
A new approach to the characteristic
polynomial of a random unitary matrix

Yacine Barhoumi-Andréani

University of Bochum

February 10, 2022

Algebra and Logic Seminar
IMI/BAS (Sofia)

(based on arXiv:2011.02465)

Yacine Barhoumi-Andréani (Bochum) A new approach to the CUE charpol February 10, 2022 1 / 42



Outline

1 Number Theory and Random Unitary Matrices: the
Montgommery-Dyson correspondance

Number theory: the Montgommery conjectures
Random unitary matrices: The Dyson theorem
Moments conjecture and Keating-Snaith philosophy

2 Random unitary matrices
Some functionals of interest
Leading example: the mid-secular coefficient
Ideas of proof
Comparison with the CFKRS approach

3 Conclusion

Yacine Barhoumi-Andréani (Bochum) A new approach to the CUE charpol February 10, 2022 2 / 42



Number Theory and Random Matrices Number theory: the Montgommery conjectures

The Riemann Zeta function

This is a function defined for Re(s) > 1 by its Dirichlet series or its
Eulerian product

ζ(s) :=
∑
n>1

1
ns

=
∏
p∈P

1
1− p−s

, P := {prime numbers}

This function is extended to the whole complex plane using the functional
equation

ξ(s) = ξ(1− s) , ξ(s) := (s − 1)Γ
( s
2

+ 1
)
π−s/2ζ(s)

Conjecture (Riemann)

Denote the non trivial zeroes of ζ by (σk + iγk)k>1. Then σk = 1
2 for all k .
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Number Theory and Random Matrices Number theory: the Montgommery conjectures

The Montgommery conjectures

First statistical study of the zeroes of ζ: the pair correlation.

Theorem (Montgommery, 1972)
Denote the non trivial zeroes of ζ by (σk + iγk)k>1 and set

γ̂k := γk log
( γk

2π

)
(so that |γ̂k+1 − γ̂k | ∼ 1). Then, with sinc(x) := sin(x)

x

1
N

∑
16k 6=`6N

φ(γ̂k − γ̂`) −−−−→
N→+∞

∫
R
φ(x)

(
1− sinc(πx)2) dx

for all φ ∈ C∞ with supp(Fφ) ⊂ [−1, 1]. (F = Fourier transform)
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The Montgommery conjectures

First statistical study of the zeroes of ζ: the pair correlation.

Conjecture (Montgommery, 1972)
Denote the non trivial zeroes of ζ by (σk + iγk)k>1 and set

γ̂k := γk log
( γk

2π

)
(so that |γ̂k+1 − γ̂k | ∼ 1). Then, with sinc(x) := sin(x)

x

1
N

∑
16k 6=`6N

φ(γ̂k − γ̂`) −−−−→
N→+∞

∫
R
φ(x)

(
1− sinc(πx)2) dx

for all φ ∈ C∞ with supp(Fφ) ⊂ [a, b] for all a, b ∈ R.

The extension to supp(Fφ) ⊂ [−1− ε, 1 + ε] involves a quantitative
version of the twin primes conjecture.
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Number Theory and Random Matrices Random unitary matrices: The Dyson theorem

The Haar measure on U(N)
We endow the space of unitary matrices U(N) which is a compact group
with its normalised (probability) Haar measure PN . The probability space
(U(N),PN) is called the Circular Unitary Ensemble ; in short CUE (N).

Theorem (Weyl, 30’)

Let f be a bounded class function (i.e. f (V−1UV ) = f (U)). Then, with
an abuse of notation :

EN(f (U)) :=

∫
U(N)

f (U)dPN(U) =

∫
U(N)

f (V−1ΘV )dP′N(V ,Θ)

≡ EN(f (θ1, . . . , θN))

=
1

(2π)NN!

∫
(−π,π]N

f (θ1, . . . , θN)
∏

16k<`6N

∣∣∣e iθ` − e iθk
∣∣∣2 dθ1 . . . dθN

=:
1

(2π)NN!

