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PREFACE

The 6th Annual Meeting of Bulgarian Section of SIAM (BGSIAM) took part on
December 21 and 22, 2011 and was hosted by the Institute of Mathematics and In-
formatics, Bulgarian Academy of Sciences, Sofia. The conference support provided
by STAM, as the major international organization for Industrial and Applied Mathe-
matics, is very highly appreciated.

The Bulgarian Section of SIAM was founded on January 18, 2007 and the accepted
Rules of Procedure were officially approved by the STAM Board of Trustees on July 15,
2007. The activities of BGSTAM follow the general objectives of STAM, as established
in its Certificate of Incorporation. The role of STAM is very important for promotion of
interdisciplinary collaboration between applied mathematics and science, engineering
and technology in the Republic of Bulgaria.

During the 6th Annual Meeting of BGSIAM (BGSIAM’11) a wide range of problems
concerning recent achievements in the field of industrial and applied mathematics were
presented. Following the established tradition, the conference provided a forum for
exchange of ideas between scientists, who develop and study mathematical methods
and algorithms, and researchers, who apply them for solving real life problems.

More than 50 participants from eight universities, five institutes of the Bulgarian
Academy of Sciences and also from outside the traditional academic departments took
part in BGSTAM’11. They represent most of the strongest Bulgarian research groups
in the field of industrial and applied mathematics. We are very glad to report that
special session for young researchers and students with 6 talks and 8 participants was
organized during BGSIAM’11. Organization of such sessions for young researchers is
the main goal of BGSIAM in the future conferences.

LIST OF INVITED LECTURES:

e ROUMEN ANGELOV
Department of Mathematics and Applied Mathematics, University of
Pretoria, Pretoria, South Africa
METHODS OF ANALYSIS OF DYNAMICAL MODELS IN BIOSCIENCE

e ROSSEN IVANOV
School of Mathematical Sciences, Dublin City University, Dublin 9, Ireland
SINGULAR SOLUTIONS OF CROSS-COUPLED EPDIFF EQUATIONS:
WALTZING PEAKONS AND COMPACTONS PAIRS

e TSVIATKO RANGELOV
Institute of Mathematics and Informatics, Bulgarian Academy of Sciences,
Bulgaria
TIME-HARMONIC FRACTURE BEHAVIOR OF PIEZOELECTRIC SOLIDS
WITH DEFECT



e JULTAN REVALSKI
Institute of Mathematics and Informatics, Bulgarian Academy of Sciences,
Bulgaria and Universite des Antilles et de la Guyane, France
APPLICATIONS OF TOPOLOGICAL GAMES IN OPTIMIZATION AND
NONLINEAR ANALYSIS

The present volume contains extended abstracts of the conference talks (Part A) and
list of participants (Part B).
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Chair of BGSIAM Section

Geno Nikolov
Vice-Chair of BGSIAM Section

Krassimir Georgiev
Secretary of BGSIAM Section
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High-Order Difference Schemes for Singular
Problems 1 Weakly Degeneration

Ivanka Tr. Angelova and Lubin G. Vulkov

1 Introduction

The main object of this report is the following Sturm-Liouvile equation

Au = Agu + g(x)u = f(z), Ao = —52% <<p(x)j—§) , u(l) =0, (1)

where » € [0,1] N C'(0,1] and g(z) > 0 is a measurable, bounded function. Suppose
that ¢(0) = 0, ¢(x) > 0, x > 0, so that the equation (1) is degenerate at the
point z = 0. The main feature of the degeneration could be illustrated with the case
o(x) = 2%(x), a > 0,p € C*[0,1] k is an integer and p(z) > po. S. G. Mihlin [4](also
1 da

see [5]) for € = 1 pointed three important cases concerning the integrals I; = fo 2(2)

and I, = 01 ;f;) a) I is convergent b) I; is nonconvergent but I5 is convergent

c) I, is nonconvergent.

If the integral I3 is convergent then the operator Ay (respectively A) is positive
definite; it is also positive definite in the case a = 2. If I5 is nonconvergent, the
operator Ag is only positive and in this case A is positive definite, if g(z) > qo =
const.0. As it is well known, if the operator A is positive definite, the equation Au = f
has one weak solution from the energy space H4: this solution is also from L5(0,1).
The scalar product [-,-]4 and corresponding energetic norm || - || 4 are as follows

1 1
fu, o]a = / (pu's' + quoyde, [Jul} = / (o + qu2)d.
0 0

The behavior of (1) for p(x) = 1 was recently analyzed in :H. Gastro & H. Wang, J.
F. Anal (in press). It was shown that: Suppose that 0 < o < 1 and e = 1. Then there
exists a function f € C§°(0,1) such that near the origin the solution can be expanded
in the following way

w(r) = a1’ ™Y F a2 faza® Y - ay #0.
It follows from here that v’ ~ =% — oo near the origin and this is the main difficulty
at the numerical solution of (1).
2 Construction of Difference Schemes
We rewrite the problem (1) as follows:
—w' +q(x)u = f(z), =e(0,1),
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where w(z) = x*p(x)u'(x) is the flux and 0 < a < 1 (weakly degeneration) p(z), q(z) €

Lo (0,1), f(x) € L2(0,1), 0 < po < p(x) < p1; po,p1 are constants, g(x) > 0.

Let consider on [0, 1] arbitrary system of mesh points: 0 = z¢ < ... < z; < ... < Ty =

1, hj=x2;—x;—1,1=1,...,N — 1. Let

0, | l,x€(xiz1,Zit1),
é(@—{(hx¢@ih%H%1:L“.N—L

For n =0,1,... we introduce:
T (2n)
f ia ((fl;) dt HARS (xiflvxi)v
(2n+1) — o $11+1 (2n)
fz (x) i p((tt) dt T e (xi,xiﬂ),

0 ;argé(xi_l,a:i+1), i=1,... N —1.

T a®EP D Wy, € (i, x2),

rcl—l

fq DE T (W)dt, @ € (i i),
0 ,x%(xl,l,xlﬂ) i=1,... N—1.

Then, letting

o™ (2 E:g% Yy n=1,2...,

we derive on the base of Marchuk-type identities [1, 3|, the schemes for n =1,2,...:

—a"Uiq + U~ 0y = 7 Uy =Uyn =0, i=1,..., N—1,

(n) _ 1 (n) _ 1
ai - wgn)(ri_o); bi - w,gn)(mi'FO)’
™ = g™ 4™ 4 } q(m)iwin)(m) dx + Iifﬂq(x @) dx
‘ : o T M @i-0) o rorerbes
(n) <m e v (x)
/i mylf w“) et f 1) G &
Let us definefor 0 <a<b<1
b
g(z) I%[z;a,b]
I1%[g;a,b] = d =¢(a;a,b) =
ot = [ Lo, € = tlorah) = T
For £ = {(a;a,b) we get
1 b g2 g2
Ilgiat = g1 Lab)+ 30" [ T Edone (@)
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Note that for a = 0, £(0;a,b) = “*b and (2) reduces to the classical midpoint formula.
Let us approximate g(z) by the Lagrange polynomial.One can check that for £ =
&(a; a,b) we have:

o(a)(b=&) +9(B)E ) por,

o g"(n) [*x%+ab— (a+b)E
I%[g:a,b] = — 1;a,b) + > /. o dx.
(3)
Note that for o = 0 (3) reduces to the classical trapezoid formula.
For n = 2 we choose £ = £(a; a, b) such that
b J— J— J—
[,
a xa
Then we obtain a "Simpson’s" type formula
9(a)la[a,b] 9(&)Ix[a, b] 9(b)Iy[a, b]
I1%[g;a,b + + 4
sl = a0 T o-ot-a B-av-g Y
+ O((b—a)*I*[1;a,b]), where
La,b] = [0 =202 gy [y[a,0] = [0 0=2)E0) gy Lyla,b) = [0 =28 gy
Note that for o = 0 with £(0;a,b) = “T“’ (4) reduces to the Simpson’s formula.
The computational finite difference scheme for n = 1 as follows is:
Ui — U1 Ui — Uit
(fz 1/2)h1a[1,$i_1,$i] +p(£z+1/2)hila[1;xi,xH—l] +qz i fu (5)

hi = &iv12 —&im1y2, Cim1ye = Sl w1, 24), §ipry2 = (a2, 440), i=1,...,N—1.
Let consider on [0, 1] system of mesh points: 0 =29 < &1/ <1 < ... <§_1/0 < <
€i+1/2 < ... < fol/g < xn = 1 such that x; = (ih)‘u, 1=0,...N, p>1, hN =1,
see the concrete for a = 0.9, p=2/(2 —«), N =8.

FoH—O—*—60—*h—60——*— 60— — 66—k ————O————0O

0 X S X St X 1

We introduce the functions:

e (@) /€M (@ —0) L x e (@i, m),
Q" () = é%m&ﬁ<z +0) ,z€ (mnain),
@ & (Tim1, @), i=1,... N—1.

N-1

N-1
x) = Z UM (@), ur(z) = S ulz) QY

i=1
Then, for ¢ = 1, we prove second order convergence in the energetic norm on the
graded mesh {xz;} for p = 2/(2 — a) of the Galerkin solution up(x).
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3 Numerical Experiments

In this section are presented samples of numerical experiments illustrating the accu-
racy of schemes derived in Section 2. The reported experiments were performed on
the model problem (1).
Example 1. We take ¢ = 1, p(z) = €%, q(z) = 1 + 22, u(0) = u(1) = 0 in (1)
with exact solution u (z) = x1=%(1 —sin 7z /2) - the typical singular behavior at zero.
Numerical results are presented in Tables 1, 2.

Table 1: Examplel : a =0.9; 0.999, n = 1.

