functors to the category of abelian groups
(Ax : J — Ab)yex there is a natural isomorphism

() [, ~ (%)
erX <||5n AX> - |I50 <erXAX’y> ‘

Mishel Carelli,Sergei O. Ivanov Transfinite version of the Mittag-Leffler condition for the v



If K is uncountable cardinal and there is a family of inverse
sequences (Sx)xex, then there is a natural isomorphism

. () o T1T®HE) .
lim! (erx5X> o erx (Ilmlsx) :
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If k is uncountable cardinal and there is a family of inverse
sequences (Sx)xex, then there is a natural isomorphism

. (k) o171 .
lim! (erXSX> = erx (Ilmlsx) )

Let k be a regular uncountable cardinal and (Ax)xcx be a family of
local inverse sequences of abelian groups. Then the k-supported

product HEfG)XAX is local.

.

&
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Let k be a regular uncountable cardinal, A = ng)ﬂ Eo+1 and

S =S(A). Then S is local, not k-complete and len(S) = k.
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Is there a w-complete inverse sequence of abelian groups with
nonzero derived limit?
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