∫
(−π,π]N

f (θ1, . . . , θN)
∣∣∣∆(e iθ1 , . . . , e iθN )

∣∣∣2 dθ1 . . . dθN
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Number Theory and Random Matrices Random unitary matrices: The Dyson theorem

The Haar measure on U(N)

The link with number theory is given by the following theorem of Dyson
analogue to Montgommery’s:

Theorem (Dyson, 1962)

Let U ∼ PN with eigenangles (θk)16k6N and set θ̂k := θk
N
2π . Then

EN

 1
N

∑
16k 6=`6N

φ
(
θ̂k − θ̂`

) −−−−→
N→+∞

∫
R
φ(x)

(
1− sinc(πx)2) dx

for all φ ∈ C0 with compact support, with sinc(x) := sin(x)
x .

The Dyson-Montgommery correspondance was famously found during
an afternoon tea...
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Number Theory and Random Matrices Random unitary matrices: The Dyson theorem

Random matrices and number theory in a few dates
62 : Dyson.

72 : Montgommery.

73 : Montgommery-Dyson correspondance.

80ies-90ies : numerical tests by Odlyzko, conjectures of Conrey-Farmer
and Conrey-Ghosh, computations of Bogomolny-Keating.

99 : Katz-Sarnak prove the Montgommery conjectures on finite fields.

2000 : Keating-Snaith : the moments conjecture.

J.P. Keating, N.C. Snaith, Random matrix theory and
ζ(1/2 + it), Comm. Math. Phys., 214 (2000), p 57-85.

2003 : CFKRS formula (Conrey-Farmer-Keating-Rubinstein-Snaith)
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Number Theory and Random Matrices Moments conjecture and Keating-Snaith philosophy

Probabilistic study of ζ, 1: convergence in law/fluctuations
Theorem (Bohr-Jessen, 30’)
Let U be a uniform random variable in [0, 1] and (Up)p∈P be a sequence of
i.i.d. uniform random variables in [0, 1]. Let α > 1

2 . Then,

ζ(α + iT U)
L

−−−−→
T→+∞

∏
p∈P

(
1− e2iπUp

pα

)−1

=: BJα

Theorem (Selberg, 50’)
Let U be a uniform random variable in [0, 1]. Then

log
∣∣ζ(1

2 + iT U
)∣∣√

1
2 log logT

L
−−−−→
T→+∞

N (0, 1)

Once the fluctuations have been computed, the next step in a probabilistic
problem is to compute the (precise) large deviations.
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Number Theory and Random Matrices Moments conjecture and Keating-Snaith philosophy

Probabilistic study of ζ, 2: large deviations/mod-* c.v.
Conjecture (J. Keating, N. Snaith (2000))
When T → +∞, locally uniformly in λ ∈ R (or iR)

E
(
eλ log|ζ( 1

2+iT U)|
)

= e
λ2
2 ×

1
2 log log TΦM(λ)ΦA(λ)(1 + o(1))

Proven for λ = 2 (Hardy-Littlewood) and λ = 4 (Ingham). Equivalent
conjecture for λ = 6 and λ = 8 by Conrey-Gosh and Conrey-Gonek.
ΦA(λ) is the arithmetic factor

ΦA(λ) =
∏
p∈P

2F1

(
λ, λ
1

∣∣∣∣ 1p
)
e−λ

2/p =
∏
p∈P

E

(∣∣∣∣1− e2iπU

p1/2

∣∣∣∣−λ
)
e−λ

2/p

ΦM(λ) is the random matrix factor

ΦM(λ) =
∏
k∈N∗

2F1

(
−λ,−λ

k

∣∣∣∣1) e−λ
2/k = eCλ

2 G (1 + λ)2

G (1 + 2λ)

where G is Barnes’ double Gamma function: G (λ+ 1) = Γ(λ)G (λ).
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Number Theory and Random Matrices Moments conjecture and Keating-Snaith philosophy

Explanation of the conjecture: the characteristic polynomial
Selberg’s CLT was:

log
∣∣ζ(1

2 + iTU
)∣∣√

1
2 log logT

L
−−−−→
T→+∞

N (0, 1)