0.9

0.999

1

[ 2/C-a)

1

2/2—a)

LN |

EA:

IEA

| |

|21l

p |zl T » ]

1,601E-2

1,4302 [ 1,182E-2

1,9956 || 2,146E-2

1,3047 | 1,418E-2 | 1,9832

5,004E3

1,6049 | 2,963E-3

1,9950 || 8,767E-3

1,4746 | 3,585E-3 | 1,9972

1,941E3

1,7031 | 7,433E 4

1,9999 || 3,183E-3

1,5740 | 8,981B-4 | 1,0987

5,961E-4

1,7692 | 1,859E-4

2,0000 || 1,079E-3

1,6412 | 2,247E-4 | 1,9999

1,749E4

1,8166 | 4,646E5

2,0000 || 3,489E 4

1,6902 | 5,619E-5 | 2,0000

14,964E-5

1,8524 | 1,162E-5

2,0000 || 1,091B-4

1,7276 | 1,405E-5 | 2,0000

1,375E 5

1,8802 | 2,904E-6

2,0000 || 3,324E-5

1,7570 | 3,512E-6 | 2,0000

210

3,735E-6

1,9024 | 7,260E-7

2,0000 || 9,922E-6

1,7807 | 8,780E-7 | 2,0000

9,990E-7

1,9206 | 1,815E-7

2,0000 || 2,913E-6

1,8002 | 2,195E-7 | 1,9999

2,630E-7

4,537E-8

8 437E-7

5,488E-8

lznll = jmax Ui —u(z:)l, p = logs [[zznll/ll2nll

Table 2: Examplel. : o = 0.5; 0.9; 0.999, n = 2.

o 0.5 | 0.9 [ 0.999
1 4/(2 - a)

LN T Tl | 2 [ Wl | » [ Nl | » ]
8 | 5,291E-6 | 3,9729 || 8,243E-5 | 3,9729 || 3,271E-4 | 3,5758
16 | 3,369E-7 | 3,9877 || 5485E6 | 3,0877 || 2,743E5 | 3,6778
32 | 2,124E-8 | 3,0914 || 3,558E-7 | 3,914 || 2,143E-6 | 3,7385
64 | 1,335E9 | 3,0978 || 2,275E-8 | 3,9978 || 1,606E-7 | 3,7799
128 | 8,358E-11 | 4,0030 || 1,444E-9 | 4,0030 | 1,169E-8 | 3,8104
256 | 5,213E-12 9,126E-11 | 4,0458 || 8,333E-10 | 3,8184
512 5,526E-12 5,007E-11

Example 2. Wetake 0 <e <1, p(z) =1, q(z) =1+ 2% a=0.5 u(0) =u(l)=0

in (1).



Let consider on [0,1] system of mesh points: 0 = yg < ... < y; < ... <yy =1, i =
0,...N. We get 7 = min{1/2,2¢InN}. Set 7 = yn/2. We decompose [0, 7], [r,1] in
N/2 subintervals. h = 2= for [0,7] and H = % for [r,1]. Then z; =y, p>1
and the composite mesh [2, 6] for e = 0.05, u =2/(2 — a), N = 8 is shown below.

KOO O————— O — O ——— 66— ——O
0 T 1

For this boundary value problem we do not know the exact solution. For exact solution
we take the numerical one {U;}2 at N = 2'3. Numerical results are presented in Table
3 for scheme (5).

Figure 1: Numerical solution for ¢ = 1 (left) and € = 0.01 (right).

Table 3: Fxzample 2. « = 0.5, p=4/3,e = 101 1072, 1076, n = 1.
N 10! [ 107 | 10~° |
INT T L Wl [ 2 Il | » ]
23 [ 2,147E-2 | 1,0342 || 2,169E-2 | 0,7914 || 2,168E-2 | 0,7907
24 | 1,048E-2 | 1,9646 || 1,253E-2 | 1,2280 || 1,253E-2 | 1,2280
2° | 2,686E-3 | 2,0613 || 5,350E-3 | 1,5290 || 5,350E-3 | 1,5290
26 | 6,435E-4 | 2,0812 || 1,854E-3 | 1,6143 || 1,854E-3 | 1,6143
27 | 1,521E-4 | 2,0591 || 6,055E-4 | 1,6866 || 6,055E-4 | 1,6866
28 | 3,649E-5 | 2,0432 || 1,881E-4 | 1,7307 || 1,881E-4 | 1,7307
29 | 8,854E-6 | 2,0422 || 5,668E-5 | 1,7820 || 5,668E-5 | 1,7820
210 1 2 150E-6 | 2,0860 || 1,648E-5 | 1,8085 || 1,648E-5 | 1,8085
211 | 5,063E-7 4,705E-6 4,705E-6

Acknowledgments: This work is supported by the Bulgarian Fund for Science under
the Project DID 02/37 form 2009.
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Computer-Aided Proof of Basin of Attraction of
Asymptotically Stable Equilibria

Roumen Anguelov, Neli Dimitrova

1 Introduction

It is often the case in the modelling of biosystems, that the constructed mathematical
model is a continuous dynamical system. The qualitative analysis of such systems
regarding the long term behavior often deals only with local stability properties of
the equilibria. One reason is that such properties are easy to establish by the nearly
universal method of using the eigenvalues of the Jacobian of the right hand side.
Except when the Jacobian has an eigenvalue with a zero real part (indicating possible
bifurcation) these eigenvalues characterize completely the local stability properties of
the equilibrium.

In a contradistinction, the only general purpose method for proving properties of
global nature (global asymptotic stability or basin of attraction) is via a Lyapunov
function [7]. Although there are many special types of systems for which Lyapunov
functions are known, e.g. [2], there is no general method for constructing Lyapunov
functions. Hence the difficulty in proving global properties particularly in high di-
mensional systems.

While the importance of the local stability properties is not in doubt, the fact that they
characterize the behavior of the solutions only in a sufficiently small neighborhoods
of the equilibria is an essential limitation in practical applications.

We propose a method of computer based proof of stability and basin of attraction
of equilibria. It cannot be claimed that the method always gives result. However,
in a typical situation it does. Moreover, if it does, this result constitutes a rigorous
mathematical proof.

2 General Setting

Let Q C R? and for every p € P C R™ let f(p,-) : Q@ — R?. We assume that for every

p € P the system of ODEs
dx
> 1
= fp) 1)
defines a (positive) dynamical system on © C R?, that is, for every 2° € Q it has a
solution z = z(p,2%;t) € Q, t € [0, +00) such that z(p, 2°;0) = 20.
Any equilibrium a satisfies the algebraic equation

f(p,a)=0

We consider a typical situation when this equation has a solution a(p) which is unique
on some domain D(p) = a(p) + M, where M is compact and 0 € M, that is, f(p,z) =

9



0, z € D(p) = = = a(p). Equivalently, for every p € P, function f(p,-) is invertible
on D(p).

Suppose that, motivated by empirical evidence, e.g. numerical simulations, intuition,
insight into the physical process, etc, we make the following hypothesis:

Statement 1. For every p € P, (i) the set D(p) is positively invariant and (i) the
equilibrium a(p) is stable and attractive with basin of attraction containing D(p).

Statements of this sort are often formulated explicitly or implicitly implied in the
literature. In most cases some numerical experiments provide support. We need to
remark that in multidimensional problems, i.e. € R'Y depending on a multidimen-
sional parameter, e.g. p € P C R0, numerical experiments can hardy be considered
to generate a representative set of solutions. Naturally, this increases the value of
statements that can be proved in a rigorous mathematical way.

3 Computer verification of basin of attraction

Let us make the substitution = a(p) +u. Then the new variable satisfies the system

du
It is easy to see that Statement 1 is equivalent to the following

Statement 2. For every p € P, (i) the set M is positively invariant for the system (2)
and (i) the origin is a stable and attractive equilibrium of (2) with basin of attraction
containing M .

We denote by u(p, u’; t) the solution of (2) for value of the parameters p which satisfies
the initial condition u(p,u";0) = u°. Then we consider the multivalued function
u(P, M;-) : [0,00) — P(Q) (the power set of €, i. e. the set of all subsets of ) given
by

w(P,M;t) = {u(p,u’t):p € P,u’ € M}.

Function f is assumed continuous, thus, given that M and P are compact, the function
u(P, M;t) is compact-valued. Now Statement 2 is equivalently formulated as follows:

Statement 3. For every p € P, (i) there exists T > 0 such that uw(P, M;[0,7]) C M
and (ii) lim;_ . w(P, M;t) = 0 in the topology of R.

Remark 4. The equivalence of Statement 2 and Statement 3, especially of part (i),
is not obvious and a proof is to be provided. In particular, part (i) in Statement 3 is
equivalent to uw(P, M;t) being monotone decreasing in t with respect to inclusion.

Under the additional assumption that M is an interval, Statement 3 assumes yet
another equivalent formulation in terms of interval functions. Denote by [u](P, M;t) =
[u(P, M;t)] the interval hull of w(P, M;t). At ¢t = 0 we have [u](P, M;0)=u(P, M;0)=
M, but in general we have the inclusion u(P,M,t) C [u](P,M;t). Statement 3 is
equivalent to

10



Statement 5. (i) There exists T > 0 such that [u(P, M;[0,7])] C M and
(i3) limy_ oo [u] (P, M;t) = 0 in the topology of R?.

Using a numerical method for computing interval enclosure of the set of solutions
of the system (2) point (i) in Statement 5 is computer verifiable. We can weaken a
bit point (ii) to have also computer verifiable statement. We replace the statement
that 0 is stable and attractive by the statement that for some € > 0 the set & =
[—¢,¢]¢ contains an invariant set which is attractive and e-stable. Let us recall that
an equilibrium a is stable if for every v > 0 there exists § > 0 such that any trajectory
initiated in a §-neighborhood of a remains within the y-neighborhood of a for all times.
We say that an equilibrium is e-stable if this definition holds for v > . We should
remark that in practical applications the statement "the set & = [—¢,£]? contains an
invariant set which is attractive and e-stable" can be made to be virtually as strong
as "0 is asymptotically stable" by taking e sufficiently small.