Keating and Snaith prove the analogous CLT for
ZUN

(1) := det(IN−UN):

log |ZUN
(1)|√

1
2 logN

L
−−−−→
N→+∞

N (0, 1)

The matrix factor comes from the mod-Gaussian convergence of
ZUN

(1)

EN

(
eλ log|ZU(1)|

)
= e

λ2
2 ×

log N
2 ΦM(λ)(1 + o(1))

They make the association N ←→ logT to produce their conjecture.
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Number Theory and Random Matrices Moments conjecture and Keating-Snaith philosophy

The Keating-Snaith philosophy
It is a twofold philosophy :

Take problems already solved in number theory and adapt them in
random matrix theory to see if they are still valid.
Take unsolved problems on ζ and conjecture the result by solving the
analogous problem on ZUN

as the computations are easier to handle.

Number theory Random Matrix Theory
Selberg’s CLT Keating-Snaith’s CLT

log|ζ( 1
2+iT U)|√

1
2 log log T

L
−−−−→
T→+∞

N (0, 1)
log|ZUN

(1)|√
1
2 log N

L
−−−−→
N→+∞

N (0, 1)

Moments conjecture Keating-Snaith mod-* cv.

E
(
e
λ log|ζ( 1

2+iT U)|
)

e
λ2
2

log log T
2

−−−−→
n→+∞

ΦA(λ)ΦM(λ)
E
(
e
λ log|ZUN (1)|)
e
λ2
2

log N
2

−−−−→
n→+∞

ΦM(λ)
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Number Theory and Random Matrices Moments conjecture and Keating-Snaith philosophy

How to compute functionals of ZUN
(X ) ?

1 analysis of Toeplitz and Fredholm determinants (Onsager, Szegö,
Johansson, Deift-Its-Krasovsky, Borodin-Okounkov),

2 Orthogonal Polynomials on the Unit Circle (Killip-Nenciu, Najnudel),
3 mathematical physics (Kostov) and supersymmetry

(Conrey-Farmer-Zirnbauer, Fyodorov),
4 integrable systems (Adler-Van Moerbeke, Forrester),
5 algebraic combinatorics (Biane, Dehaye, Féray),
6 representation theory and symmetric functions (Bump-Gamburd,

Diaconis-Shahshahani, Dehaye, B.-A.),
7 probability theory (Bourgade-Hughes-Nikeghbali-Yor, B.-A.),
8 CFKRS formula (Conrey-Farmer-Keating-Rubinstein-Snaith, etc.),
9 Integrable/determinantal probability (Borodin-Strahov),
10 Weingarten calculus (Collins, Weingarten, Matsumoto-Novak),
11 Itô calculus (Bru, Katori-Tanemura), etc.
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Random unitary matrices Some functionals of interest

A selection of functionals (1/2)

In the framework of the Keating-Snaith philosophy, the integer moments
of several functionals have been studied:

Value in 1: E
(
|ZUN

(1)|2k
)
(Keating-Snaith),

Joint products/ratios: E

(
k∏
j=1

ZUN

(
e2iπ

xj
N

)αj m∏̀
=1
ZUN

(
e−2iπ y`

N

)α′`),
αj , α

′
` ∈ {±1} (Bump-Gamburd, Conrey-Farmer-Keating-Rubinstein

-Snaith, Conrey-Farmer-Zirnbauer, Conrey-Forrester-Snaith, Day, etc.),

Joint derivatives in 1: E
(
|ZUN

(1)|2(k−|h|) m∏
r=1
|∂rZUN

(1)|2hr
)
,

|h| :=
∑

r>1 hr , hi ∈ N, ∂ := d
dz (Conrey-Rubinstein-Snaith,

Hughes-Keating-O’Connell, Dehaye, Winn, Riedtman,
Assiotis-Keating-Warren),
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Random unitary matrices Some functionals of interest