In this way we obtain the following theorem.

Theorem 6. If for some 7 >0, T >0, ¢ > 0 we have that (i) [u(P,M;[0,7])] C M
and (ii) [u(P,M;T)] C &, then for every p € P the set D(p) is positively invariant
set of (1) and a(p) + &€ contains an attractive and e-stable invariant set of (1) with
basin of attraction containing D(p).

We can again remark that in practical applications the statement “a(p) + £ contains
an attractive and e-stable invariant set” can be made to be virtually as strong as “a(p)
is asymptotically stable” by taking e sufficiently small. This is true for example, if €
equals the width of the smallest computer interval containing a(p). Using such small
€ would be seldom necessary.

In some cases the inclusion (i) in Theorem 6 is difficult or impossible to obtain. This
is due to the fact that M may not be an interval or instead of the interval hull,
we have only some wider interval enclosure (u)(P, M,t) of u(P, M,t). The inclusion
(i) implies that M is an invariant set. But its actually more important function is
to provide the monotonicity of u(P, M,t) in ¢t with respect to inclusion. Using this
property we deduce from u(P, M,T) C £ that u(P, M,t) C & for ¢t > T. Furthermore,
this monotonicity implies that the limit when ¢ — oo of u(P, M;t) exists. This limit
is the attractive invariant set. In the next theorem a slightly different condition leads
to the same result.

Theorem 7. If for some 7 >0, T > 0, ¢ > 0 we have that (i) (u)(P,M;[r,27]) C M
and (ii) (u)(P,M;[T,T + 7])] C &, then for every p € P the set u(p, D(p);[0,7]) is
positively invariant set of (1) and a(p)+E& contains an attractive and e-stable invariant
set of (1) with basin of attraction containing u(p, D(p);[0,7]) (and also D(p)).

Proof. Let p € P and let M(p)=u(p, M;[0,7]). Then (i) implies that u(p, M (p); [0, 7])
C M(p). Therefore, u(p, M;[t,t + 7]) = u(p, M(p);t) is monotone decreasing with
respect to inclusion. Then so is u(P, M;[t,t + 7]). The rest follows from Theorem 6
using u(P, M;[t,t + 7]) instead of u(P, M;t). O
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4 A model example

We would like to test if the whole procedure is feasible on a simple example: the
well-known “single substrate—single biomass” chemostat model with Monod specific
growth rate function [1]

dx b ST

= — _aDb

o aDx + K. s (3)
ds b ST

— = Ds;—Ds—k—— 4
dt 5 5 K,+s )

Validated enclosures are computed for this model in [6], where the model and the
parameters are briefly described so we do not need to repeat the description here.
The parameters a and D are exactly known, namely, « = 0.5, D = 0.36, k =
10.53. The parameters p.,, and K are not exactly known. We have p := (p,, Ks) €
[1.19,1.21] x [7.09,7.11] =: P. The equations define a dynamical system on Q = R3.
with two equilibria: the trivial z = 0, s = s; and the nontrivial

aDK, s;—b

5 tm — D’ r=a akD

which is positive for the stated values and ranges of the parameters. We will find a
set in the basin of attraction of the nontrivial equilibrium by considering the system

du i (b+v)(a + u)

o = aD(a +u) + K ibio (5)
dv ‘ tm (b +v)(a+ u)

o = Ds; —D(b+v) —k K.ibio (6)

The system (5)—(6) has equilibrium at the origin for all values of the parameters. In
order to apply Theorem 6 we need to compute validated enclosures of the sets of solu-
tions initiated in various neighborhoods of this equilibrium. Methods for constructing
enclosures for the solutions of systems of ODEs is one of the major successes of Inter-
val Analysis, see [4] for review of such methods most of which are based on the work
of Lohner [3] as it is the case in [6]. Here we use simpler approach by first converting
the system to a system which is monotone [5]. After some experimentation we found
a set M with the properties required in Theorem 7. The figures below present the
lower and upper bounds for v and v and show that (i) and (ii) of Theorem 7 are
satisfied.

5 Conclusion

We propose a computer based method for proving stability and basin of attraction
of an equilibrium. The idea of using a computer to provide rigorous mathematical
proofs is not new any more as several well-known open problems in mathematics have
been resolved in such a way. The method suggested here has become possible due to
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Lower and upper bounds for .

0 2 4 6 8 10 12 14 16 18 20
t

Lower and upper bounds for v.

the developments in computer arithmetic and interval analysis leading to computer
programs providing validated enclosures for the solutions of systems of ODEs. It is
quite clear that empirical search for a suitable set M in a high dimensional system
requires a significant computational effort. However, now “the chips are cheap” and
it seems natural to shift the burden of the technical proofs to computers.
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Pricing Financial Derivatives on GPU

E. Atanassov, D. Dimitrov

Introduction

The financial option is a contract that gives the owner the right, but not the obliga-
tion, to buy or sell an asset at a set price on or before a given date. The problem
of estimation the price of option(s) is one of the most important area in Financial
Mathematics [24]. Pricing options, that are path dependent on the evolution of the
prices requires precise simulation of stochastic processes that model the price of the
underlying asset.

In 1972, Black and Scholes [7] published a paper, where they describe a model for
pricing European options, assuming that the price is Brownian motion. This is the
first standardized method for option pricing;:

% = rdt + odWs,

where 7 is interest rate, o is the volatility and dWj is Brownian motion. There are
several assumptions in the model but one of the most important is that the volatility
is constant. Although this equation is one elegant mathematical representation of
price evolution process, the assumption for constant volatility does not fit the real
data from the markets.

Heston model

One more complex model for precise modelling was proposed by Steven Heston in
1993 [15]. Heston proposes model where the volatility is time dependent variable and
follows a random process. Heston model contains two stochastic differential equations
one for the price process and one for price variance:

dSt = TStdt + \/I/_tStdWS
dvy = k(0 — v)dt + oy /1 dW,,

where S; and 14 are the price and its variance, W7 and W} are correlated Brownian
motions (with correlation p), 14 is CIR [9] process and has long variance 6, & is the
rate at which the variance reverts to 6 and o, is the volatility of volatility.

There are various methods for simulation of the model but one of the most popular
algorithms are based on the Monte Carlo approach [13]. In this work we considered
several proposed numerical schemes for adequate simulation of the model and they
can be categorized in two groups: schemes with bias and exact schemes. FEuler-
Maryuama, Lord Modification [19], Milstein [18], Kahl-Jackel [17] are schemes that are
representatives of the biased schemes where there are two errors - from discretization
of the continuous time process and the statistical Monte Carlo error. Andersen [3]
scheme is representative of the exact schemes that uses the properties of the CIR
process and the variance is sampled using it’s exact distribution, so there is only
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statistical Monte Carlo error.
Numerical Methods:
Euler-Maryama: The simplest method for solving SDEs.
Sy = Ss(1+rAt + / Vi ZsV Al)
Vi = Vs + kALO — V) + o/ Vs ZyV AL
At - time step;
cor(Zy, Zs) = p - correlated random variables with normal distribution.

Lord Modification (Full Truncation): A scheme proposed by Roger Lord that
aims to have better handling with the problems in Euler-Maryama.

log(S:) = log(Ss) + [r — %f4(VS)]At + \/f5(V5)Z5\/E
Vi = fu(Ve) + kAL — f2(Ve)) + o/ f3(Ve) Zu VA,

fi(z) = x for x > 0. Where for f;(x) are chosen : identity f(x) = z, absorption
f(z) = a2 or absolute value f(z) = |z|.
Milstein: A scheme with improved order of convergence.

Sy = S.(1 + rAt +\/ Vi Z,VAt)

Vi = Vit 50— VAL + 0/ViZy + 10*(Z2 ~ DA

Kahl-Jackel: Discretization for the Heston model using Milstein scheme for the
variance process and alternative scheme for the price process.

log(S) = log(Ss) + (r — 2V At 4+ o /T2, VAT

4
1 At
+5(VVe + VVO(Ze + pZ) VB + = (22 - 1)
_ Vi+ k0At + 0V Z,V AL+ 0% (2% — 1) At
b 1+ kAt
the variance process always have positive values if 2x6 > o.

Andersen:
Andersen uses the system of SDEs in integral form and some of the properties of the
variance process:

S() = S(u)eaplr(t —u) — % / V(s)ds + p / VAW,
+V/1 - p? / VV(s)dW,]
Vi) = V(u)+n0(t—u)—k/tV(s)ds+ov/t«/V(s)de.

Andersen Scheme: The algorithm is based on sampling the variance process using
distributions which local moments match the original.
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1. Generate a sample of V; using distributions which local moments are the same
as the original distribution;

2. Approximate the variance integral using drift interpolation:

t
[ Vdulv(s).V ) = AV (s) + 2V (0)
if 1 =1 and 2 = 0 we have Euler type scheme
if 77 = 72 = 0.5 we have predictor-corrector scheme;
3. Calculatel0000) the price using the following equation:

logS(t) = logS(s)+rAt+ Ko+ K 1V(s)+ K2V (t) +
VE3V(s) + K4V (t)Zs,

where Z, is random variable with normal distribution and K;:

PN
o
Kl:%m(@_l)_ﬁ
o 2 o
k 1
K2=72At(—p——)+£
o 2 o

Ks =71 At(1 - p?)
K4 = ’}/QAt(l - p2)

Numerical Results

Numerical schemes were implemented to work on GPU using NVidia CUDA frame-
work [10]. This architecture allows the GPU processor to be turned into highly par-
allel multi-core system capable of executing hundreds of parallel threads. The CUDA
topology is based on grouping the threads in blocks and run them parallel, in our
case the most efficient scenario was to use 256 blocks with 256 threads that allowed
us to execute 65536 threads at one call of the gpu function (the kernel function). In
this scenario every thread is simulating one path from the Monte Carlo algorithm
and in the quasi-random case use the coordinates of one point from 2M-dimensional
quasi-sequence as source of random numbers(M is the number of time intervals).
All of the schemes are implemented using the standard CURAND - pseudo-random
number generator and generators for Sobol’(with Owen scrambling[21])[22][5][14][20]
and modified Halton (proposed by Atanassov) sequences [4][6][16]. For test case it
was chosen a example of European option[8] with period 1 year and the following
parameters:

r=3.19%, x = 6.21,0 = 0.019, 5, = 0.61, p = —0.7, Sy = 100, V = 0.010201.