A selection of functionals (2/2)
Secular/Fourier coefficients: E

(
|scj(UN)|2k

)
with

ZUN
(X ) :=

∑N
j=0(−X )j scj(UN) (Haake-Kus-Sommers-Schomerus-

Zyckowski, Diaconis-Gamburd, Forrester-Gamburd, Conrey-Gamburd),

A functional in link with
∑

P∈Fq [X ] dk(P)2: E
(∣∣[Xm]ZUN

(X )k
∣∣2) with

dk(P) :=
∑

Q1,...,Qk
1{Q1···Qk=P}

(Keating-Rodgers-[Roditty-Gershon]-Rudnick),

The truncated characteristic polynomial: E
(
|ZUN ,`(r)|2k

)
, r ∈ (0, 1],

ZUN ,`(X ) :=
∑`

j=0(−X )j scj(UN) (Conrey-Gamburd, Heap-Lindqvist).
The “Moments of Moments”:

MoMN(k , β) := E

((∫ 1

0

∣∣∣ZUN
(e2iπθ)

∣∣∣2β dθ)2k)

(Bailey-Keating, Assiotis-Keating),
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Random unitary matrices Some functionals of interest

Limiting behaviour: polynomial in N

We have E(F(ZUN
)) ∼

N→+∞
ΨFN

dF in all the previous cases. For instance

KS1(k ,N) := E
(
|ZUN

(1)|2k
)
∼ ΨKS1(k)Nk2 , with ΨKS1(k)=G(1+k)2

G(1+2k) ,

AN(X ,Y ) := E

(
k∏
j=1

ZUN

(
e2iπ

xj
N

) m∏̀
=1
ZUN

(
e−2iπ y`

N

))
∼ ΨA(X ,Y )N

km,

DN(h) := E
(
|ZUN

(1)|2(k−|h|) m∏
r=1
|∂rZUN

(1)|2hr
)
∼ ΨD(h)N

k2+2C(h)

Sρ(k,N) := E
(∣∣sc[ρN](UN)

∣∣2k) ∼ ΨSρ(k)N(k−1)2 , ρ ∈ (0, 1),

Jc(k ,N) := E
(∣∣[X [cN]

]
ZUN

(X )k
∣∣2) ∼ ΨJc (k)Nk2−1, c ∈ (0, k),

Tρ(k ,N) := E
(∣∣ZUN ,[ρN](1)

∣∣2k) ∼ ΨTρ(k)Nk2 , ρ ∈ (0, 1),

Tρ,r (k ,N) := E
(∣∣ZUN ,[ρN](r)

∣∣2k) ∼ ΨTρ,r (k)N(k−1)2 , r < 1.
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Random unitary matrices Some functionals of interest

Example 1: E
(
|∂ZUN

(1)|2h
)
∼ ΨD(0,1)(h)Nh2+2h

J. B. Conrey, M. O. Rubinstein, N. C. Snaith, Moments of the
derivative of characteristic polynomials with an application to the
Riemann Zeta Function, Comm. Math. Phys. 267(3):611-629 (2006).
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Random unitary matrices Some functionals of interest

Example 2: E
(∣∣[X [cN]

]
ZUN

(X )k
∣∣2) ∼ ΨJc(k)Nk2−1

J.P. Keating, B. Rodgers, E. Roditty-Gershon, Z. Rudnick, Sums of
divisor functions in Fq[t] and matrix integrals, (2017).
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Random unitary matrices Some functionals of interest

Example 3: E
((∮

U|ZUN
(z)|2βd∗z

z

)k)
∼ΨMoM(β)(k)N (kβ)2−k+1

E. C. Bailey, J. P. Keating, On the moments of the moments of the
characteristic polynomials of random unitary matrices, CMP (2018).
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Random unitary matrices Leading example: the mid-secular coefficient

Reminder
The secular/Fourier coefficients are the coefficients of ZUN

(X ) in the basis
(1,X , . . . ,XN):

ZUN
(X ) =

N∑
k=0

(−1)k sck(UN)X k ⇔ sck(UN) =
(−1)k

2iπ

∮
U
ZUN

(z)z−k
dz

z

For instance, sc1(UN) = tr(UN) and scN(UN) = det(UN). More generally,

sck(UN) = tr
(
∧kUN

)
= ek(e iθ1 , . . . , e iθN ), {θi} = eigenangles of UN

where

ek(x1, . . . , xN) :=
∑

16j1<···<jk6N

xj1 · · · xjk

are the elementary symmetric functions.
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Random unitary matrices Leading example: the mid-secular coefficient

Motivations: the Diaconis-Gamburd open question
The two first articles (and a recent one) to study sck(UN) were:

F. Haake, M. Kus, H.-J. Sommers, H. Schomerus, K. Zy-
ckowski, Secular determinants of random unitary matrices (1996).

P. Diaconis, A. Gamburd, Random matrices, magic squares and
matching polynomials (2004).

J. Najnudel, E. Paquette, N. Simm, Secular coefficients and the
holomorphic multiplicative chaos (2020).

Diaconis and Gamburd ask the following question :
It is natural to ask for limiting distribution as k grows with N.
For example what is the limiting distribution of the [N/2] secular
coefficient ? On the one hand, the formula [linking coefficients and
traces of powers of UN ] suggests it is a complex sum of weakly
dependent random variables, so perhaps normal. On the other
hand, the formulas E(sck(UN)) = 0, E

(
|sck(UN)|2

)
= 1 hold for

all k making normality questionable.
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Random unitary matrices Leading example: the mid-secular coefficient

Integer moments of the mid-coefficients

Theorem (B.-A. (2020, arXiv:2011.02465))
Let ρ ∈ (0, 1) and k > 2. Then, when N →∞, one has

E
(∣∣sc[ρN](UN)

∣∣2k) ∼ Iρ(k)N(k−1)2

where

Iρ(k) :=
(2π)k(k−1)

k!

∫
Rk−1

ΦIρ(x2, . . . , xk)∆(0, x2, . . . , xk)2
k−1∏
j=1

dxj

with
ΦIρ(x2, . . . , xk) := e iπ(k−2)

∑
j xjhρ,∞(0, x2, . . . , xk)kh1−ρ,∞(0, x2, . . . , xk)k

hρ,∞(x1, . . . , xk) :=

∫
R
e−iπα(k−2)

k∏
j=1

sinc(π(ρxj − α)) dα, sinc(x) := sin(x)
x
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Random unitary matrices Ideas of proof

Ideas of proof (1/5) Tensorisation (universal first step)
Start from the formula (with [xn]

∑
` a`x

` =: an)

(−1)j scm(UN) = [xm]ZUN
(x) :=

1
2iπ

∮
U
ZUN

(z)z−m
dz

z

Tensorising, one thus gets

E
(
|scm(UN)|2k

)
= E

 k∏
`=1

[xm` ]ZUN
(x`)

k∏
j=1

[
y−mj

]
ZUN

(yj)


=
[
xm1 . . . xmk y−m1 . . . y−mk

]
E

(
k∏
`=1

ZUN
(x`)ZUN

(y`)

)
The interesting quantity becomes

AN(X ,Y ) := E

(
k∏
`=1

ZUN
(x`)ZUN

(y`)

)
The AN(X ,Y ) are the autocorrelations of the characteristic polynomial
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Random unitary matrices Ideas of proof

Ideas of proof (2/5) Formuli for the autocorrelations
Several formulas are available in the literature for autocorrelations. For
instance, Ackemann and Vernizzi/Fyodorov show that

AN(X ,Y ) =
det(KN+k(xj , y`))16j ,`6k

∆(x1, . . . , xk) ∆(y1, . . . , yk)
, KN(x , y) :=

N∑
`=0

(xy−1)`

Other formula are given by Borodin-Olshanski-Strahof, Moens-Van der
Jeugt, Bump-Gamburd, Conrey-Farmer-Zirnbauer, Conrey-Forrester-
Snaith, Conrey-Farmer-Keating-Rubinstein-Snaith, Day, etc.