In Table 1 is shown the error using CURAND generator and different schemes using
the example European option parameters.
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Intervals EM Lord Milstein Kahl-Jackle Andersen

250 0.8640 0.8679  0.0541 0.0477 0.0382
500 0.5740 0.5582  0.0313 0.0244 0.0245
750 0.4392 0.4165 0.0155 0.0132 0.0109
1000 0.3440 0.3658  0.0104 0.0113 0.0074

Table 1: Results for the absolute error using CURAND pseudo-random number gen-
erator

EM Lord Milstein Kahl-Jackel Andersen
60.02 62.75 66.08 53.79 25.38

Table 2: Average time acceleration in times for CPU vs GPU

In Table 2 is shown the average acceleration in times for the schemes using the stan-
dard pseudo-random generators on CPU and GPU.

In Table 3 is shown the absolute error for small number of time steps using the
Andersen scheme with different random number generators.

Paths| CURAND| Sobol | Halton Paths| CURAND| Sobol Halton

256 | 0.599679 |0.228454|0.129998 256 | 0.548801 [0.233375|0.0999528

512 | 0.238047 |0.181489(0.084110 512 | 0.257233 |0.161241|0.0731495

1024 | 0.131617 [0.085438|0.041280 1024 | 0.173834 |0.110316{0.0346040

2048 | 0.088686 |[0.012982(0.016976 2048 | 0.045946 |0.024229|0.0112510
12 time steps 52 time steps

Table 3: Absolute error using Andersen scheme for small number of steps

Conclusion

As it is shown in the numerical results two important results are achieved. The first
one is about up to 66 times speeding up of the schemes using NVidia GTX 295 with
CUDA as a high-performance environment for simulations. The second one is that
for small number of time steps using modified Halton quasi-random number sequence
shows better accuracy than the CURAND and scrambled Sobol.
Acknowledgements This work was partially supported by the National Science
Fund of Bulgaria under Contracts DO02-146/2008.
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Cloud and Grid Computing: Security Aspects

E. Atanassov, T. Gurov, A. Karaivanova

1 Introduction

The Grid is a computational infrastructure which ensures transparent access to ge-
ographically and institutionally distributed computational resources and data. The
Grid has been studied extensively during last two decades, here we refer to some
works of Foster and Kesselman, and also to description of the largest grid (the EGEE
grid) [1, 2, 3, 4]. Tan Foster and coauthors gave a three point checklist [4] to help
determine what the Grid is, and what is not:

1. The Grid coordinates resources that are not subject to centralized control,
2. The Grid uses standard, open, general-purpose protocols and interfaces, and
3. The Grid delivers non-trivial qualities of service.

Recently, "Cloud" became very popular buzzword. Although Cloud Computing
sounds like a new technology, it has intricate connection to Grid Computing paradigm.
There is a little consensus on how to define the Cloud and here we accept the Fos-
ter definition in [5]: "A large-scale distributed computing paradigm that is driven by
economies of scale, in which a pool of abstracted, virtualized, dynamically-scalable,
managed computing power, storage, platforms, and services are delivered on demand
to external customers over the Internet."

In the same paper, [5], Foster et all compare Grid and Cloud and conclude that only
point 3 from above checklist holds true for Cloud computing, but neither point 1 nor
point 2 are valid for Clouds.

The common characteristics of Grid and Cloud are

e Utility computing

e Aggregation of heterogeneous resources

e Access transparency for the end user

e Re-configurability

e Service negotiation based on Service Level Agreements
e Capacity provisioned on demand

e Continuous availability

e Single sign on

This comparison of Cloud and Grid helps us understand the security issues which
arise when using both of them as part of a scientific application.
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2 Security aspects

We summarize below the types of authentication, authorization and accounting mech-
anisms that are used in Grids and Clouds.

2.1 Security management in Grids

The cornerstone of the security management in Grid is the notion of the so-called
Virtual Organization (VO). Users are organized in Virtual Organisations, which share
resources. Many institutions may provide the resources of the virtual organization and
these resources become available to all members of the organization. It is important to
note that only the biggest virtual organizations, comprising of thousands of scientists,
define groups inside the virtual organization and enforce the division between members
of these groups and the respective job priorities. It is important to note that in most
practical cases a user of the VO has access to all the data files of the VO and can not
only retrieve data, but also delete data, even if the file has been created by another
user.

e Authentication is ensured mainly by X509 certificates. Other authentication
mechanisms are also used. In some cases it is possible to use an identity provider
to obtain an X509 certificate on-the-fly, thus allowing more decentralized man-
agement of the authentication process.

e Users sign proxies with their X509 certificate and use them to connect with
services using https protocol or typical Grid protocols like GridF'TP or SRM for
data management or GRAM for job management.

e The Grid services may have finer-grained authorization mechanism, using groups
and roles within the VO. This possibility is difficult to implement in practice
because of the decentralized nature of deployment of Grid resources.

In Bulgaria IICT-BAS is responsible to issue certificates for BG scientists/students,
operating the BG.ACAD Certification Authority - see http://ca.acad.bg. The same
Grid certificates are used for other e-Science projects, e.g., PRACE1IP, PRACE2IP,
HP-SEE. In some cases they are used to authenticate email or web servers.

2.2 Security management in Clouds

Access to Cloud infrastructure resources can be achieved with web, GUT or command
line interfaces. Popular languages for development are java, python, ruby. Both Linux
and Windows operating systems are supported as guest OS, as well as others. We
should point out that the user effectively obtains administrator (root) access to the
virtual machines launched over the cloud, which is not the case of Grid usage, where
only local Unix user access can be obtained. Here we review the security models of
the most popular Cloud service providers. Amazon cloud services [6] include:
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e EC2 - Amazon Elastic Compute Cloud is a web service that provides resizable
compute capacity in the cloud.

e S3 - Amazon Simple Storage Service provides a simple web services interface
that can be used to store and retrieve data.

Access to Amazon cloud services is secured through use of:

e Access keys - used to make secure (signed) REST or Query protocol requests to
any AWS service API

e X.509 certificates - make secure SOAP protocol requests to AWS service APIs.
e Key pairs - can be used to launch and then securely access your EC2 instances.

Many providers mimic the Amazon cloud model, sometimes using open source soft-
ware. Some providers of cloud services follow a different model, where the user does
not obtain administrative access to particular machine, but instead a whole scalable
application environment is provided to them. This is the case of Google, for example.
We should point out that the shared use of Cloud is not straightforward because of
the lack of notion similar to the Virtual Organization. The Cloud paradigm allows
for a layered approach, where for example one provider may provide added-value ser-
vices to the customers using the infrastructure of another provider. In such cases the
security model of the top-level provider may differ from those of the providers of the
lower layers.

2.3 Interaction between Grid and Cloud

Due to the differences in the security mechanisms of Grids and Clouds it interesting
to consider the most practical use cases for combining the use of Grid and Cloud
resources for scientific computations. First of all, an infrastructure provider, e.g.,
a university, can use (lease) Cloud resources to provide Grid services for the users.
It is technically feasible to provide the worker nodes for a Grid cluster using cloud
resources. A small pool of Cloud-based Worker Nodes can provide QoS for jobs that
are sensitive to waiting times Unfortunately, the requirement in some cases for proper
forward and backward DNS resolution makes it a bit difficult to provide some service
nodes for such cluster from Cloud resources. In any case, a user or VO can use
the cloud to deploy service nodes, e.g., web servers, databases, especially if they are
specific to a particular application that is not used by all the VO. Some of the Grid
services may be efficiently put on the Cloud to benefit from the “elasticity” of Cloud
service provisioning. For example, the so-called BDII is a service which would benefit
from authomatic load-balancing.
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3 Security threats and attack vectors and their mit-
igation

One of the main security threats on the Grid stem from the fact that users proxy
certificates are sent to remote nodes, where they can be stolen, e.g., by a malicious
user of the same cluster. Typically such a proxy is valid for 12 hours and provides
access to most of the resources of the VO, as outlined above. On the worker nodes one
usually employes a so-called limited proxy, which allows access to storage resources,
but not the ability to launch jobs, thus limiting the impact of a potential breach. An
unlimited proxy can be used to launch new jobs, but can be found on smaller number
of machines with tighter security. Unfortunately, some virtual organizations have
been granted the ability to create voms proxies with duration much larger than 24
hours, which means that the potential impact of a stolen proxy certificate will extend
to several days. They are security mechanisms in place to react to such violations,
for example using ARGUS nodes to ban malicious users or by revoking the user
certificate, but they will not be started unless the problem has been discovered and
reported. In the meantime the malicious user can attempt escalation of privileges on
the nodes where he or she obtained access or tampter with the data or metadata of
the virtual organization.

Now considering the case when a Grid application uses Cloud services, one should take
into account that if cloud certificates and/or access keys are sent to remote Grid nodes,
there is a danger that if they are stolen somebody will be able to do everything that
the owner can do on the Cloud. Obviously the provider of an EC2-type service runs
the risk of malicious users launching nodes which can be used to serve illicit content,
control botnets or similar. Presumably the Cloud infrastructure providers ensure tight
control and isolation between user’s virtualized networks. However, investigation of
security incidents is difficult due to the use of virtual machines.

Thus it is important that Grid jobs should not have access to the full cloud credentials
of the users. This means that an extra level of redirection should be introduced to limit
access, for example only to the necessary part of storage. This can be implemented
as a broker service, launched on the cloud and answering to requests from the Grid
jobs.