The useful formula is given by Bump-Gamburd

AN(X ,Y ) =
k∏

j=1

y−Nj × sNk (x1, . . . , xk , y
−1
1 , . . . , y−1

k )

where Nk := (N, . . . ,N) (k times) and for λ = (λ1, . . . , λk),
sλ(X ) = det(x

λj+k−j
i )i ,j6k/∆(x1, . . . , xk) is a Schur function.
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Random unitary matrices Ideas of proof

Ideas of proof (3/5) Representation of sNk(X ,Y ) ≡ sNk(T )

The key formula is the following representation of the Schur function:

sNk (t1, . . . , t`) =
1
k!

∮
Uk

k∏
j=1

u−Nj × hNk(tiuj)16i6`
16j6k

|∆(u1, . . . , uk)|2
k∏

j=1

duj
2iπuj

where hN(a1, . . . , ar ) is the complete homogeneous function:

hN(a1, . . . , ar ) =
∑

16i16...6ir6N

ai1 . . . air =
[
sN
] r∏
j=1

1
1− saj

=
[
sN
] r∏
j=1

1− sN+1aN+1
j

1− saj
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Ideas of proof (4/5) Hyperplane concentration

Critical step in the massaging: loss of dimension/concentration of
the integrand on a hyperplane.

Using hN(λX ) = λNhN(X ) and ∆(λX ) = λk(k−1)/2∆(X ), one has

sNk (t1, . . . , t`) =
1
k!

∮
Uk

uNk1 hNk(tmuju
−1
1 )16m6`

16j6k

∣∣∣∣∆(1, u2

u1
, . . . ,

uk
u1

)∣∣∣∣2
k∏

j=1

(
u1

uj
u1

)−N d∗uj
uj

=:
1
k!

∮
Uk−1

hNk [(1 + V )T ] |∆ [1 + V ]|2 V−N d∗V

V

This step is the key ingredient that allows to keep the form intact until
the end without further analysis (and the key difference with the
CFKRS massaging).
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Random unitary matrices Ideas of proof

Ideas of proof (5/5) :
[
X [ρN]Y [(1−ρ)N]

]
sNk(X ,Y ) rescaled

Set xk = e iθk/N , yk = e iαk/N , uk = e iϕk/N in the previous formuli.
One has (locally uniformly in R)

1
N r−1 h[ρN](e

i
b1
N , . . . , e i

br
N ) −−−−→

N→+∞

∫
R
e−iπs(r−2)

r∏
j=1

sinc(π(ρbj − s)) ds

=: hρ,∞(b1, . . . , br )

The Vandermonde term in the limit comes from the rescaling (b1 = 0)

1
N r(r−1)/2 ∆(e2iπ b1

N , . . . , e2iπ br
N ) −−−−→

N→+∞
(2iπ)

k(k−1)
2 ∆(b1, . . . , br )

It remains to collect the powers of N that come from the different
changes of variables and limits.
To prove properly the result, one needs additional estimates to apply
dominated convergence (comes from a probabilistic representation of
hN).
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Random unitary matrices Comparison with the CFKRS approach

Discussion : duality
The method consists in writing

skN [T ] =

∫
UN

det(U)−k
2k∏
j=1

det(I + tjU)dU

=

∫
Uk

det(U)−N
2k∏
j=1

det(I − tjU)−1dU

= ω(sNk [T ])

This is a duality formula in the theory of symmetric function (ω is the
fundamental involution that exchanges the hk ’s and the ek ’s).
The key formula

sNk [A] =
1
k!

∫
Uk−1

V−NhNk [(1 + V )A] |∆ [1 + V ]|2 1
(2iπ)k−1

dV

V

can be specialised with any type of “abstract” alphabet.
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Random unitary matrices Comparison with the CFKRS approach

Discussion : RKHS
Its origin can also be understood with the concept of Reproducing
Kernel Hilbert Space (RKHS) of symmetric functions.

Here, C (X ,Y ) :=
∏

i ,j
1

1−xiyj is the Cauchy kernel. Specifying the
scalar product as in [Diaconis and Shashahani], one gets

sλ [A] =
1
`!

∮
U`

sλ
[
U−1]C (U,A) |∆(U)|2 dU

(2iπ)`U
, ∀ ` > `(λ)

For λ = Nk and ` = k , one has sλ(U) = det(U)N ≡
∏k

j=1 u
N
j and one

finds the Fourier coefficient form.
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Discussion : Restricted RKHS

A last trick allows to pass from

sλ [A] =
1
`!

∮
U`

sλ
[
U−1]C (U,A) |∆(U)|2 dU

(2iπ)`U
, ∀ ` > `(λ)

to

sλ [A] =
1
`!

∮
U`

sλ
[
U−1] h|λ| [AU] |∆(U)|2 dU

(2iπ)`U
, ∀ ` > `(λ)

One uses

C (X ,Y ) = H [XY ] =
∑
n>0

hn [XY ] =
∑
n>0

∑
|µ|=n

sµ(X )sµ(Y )

and the orthogonality of the Schur functions allows to keep only the
sum for n = |λ|.
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Random unitary matrices Comparison with the CFKRS approach

Discussion : The CFKRS formula (1/3)
The CFKRS formula reads

sNk (e−α1 , . . . , e−αk , e−αk+1 , . . . , e−α2k )

=
(−1)(2k2 )

(k!)2

×
∮
U2k

e−N(zk+1+···+z2k )
∏

16`6k,
k+16r62k

Z(zr − z`)
∏

16i ,j62k

1
1− αjz

−1
i

|∆(Z )|2 d∗Z

Z

with Z(x) :=
1

1− e−x
and d∗Z :=

dZ

(2iπ)n

The proof starts with the formula

sNk (X ,Y ) =
∑
σ∈Ξk

σ ·

(
k∏

i=1

yNi C
(
X ,Y−1))

with X := (x1, . . . , xk), Y := (yk+1, . . . , y2k) and Ξk ⊂ Sk .
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Discussion : The CFKRS formula (2/3)
One then applies the RKHS formula f (a) = 〈f (u),C (u, a)〉u∈UN with
the Cauchy kernel in 2k variables (with p1(A) :=

∑
a∈A a)

sNk

(
eX , eY

)
=

〈∑
σ∈Ξk

σ ·
(
eNp1(U+)C

(
eU− , eεU+

))
,C (X ∪ Y ,U)

〉
U∈U2k

= |Ξk |
〈
eNp1(U+)C

(
eU− , e−U+

)
,C (X ∪ Y ,U)

〉
U∈U2k

=

(2k
k

)
(2k)!

∮
U2k

eNp1(U+)C
(
eU− , e−U+

)
C
(
X ∪ Y ,U−1)|∆(U)|2 d

∗U

U

with U := {u1, . . . , u2k} = U− ∪ U+ and U− := {u1, . . . , uk}.
Several drawbacks : one does not see the scaling of the Schur function
sλ(tX ) = t |λ|sλ(X ), one has 2k integrals (v.s. k in the key formula)
and one has a mixture of exponential coordinates and linear ones.
This last drawback prevents from using a (restricted) polynomial
reproducing kernel.
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Discussion : The CFKRS formula (3/3)
As a result, one needs to perform several additional steps before
getting the result.
Ultimately, the massaging ends up with the rescaling of hN(eX/N) as
in our methodology :

From [Keating-Rodgers-(Roditty-Gershon)-Rudnick]
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Conclusion

Conclusion

Main concepts to exchange N integrals with k (fixed) integrals :
duality, reproducing kernel methodology.

All previously described functionals can be written by means of the
secular coefficients with a probabilistic writing (“randomisation”). For
example ∂ZUN

(1) =
∑N

k=1 k sck(UN) = N(N−1)
2 E(scXN

(UN)|UN) with
P(Xn = k) = 2k

N(N−1)1{16k6N}.

The method is general : there exists a function ΦS : Rk−1 → C s.t.
all integer moments of the previous functionals of ZUN

display a

behaviour of the form S(k)Nd(k) with S(k) = (2π)k(k−1)

k!

∫
Rk−1 ΦS∆2.

All expressions with ∆(X )2 for X ∈ Rk−1 have an equivalent
expression with probability and Hankel determinants.
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Conclusion

Thank you for your attention.
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