Unrelated applications should also be separated in terms of credentials and infrastruc-
ture used. Users must perform careful evaluation of the dangers of contagion should
one part of the nodes participating in a given computation become compromised.

4 Conclusions and directions for future work

We can conclude from our investigation that the possibility of combining services or
infrastructure resources from the Cloud with Grid resources and organization provides
additional flexibility and substantial benefit to the demanding users and applications.
The security issues that arise should be addressed firstly by infrastructure operators
and Grid and Cloud middleware developers to provide for the necessary isolation
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and control. We believe that the introduction of “Grid-Cloud brokerage” services
that can translate between Grid and Cloud credentials and ensure limitations on the
kinds of requests that can be issued between the Grid and Cloud parts of the scientific
application thus effecitively reducing the exposure of the users to the inherent security
risks and providing certain guarantees about the worst possible damage that may
happen in case of security breach.

Acknowledgements. This work was partially supported by the National Science
Fund of Bulgaria under Contracts DO02-146 /2008 and DVCP02/1 CoE Super CA++.
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Singular Solutions of Cross-coupled EPDiff
Equations: Waltzing Peakons and Compacton Pairs

Colin J. Cotter, Darryl D. Holm, Rossen I. Ivanov and James
R. Percival

1. EPDiff equations. Let us define an one-parametric group of diffeomorphisms of
R™ with elements that satisfy

0X(x,t

% = U(X(X, t)7 t)a X(X7 0) =X, (1)
or X = uoX with x € R", ¢t € R, X € Diff(R"). Let us consider motion in R"
with a velocity field u = X o X~1; u(x,t): R® x R — R" and define a momentum
variable m = Qu for some (inertia) operator @ (for example the Helmholtz operator
Q=1-00;,=1—A, where 9; = %) Let us further define a Lagrangian

L[u] = %/m -u d"x. (2)

Since the velocity u = ud; € Vect(R") is a vector field, m = m;dz’ ® d"x is a n + 1-
form density, we have a natural right-invariant bilinear form

(m,u) = /m cu d"x. (3)
The Euler-Poincaré equation for the geodesic motion in this case is [6, 5]
d dL oL
—_—— * —_—= = 4
T 0, u=_Gx*xm, 4)

where G is the Green function for the operator ). The corresponding Hamiltonian is

1
H[m]z(m,u)—L[u]=§ m-Gxm d"x, (5)

and the equation in Hamiltonian form (u = g—fl) is

0

8—1? = —ad%{ m. (6)
The left Lie algebra of vector fields is [u,v] = —(u*(9vP) — v*(9xuP))d,. For an
arbitrary vector field v one can write [6]

(ad;m,v) = (m,ad,v) = (m,[u,V])

= —(mldxl ® d"x, (uk(é)kvp) - Uk(akup))ap>
—/mp(uk(akvp) — vk(akup))dnx

= /vp(uk(akmp) + my (Opu®) + my, (0pur))d"x
= (((u-V)mp +m-dpu+ mydivu)dz? ® d"x, v),
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and therefore (6) has the form, known as EPDiff equation:

omy,

5 + (u-V)mp +m- dpu + mydivu = 0. (7)

Due to the invariance of the Hamiltonian under the right action of the group Diff(R™)
there is a momentum conservation law according to the Noether’s Theorem (which
can be verified directly with (1)) :

mi(X(x, 1), £)0; X" (x, t) det (?}f) = m;(x,0), (8)

ox Oz
The Lie-Poisson bracket is

where (8—X) = 9X_ is the Jacobian matrix.
ij

A BYm) = (m 2 20

(a0

omy  0m;  Omy 5m7) 9)
When n = 1 the algebra (9), associated with the bracket is the algebra of vector fields
on the circle. This algebra admits a generalization with a central extension, which is
the famous Virasoro algebra [8, 6]. In two dimensions, n = 2, the algebra, associated
with the bracket is the algebra of vector fields on a torus [1].

2. Singular solutions. The Camassa-Holm (CH) equation [2] can be considered as
a member of the family of EPDiff equations in n = 1 dimension [5]:

mg + 2uzm + umg = 0, m=1U— Ugg. (10)

The CH equation possesses the so-called N-peakon solution in the form

sz ) exp(—|z — (1)), (11)

provided p; and z; evolve according to the following system of ordinary differential

equations:

oOH oOH
i T — ’ 7 ) 12
i Op; P 0x; (12)

where the Hamiltonian is H = %Egj:ﬂ?ipj exp(—|z; — z;]). The momentum is
singular,

Zpi (x — x4(t)), (13)

it defines the so-called singular momentum map, [5]. CH is an integrable equation
and is very well studied - see e.g. the review article [4].
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The singular momentum map (13) suggests the following measure-valued singular
momentum solution Ansatz for the n—dimensional solutions of the EPDiff equation:

N
m(x,t) = Z/P“(s,t)é(x— Q%(s,t) )ds.

These singular momentum solutions, called “diffeons”, [7] are vector density functions
supported in R™ on a set of N surfaces (or curves) of codimension (n — k) for s €
R* with k& < n. They may, for example, be supported on sets of points (vector
peakons, k = 0), one-dimensional filaments (strings, k& = 1), or two-dimensional
surfaces (sheets, k = 2) in three dimensions.

3. Cross coupled CH equations and waltzing peakons. The Lagrangian for
cross coupled CH (CCCH) is [3]

l(u,v) = / (uv + uzv,) da.
R
The corresponding two-component EP equations in 1D on R are

x . h
Om = —adgy, /5,,m = — (vm)y —mv,  with v:= S K xn,

on = —ady, 5, = — (un)y —nu, with u:= = K *m.

with K(z,y) = %e*”*y' being the Green function of the Helmholtz operator. The
CCCH Hamiltonian is

h(n,m):/nK*mdx:/mK*ndx.
R R

This Hamiltonian system has two-component singular momentum maps

M N
m(z,t) =3 ma(t)6(z —qa(t),  n(zt) = ny(t)d(x — (1))
a=1 b=1

The total momentum of CCCH is conserved, namely
O (u+v) + 0y (uv + K * (2uv + uTvT)) =0.

4. Peakon solutions of the cross-flow equations. The CCCH equations are
deformations of CH that support two different types of peakons, with velocities

M N
u(z,t) = %Zma(t) e~ lr=a®] v(z,t) = %an(t) e~le=r@l (14)
a=1 b=1
and momenta,
M N
m(w, ) =Y ma(t)6(x —qa(t)),  nlx,t) =Y np(t) 8@ —rs(1)). (15)
a=1 b=1
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The 2M+2N variables (¢q, M), a =1,..., M, and (rp,np), b =1,..., N, are governed
by the Hamilton’s canonical equations for the Hamiltonian function,

M,N
H=1 M (t)ng(t)e 9@ =re®] (16)
a,b=1
namely,
N
) OH _ .
Q) = o =33 w0 OO = u(g (1), 1), (17)
@ b=1
M
) 0H _ .
fp(t) = 8—%2%277%(75)@ [ (O=r0 0 = yy(ry (1), 2) (18)
a=1

for the positions of the peakons, and

OH ZN v
ma(t) = — e $Mq b—1 npsgn (ga — rp)e” OO = 0 la=q,’ (19)
M
, OH —lga(t)—r du
() = — o= —3ny E Mg sgn (qu — rp)e 1@ ®l = _py Er . (20)
2 r=

for their canonical momenta. Conserved quantities include the energy H and the total
momentum Y (mq + ng)-

5. The coupled peakon pair. The simplest possible case is M = N = 1. Intro-
ducing the new variables X = q‘y, Y = g — r, respectively the mean position of the
peaks and their separation distance. The evolution equations in terms of the new

variables are

= oy oy o™y
Thus we can define the behavior of the exponential function of the absolute separation

of the peaks,

%em =sgn(Y)

n—m
9 )

(21)

From (19) - (20)
m=—n= sgn(Y)%e“Yl =sgn(Y)E,

where E = H|;— is the (constant) value of the Hamiltonian, that is to say the total
energy of the coupled pair. Differentiating (21) again with respect to time gives

% (elyl) = —sgn®(Y)E +26(Y) (n—m)>.

On integrating for a particular signature of Y|;—o = Yy # 0,

1 1
el = —§m0noe_|yo‘t2 + 5580 (Yo) (no —mo) t + el¥ol,
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where
mo = ml_g, no=nl_y Yo=7Y[_,.

If mo and ng have the same signature then eventually we will have |Y| = 0, regardless
of the value of |Yy|. Thus, when mg and ng share the same signature the half period
of their “waltzing” motion can be found by setting Yy = 0 and looking for when el
attains unity, namely ¢ = 2%. It will be noted that at this time

mo — No
m|,_ymo—na = Mo +mono (| ———— | = no,
mong mono
and similarly
n|t:2 mg—ng = My,

mong

so that the two types of peakons do indeed exchange momentum amplitudes over a
half cycle, see Fig. 1. The explicit solutions as well as other examples with waltzing
peakons and compactons are given in [3].

velocity

[
T

Figure 1: Plot showing velocity fields of a peakon-peakon pair with mqg = 5, ng = 0.5,
lo = 0 (solid lines). The dotted path indicates the subsequent path of the two peaks
in the frame travelling at the particles mean velocity X = %. For these initial
conditions the total period for one orbit of the cycle is 7' = 3.6. Also shown is the

form of the two peakons at subsequent times t = 0.45+ 1.8n, n € Z

6. Cross-coupled EPDiff in higher dimensions. The straightforward general-
ization to higher dimensions is
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l= /(u v+ (Vu) - (Vv))d"z,

dm

dt

dn

dt
Numerical studies in n = 2 dimensions show that the waltzing pairs also appear in

higher dimensions. In the case with rotational symmetry the two concentric waves
(u and v) have “waltzing” fronts and also rotate with respect to each other.

= —adj/smm = —v - Vm — (Vv)T - m —mdivv, m = u— Au,

= —adj /sy = —u-Vn — (Vu)? -n—ndivu, n=v — Av.
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GOES project - Good on Emergency Situation

Nina Dobrinkova, Valentin Marinov

1 Intorduction

The web mapping or sometimes referred to as Web GIS has advanced to great extends
in the later years. Cartography was restricted to few companies and organizations
because of the difficulties in processing and managing the geographic data both on
a specific hardware and software. Nevertheless with the occurrence of more reliable
and extensive geographic web services, this is not a privilege anymore to a specific
group of professionals, but a more affordable and accessible solution to everyone with
the necessary technical skills and enough know-how in the GIS area.

Nowadays it is a common thing to rely on a web service or a web application to view,
collect and manage geographical information. The fact that GIS data is distributed
over the Internet has reduced the need for a specific software and hardware for showing
it. These services offer a lot more than just visualization of geographical objects, but
rather a way to manage oneaAZs own collection of objects, do GIS analysis and search
among a rich array of specially categories POI’s(Points Of Interest).

2 Google Maps, OpenStreetMaps and other major
GIS web applications

The most serious step in popularization of Web GIS has been done by Google. In
2004 they released a new product called Google Maps. It heavily utilizes JavaScript
and the Ajax technology, thus providing the user with an almost desktop like experi-
encing, while using the web application. The map is scrollable through the use of a
mouse or a keyboard, or even in recent years with the vast usage of tablets through
touch commands. This functionality resembles very much a natural scrolling of a
geographical map but the user does not need to have a desktop application installed
and there is no need to download any additional data or install plugins.

Other features of the Google Maps application include finding a specific location by
address or name, or showing the nearest geographic objects to a point. Perhaps the
most powerful functionality of the web application is finding directions between two
or more points. The routing algorithm provided by the Google Maps team is currently
one of the fastest in a GIS web application.

Another very useful features of the Google Maps application are the tools to add
additional objects on the map that are related to the user itself. These are own POls,
routes or polygons. This allows not only for collecting and organizing objects with
own semantics, but also sharing this new information with other users. Given the
huge success of the Google Maps application, others have decided to implement their
own solution. These are Yahoo! Maps, Bing Maps, Yandex Maps, BGMaps.com etc.
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Perhaps the most famous one among them is the publicly available, free and open
source project OpenStreetMaps.

OpenStreetMap is a free editable map of the whole world. It allows the user to
view, edit and use geographical data in a collaborative way from anywhere on Earth.
OpenStreetMap is created and maintained entirely by the users. This project relies
heavily on crowd-sourcing. In comparison with other GIS web applications that are a
product of a company and may require paying for a particular service or feature, the
OpenStreetMap is a project without the idea of a profit. It is a way to offer free and
open-source mapping solution to the web, without any legal or technical restrictions.
OpenStreetMap offers the same features like the other alternatives in its scope. How-
ever the implementation of some of the features is still not that advanced or or so-
phisticated. These features are mainly related to the user interaction with the map
or that some of the tools present in other web maps solutions are missing here. Still
it surpasses them in its openness to the users and their ability to import or export
data, either with GPS tracks or POI’s or geographic areas.
http://wiki.openstreetmap.org/wiki/Main_Page

2.1 GIS Web Application Programming Interface (API)

The most important part of the web GIS applications mentioned so far is that they
provide a form of an Software Development Kit (SDK) consisting of a library part with
the respective Application Programming Interface (API) and web services available
through predefined interfaces. As can be expected from proprietary services, they are
not free for a commercial use or user logins. However OpenStreetMap is still freely
available.The API’s capabilities are:

e Create and manage a simple web map

e Manage tiles and sources of tiles

e Manage features and addons of the map - zooming, scrolling, mouse events, etc.
e Create and manage map layers

e Add, edit or remove POT’s from the map

e Draw geo-aware geometry figures - lines, polylines (routes), polygons (areas)

e Change the appearance of POIs or other objects on the map

e Managing geographical data

e Searching (through web services) and displaying GIS data

e Importing, displaying and exporting GPS tracks - usually .gpx files

e Manage geo Data Base data
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All of these features are supported by the Web APT’s, where searching in the GIS
databases may result in different objects, i.e. the search depends on the objects
they contain and the search algorithm they utilize.The web services that are used
for searching and fetching geographical objects may be either SOAP or REST based.
The results could be in XML or JSON formats. The JSON format is the preferred
one due to its many advantages in simplicity and quantity, thus providing better
performance and less traffic. Having such powerful tools, creating and managing
GIS driven applications has become more affordable and easy for developers, which
reflected to providing better end user tools.

Developers without extended knowledge of GIS systems are utilizing this technology
through the abstraction of API’s. This is the best option for integrating GIS aware
modules in an applications that need to display and/or manage geographical infor-
mation. Thus the need for a dedicated servers and software solutions has been left
to the consumers of the service. There preprocessors of todays GIS web applications
were mostly created by companies with a focus on GIS systems. Such vendors are
Intergraph, ESRI, NetCad and other smaller companies. Some of their early imple-
mentations are still supported and updated. The basic difference between them is the
nature of client-server interaction.

Ajax-based applications are usually referred to as fat clients. The client has a more
extended knowledge of how the application works. This may become a very disturbing
security issue, especially with the case of web applications. The client, which may as
well be referred to as the online user, gets a hold of a more complete collection of GIS
data. For the major vendors of GIS data this is a potential security breach as they
manage this data and provide it for a profit, but if it is supplied to the client without
any restrictions it becomes available to everyone for free or very small amount of
money. Therefore it is very important to be aware of the provided data to the user.
There is also the so called slim approach where the basic API’s are integrated and
less security options are available.
http://code.google.com/intl/bg/apis/maps/index.html

2.2 Plugin based implementations

More advanced solutions for providing a RIA GIS for terrain usage is based on the
solution with implementation of the plugin-based technology. Such technologies are
Adobe Flash, Microsoft Silverlight, Java, etc. This approach, although has its own
drawbacks about the security issues of the Ajax-based web applications. Such solu-
tions include the ESRIAAZs ArcGIS Explorer online and other companies that are
not directly involved in the GIS area like InfoSoft, Telerik etc.

The main downside of such a solution is that the user is required to install a plugin
in order to run the application with his/her browser. With this requirement the
nature of the application is actually shifted from its web nature and the browser
becomes simply the medium to update the application with the new version. In its
core this has become a desktop solution. These applications are very feature-rich
and provide excellent user friendly approach, but their implementation usually relies
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on appropriate environment, not on standards, which makes them costly. This is a
problem in cases that the platform is not updated or is not supported anymore. In
such cases the Web GIS application is useless.
http://www.nn4d.com/site/global/build/partner_mapping_apis/
p_partner_mapping_apis.jsp

3 GOES (Good On Emergency Situation) project

The project GOES has been financially supported by the Civil Protection Financial
Instrument of Directorate General - ECHO, which covers three main aspects of civil
protection activities in the framework of the European Union:prevention, prepared-
ness and response.

The GOES project aims to increase preparedness, awareness and maximum coopera-
tion between public authorities of different member states through quick and effective
information. The partner consortium is between the three counties: Spain, Italy
and Bulgaria, where the cities of Valencia, Ancona and Sofia will implement the new
system into their civil protection departments.

The authorities involved in the project proposal agree that an inadequate response
to emergency situations is often the result of disorganization, delays or deficiencies in
communication between local actors involved in various capacities in prevention and
emergency management. From this reflection comes the project GOES which aims to
create a network that collects daily all relevant information on road conditions related
to any criticisms and suggestions on alternative routes. The network will convey this
information to the regional civil protection structures and to the main network in
order to promptly inform citizens. The system for collecting and transmitting data
should be based on standardized and automated procedures to exchange across the
partner territories. Once this connection has been created it may also be used to
convey other information coming from the whole territory, not only from the roads.
GOES aims to create a network that collects daily all relevant information on road
conditions related to any criticisms and suggestions on alternative routes. The net-
work will convey this information to the regional civil protection structures and to
the main network in order to promptly inform citizens. The system for collecting
and transmitting data should be based on standardized and automated procedures
to exchange across the partner territories. Once this connection has been created it
may also be used to convey other information coming from the whole territory, not
only from the roads. The figure 1 is illustrating the system architecture planned to
be developed in the framework of the project.

3.1 Main Objectives of the project
The main objectives of the project cover:

e Optimizing systems for collecting and transmitting information concerning the
civil protection particularly on natural disasters that have a negative impact on
the feasibility of the roads.
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Figure 1: Graphical representation of the architecture of the GOES system

To increase preparedness on emergency situation and give an adequate response
to emergency situations.

To improve cooperation between public authorities of different member states
through quick and effective information and involving operators, stakeholders
and population from the territories of the partnership.

To Create a network that collects daily all relevant information on road condi-
tions.

Creating a database of the natural disasters which impact on the feasibility of
the road.

The planned outcomes of the project

A preliminary study of the different ways of organizing services, traffic and in-
formation management in order to increase the knowledge about the different
ways of organizing services in the territories covered by the road test and under-
stand the management mode of information concerning the roads’ navigability
in normal and emergency situations.

A design of a standardized system among the partners for the receipt, sorting
and transmission of information on disasters relevant for the roads navigability.

raining of road and civil protection workers.
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4 Conclusions

The project is going to be implemented in the Sofia municipality Civil Protection
department with the development works established in the IICT-BAS. The used tech-
nology will be based on the openstreets approach with Web GIS databases for the
incomming data from the mobile teams, which will be the main end users of the final
developed system.
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Influence of the Parameter R on ACO Start
Strategies

Stefka Fidanova and Pencho Marinov

1 Introduction

Metaheuristic methods are general tools for solving hard (from computational point of
view) optimization problems. Most of them use ideas coming from nature. Ant Colony
Optimization is one of the most successive metaheuristic method. Idea for it comes
from real ant behavior and their collective intelligence. The ability of ant colonies to
form paths for carrying food is rather fascinating. The problem is solved collectively
by the whole colony. This ability is explained by the fact that ants communicate in
an indirect way by laying trails of pheromone. The higher the pheromone trail within
a particular direction, the higher the probability of choosing this direction.
The ACO algorithm uses a colony of artificial ants that behave as cooperative agents
in a mathematical space where they are allowed to search and reinforce pathways
(solutions) in order to find the optimal ones. The problem is represented by graph
and the ants walk on the graph to construct solutions. The solutions are represented
by paths in the graph. After the initialization of the pheromone trails, the ants
construct feasible solutions, starting from random nodes, and then the pheromone
trails are updated. At each step the ants compute a set of feasible moves and select the
best one (according to some probabilistic rules) to continue the rest of the tour. The
structure of the ACO algorithm is shown by the pseudo-code below. The transition
probability p; j, to choose the node j when the current node is ¢, is based on the
heuristic information 7, ; and the pheromone trail level 7; ; of the move, where 7, j =
1,....,n.

ERILE,
ZkEUnused Ti{?knf,k 7

where Unused is the set of unused nodes of the graph. The higher the value of
the pheromone and the heuristic information, the more profitable it is to select this
move and resume the search. In the beginning, the initial pheromone level is set to a
small positive constant value 7y; later, the ants update this value after completing the
construction stage. ACO algorithms adopt different criteria to update the pheromone
level.

The pheromone trail update rule is given by:

Pij =

Tij < PTij + AT,

where p models evaporation in the nature and A7; ; is the new added pheromone
which is proportional to the quality of the solution.

As other metaheuristics, ACO algorithm is applied on hard combinatorial optimiza-
tion problems coming from real life and industry. It is unpractical to apply exact
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Ant Colony Optimization
Initialize number of ants;
Initialize the ACO parameters;
while not end-condition do
for k=0 to number of ants
ant k choses start node;
while solution is not constructed do
ant k selects higher probability node;
end while
end for
Update-pheromone-trails;
end while

Figure 1: Pseudocode for ACO

methods or traditional numerical methods on this kind of problems, because they
need huge amount of computational resources, time and memory. Examples of opti-
mization problems are Traveling Salesman Problem [6], Vehicle Routing [7], Minimum
Spanning Tree [5], Multiple Knapsack Problem [4], etc.

The aim of this paper is analysis of the influence of the parameter R on the ACO
algorithm behavior.

2 Subset Estimations

The essential part of ACO algorithm is starting from random node when ants create
solutions. It is a kind of diversification of the search and leads to using small number
of ants, which means less computational resources. But for some problems, especially
subset problems, it is important from which node the search process starts. For
example if an ant starts from node which does not belong to the good solution,
probability to construct it is zero. Therefore we divide the set of nodes of the graph
of the problem to subset, we estimate every subset how good and how bed is to start
from it, after we offer several start strategies keeping in some extent the random start.
Let the graph of the problem has m nodes. We divide the set of nodes on IV subsets.
There are different ways for dividing. Normally, the nodes of the graph are randomly
enumerated. An example for creating of the nodes subsets, without loss of generality,
is: the node number one is in the first subset, the node number two is in the second
subset, etc. the node number N is in the N —th subset, the node number N 41 is in
the first subset, etc. Thus the number of the nodes in the subsets are almost equal.
We introduce estimations D;(i) and Ej;(¢) of the node subsets, where ¢ > 2 is the
number of the current iteration. D;(i) shows how good is the j* subset and E;(i)
shows how bad is the j" subset. D,(i) and E;(i) are weight coefficients of j — th
node subset (1 < j < N).
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i.D;(i — 1) + F; (i)
i B(i — 1) + G4()

Y

3

where 7 > 1 is the current process iteration and for each j (1 < j < N):

fia .

) b= ifn; #0

B =1 170 1)
(i —1) otherwise

~ o if nj #0
Gii) = { G;(i—1) otherwise ’ @)

fj.a is the number of the solutions among the best A%, g; g is the number of the
solutions among the worst B%, where A + B < 100, i > 2 and

N
> nj=mn, (3)
Jj=1

where n; (1 < j < N) is the number of solutions obtained by ants starting from
nodes subset j, n is the number of ants. Initial values of the weight coefficients
are: D;(1) = 1 and E;(1) = 0. With this estimation we take in to account the
information from previous iterations as well as the information from current iteration.
The information from previous iterations have lass influence in the estimation because
we divide to the number of iteration. The balance between the influence of the
previous iterations and the last is important. At the beginning when the current best
solution is far from the optimal one, some of the node subsets can be estimated as
good. If the influence of the last iteration is too high then information for good and
bad solutions from previous iterations is ignored, which can distort estimation too.
We try to use the experience of the ants from previous iteration to choose the better
starting node. Other authors use this experience only by the pheromone, when the
ants construct the solutions [3]. Let us fix threshold E for E;(i) and D for D;(i),
than we construct several strategies to choose start node for every ant, the threshold
E increases every iteration with 1/i where 4 is the number of the current iteration:

1 If E;(i)/D;(i) > E then the subset j is forbidden for current iteration and we
choose the starting node randomly from {j |j is not forbidden};

2 If E;(i)/D,;(i) > E then the subset j is forbidden for current simulation and we
choose the starting node randomly from {j |j is not forbidden};

3 If E;(i)/D;(i) > E then the subset j is forbidden for K consecutive iterations
and we choose the starting node randomly from {j |j is not forbidden};
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4 Let r1 € [R,1) is a random number. Let r € [0,1] is a random number. If
ro > r1 we randomly choose node from subset {j |D;(i) > D}, otherwise we
randomly chose a node from the not forbidden subsets, r; is chosen and fixed
at the beginning.

5 Let 1 € [R,1) is a random number. Let 7o € [0,1] is a random number. If
ro > 11 we randomly choose node from subset {j |D;(i) > D}, otherwise we
randomly chose a node from the not forbidden subsets, r; is chosen at the
beginning and increase with r3 every iteration.

Where 0 < K; <"number of iterations" is a parameter. If K; = 0, than strategy 3
is equal to the random choose of the start node. If K; = 1, than strategy 3 is equal
to the strategy 1. If K; ="maximal number of iterations", than strategy 3 is equal
to the strategy 2. R is a parameter which shows the probability the ants to start
from "good" node subset. When R = 0.5 the probability to start from "good" node
subset is two times higher. When the value of R decreases the probability to start
from "good" node subset increases and when the value of R increases the probability
to start from "good" node subset decreases.

We can use more than one strategy for choosing the start node, but there are strate-
gies which can not be combined. We distribute the strategies into two sets: Stl =
{strategyl, strategy2, strategy3} and St2 = {strategy4, strategy5}. The strategies
from same set can not be used at once. Thus we can use strategy from one set or com-
bine it with strategies from the other set. Exemplary combinations are (strategyl),
(strategy?2; strategyb), (strategy3; strategy4). When we combine strategies from
Stl and St2, first we apply the strategy from St1 and according it some of the re-
gions (node subsets) become forbidden, and after that we choose the starting node
from not forbidden subsets according the strategy from St2

3 Computational Results

We test the ideas for controlled start on MKP. MKP is a real world problem and is a
representative of the class of subset problems. The MKP has numerous applications
in theory as well as in practice. It also arises as a subproblem in several algorithms
for more complex problems and these algorithms will benefit from any improvement
in the field of MKP. The following major applications can be mentioned: problems in
cargo loading, cutting stock, bin-packing, budget control and financial management.
The computational experience of the ACO algorithm is shown using 10 MKP instances
from “OR-Library” available within WWW access at http://people.brunel.ac.uk/
mastjjb/jeb/orlib/, with 100 objects and 10 constraints. The parameters are fixed
as follows: p = 0.5, @ = 1, b = 1, number of used ants is 20, A = 30, B = 30,
D =15, FE =0.5, K1 =5, r3 = 0.01. The values of ACO parameters (p,a,b) are
from [4] and experimentally is found that they are best for MKP. The tests are run
with 1, 2, 4, 5 and 10 nodes within the nodes subsets. The values of the parameter R
are as follows {0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.8,0.9} For every experiment, the results
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Table 4: Influence of parameter R

R 01 02 03 04 05 06 07 08 09
Random 28 28 28 28 28 28 28 28 28

1 78 78 78 78 78 78 78 78 T8

2 82 82 82 82 82 82 82 82 82
strat. 3 80 8 8 80 8 8 8 80 80

4 84 8 8 78 87 8 8 81 78
strat. b 84 8 8 80 82 80 8 77 79
strat. 1-4 | 80 82 79 83 8 84 82 84 81
strat. 1-5 | 8 8 8 81 82 82 82 84 &4
strat. 2-4 | 82 8 8 8 81 8 82 83 80
strat. 2-5 | 8 79 8 82 8 81 83 84 &4
strat. 3-4 | 83 82 80 87 82 8 8 83 80
strat. 3-5 | 8 79 8 8 8 81 83 84 84

are obtained by performing 30 independent runs, then averaging the fitness values.
The computational time which takes start strategies is negligible with respect to the
computational time which takes solution construction.

The problem which arises is how to compare the achieved solutions by different strate-
gies and different node-devisions. Therefore the difference (interval) d between the
worst and best average result for every problem is divided to 10. If the average result
for some strategy, node devision and R is in the first interval with borders the worst
average result and worst average plus d/10 it is appreciated with 1. If it is in the sec-
ond interval with borders the worst average plus d/10 and worst average plus 2d/10
it is appreciated with 2 and so on. If it is in the 10th interval with borders the best
average minus d/10 and the best average result, it is appreciated with 10. Thus for a
test problem the achieved results for every strategy, every nodes devision and every R
is appreciated from 1 to 10. After that is summed the rate of all test problems for ev-
ery strategy, every nodes devision and R. So the rate of the strategies/node-devision
and R becomes between 10 and 100, because the benchmark problems are 10. It is
mode of result classification, ranking.

For all values of the parameter R the best rate according node devision is when there
is only one node in node-subsets. So we put in the table the rate of the start strategies
when the node subsets consist one node, with bold is the best rate.

Regarding the table we observe that the best rate is when R = 0.4 and R = 0.5,
or when the probability to start from "good" node subsets is two times higher than
to start from others. When the value of R decreases the probability to start from
"good" subsets increases and when the value of R increases the probability to start
from "good" subsets decreases. When the value of the R is too small the probability
to start from subset which is not estimated as good is too small and the diversification
of the search decrease, therefore the ranking is low in this case. When the value of
R is close to 1, the probability to start from "good" subsets is too small. Thus the
intensification of the search around good solution decrease and therefore the ranking
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is low in this case. When R = 0.4 or R = 0.5 there is good balance between diversi-
fication and intensification. The parameter R affects only Strategy 4 and Strategy 5
and combinations with them.

4 Conclusion

In this paper we address on influence analysis of the parameter R of start strategies
on the ACO algorithm applied on MKP. We vary the value of the parameter R
in the interval (0,1). We found that the good balance between intensification and
diversification of the search process achieves better results, thus the best values are
R =0.4and R = 0.5.In a future we will focus on parameter settings which manage the
starting procedure. We will investigate on influence of the parameters to algorithm
performance.

Acknowledgments: This work has been partially supported by the Bulgarian Na-
tional Scientific Fund under the grants DID 02/29-"Modeling Processes with fixed
development rules" and DTK 02/44-"Effective Monte Carlo Methods for large-scale
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Some Computational Aspects of Harmonic
Interpolation Via Radon Projections

Irina Georgieva, Clemens Hofreither

1 Introduction

The Radon transform, named after Johann Radon who studied it in the early twen-
tieth century, is the theoretical foundation for tomography methods for shape recon-
struction of objects with non-homogeneous density. These methods were intensively
studied in the 1960s and continue to find many applications in medicine, electronic
microscopy, geology, plasma investigations, finding defects in nuclear reactors, etc.
From the mathematical point of view, the problem is to recover a multivariate func-
tion using information given as line integrals of the unknown function.

An idea suggested by B. Bojanov is to incorporate additional knowledge about the
function to be recovered into approximation methods. It is to be expected that this
can improve the accuracy of the approximation while reducing the amount of input
data required as well as the computational effort. In applications, such problem-
specific knowledge is often provided in the form of a partial differential equation
which the unknown satisfies.

In the present work, we concern ourselves with the simple case where the unknown
is harmonic, i.e., satisfies the Laplace equation Au = ugz + uyy = 0. This elliptic
partial differential equation is important both as a model problem as well as in actual
applications, like heat transport, diffusion problems or Stokes flow of incompressible
fluids.

We consider an algebraic method for reconstruction of harmonic functions via a finite
number of values of its Radon projections. More precisely, for given values of some
Radon projections, we seek a harmonic polynomial which matches these data exactly.

2 Preliminaries

Let I(6,t) denote a chord of the unit circle at angle 6 € [0, 27) and distance t € (—1,1)
from the origin. The chord I(6,t) is parameterized by

5+ (tcosf — ssinf,tsind + scosh) ', where s € (=1 —2,v/1—-1¢2). (1)

Definition 1. Let f(x,y) be a real-valued bivariate function in the unit disk in R2.
The Radon projection Rg(f;t) of f in direction 0 is defined by the line integral

V1—-t2

Ro(f;t) ::/ f(x)dx:/ f(tcos — ssinf, tsinf + scosf) ds.
1(6,t) —V1-t2
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Johann Radon [11] showed in 1917 that a differentiable function f is uniquely deter-
mined by the values of its Radon transform,

f= {Re(fit): —1<t<1,0<0<7}.

The problem of recovery of a polynomial from a finite number of values of its Radon
transform may be viewed as a bivariate interpolation problem where the traditional
point values are replaced by the means over chords of the unit circle. Many mathe-
maticians studied problems of this class in the past few decades, among them Marr
[10], Hakopian [9], Bojanov [1], and Xu [2]. Other works in which recovery of bivariate
polynomials based on Radon projections was considered are [7, 8, 5, 6, 4].

3 Description of the method

Assume that we know a priori that the function to be interpolated is harmonic. Then
it seems natural to work in the space H,, of real bivariate harmonic polynomials of
total degree at most n, which has dimension 2n + 1. Let a set of chords of the unit
circle T = {I1,I5,...,Isn4+1} be given. Furthermore, to each chord I € T a given
value 7 € R is associated. Then, the aim is to find a harmonic polynomial p € H,
such that

/p(x) dx =p vIel. (2)

I

Here the given values vy are the chord integrals corresponding to an unknown har-
monic function u. The hope is that then p approximates u reasonably well.
We call Z regular if the interpolation problem (2) has a unique solution for all given
values {77}
The regular schemes which we work with were constructed with the help of methods
from symbolic computation [3], and we briefly present them below.

Figure 1: Regular schemes according to Theorem 1.

Theorem 1 ([3]). Let the chords T be given by I,,, = I(0n,t), where the angles 0,,, are
equally spaced over the unit circle (0,27) and t € (0,1) is not a zero of any Chebyshev
polynomial of the second kind Uy, ...,U,. Then the interpolation problem (2) has a
unique solution in H,, for any given data {yr}.

In fact, in [3], arbitrarily spaced angles 6,, were admitted, however in the present
work we stick with equally spaced chords. Some possible configurations which satisfy
the assumptions of Theorem 1 are shown in Figure 1.
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The proof uses the following basis of the harmonic polynomials,
$o(z,y) =1, Sra(w,y) =Re(z +1y)*, oralz,y) = Im(x+iy)",
which is equal, in polar coordinates, to
Ora(r,0) =17 cos(k0),  dro(r,0) = r¥sin(k).
We have shown the following analogue to Marr’s formula [10] in the harmonic case.

Lemma 1. The Radon projections of the basis harmonic polynomials satisfy

/ O dx = \/ 1 — t2Ug(t) cos(k0),

1(6,t)

/ Or2dx = \/ 1 — t2U(t) sin(k0).
1(6,t)

Under the assumption of constant ¢,, = ¢, we can use this lemma to derive the
following representation of the system matrix corresponding to (2): A = C'D, where

1 cos(6q) sin(6) cos(261) sin(26,) ... cos(nbh) sin(né,)
1 cos(f9) sin(6) cos(26) sin(263) ... cos(nfs) sin(nés)
o z z A 2
1 cos(fa,) sin(fan) cos(20s2,)  sin(202,) ... cos(nba,) sin(nba,)
1 cos(02p+1) sin(Ba11) cos(20a,41) sin(202,41) ... cos(nban+1) sin(nba,i1)
D = diag(ap, 1,01, - . ., Gy Qi)

with the column factors aj = k—il\/l — t2Ug(t) > 0.

The matrix C' is the same as for the one-dimensional problem of interpolation with a
trigonometric polynomial of degree n in [0, 27| at the points {61, ..., 02,+1}. We use
the fact that C is invertible if and only if the angles 6, are pairwise distinct to show
that A is invertible in this case.

4 Inversion of the linear system

For the equally spaced angles 6,, = 22:_:"1 and ¢ € (0,1) such that Ug(t) # 0 for all

k € {0,...,n}, we use the orthogonality of the columns of C to derive the explicit
inverse

A_l = diag(ﬁ(]vﬁla ﬂlv cee 7677,) ﬂn)c—r?

where the row factors

_ -1
By = 2(2771,+1)(V 1-¢2)~l = 2n+1ak ) k=0,
L (VI = 2UL(1) ! = 52ga,t, k>1
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serve to normalize the orthogonal system formed by the columns of C'.

Note that the action of the matrix C'T is essentially a discrete Fourier transform of
the given data. This suggests an efficient algorithm for the solution of the linear sys-
tem: using a suitable Fast Fourier Transform (FFT), we can compute the coefficients
of the interpolating polynomial in slightly worse than linear (O(n)) time. Having
such a quasi-optimal solution method available is invaluable for practical large-scale
problems.

5 Condition number

With the use of the explicit formula for A~ it is not difficult to compute the singular
values of both A and A~!. This allows us to obtain a uniform bound for the spectral
condition number of A, to be precise,

Ka(A) < 2V2,

again under the assumption of equally spaced angles and constant ¢. The significance
of this result is that the method is very stable with respect to errors in the input data,
i.e., noise in the given measurements results in an error which is of the same order of
magnitude. Indeed, our numerical examples confirm this.

6 Numerical Example

We test our method on a function which is given by the harmonic extension of the
quadratic spline f(#), —7 < 0 < 7, where 6 is the angle on the unit circle.

— —

e
\ 10 d

—%(0+%)(9+%7r), -1 <0< —7, \
FO) ={30-5)0+%5), -5<0<3, = = AL
—5(0-5)(O—3m), F<o<m \ /

Note that f(6) is a periodic C'-function with discontinuous second derivative. The
resulting harmonic function u has the series representation (in polar coordinates)
>, 4cos((2k — 1)0)
0 k 2k 1
ulr, 2 2k — 137
For our chords Z, we choose the edges of a regular (2n + 1)-sided convex polygon (cf.
Figure 1, first picture). Figure 2 shows the relative Lo-errors for varying degree n of
the interpolating polynomial. The last column of the table displays the ratio between
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n | relative Ly error | rate 2222

2| 297973-107%2 | —

4| 6.08456-1073 | 4.90 0001

8 | 9.26954-10~* | 6.56 Sxaott
16 | 1.23962-107% | 7.47 el
32 | 1.58587-107° | 7.82 s 1051

Figure 2: Relative Ly errors for varying degree n, with log-log-plot

successive errors. This rate of convergence approaches 8 and thus suggests that the
interpolation error is of the order O(n=3).

Previous experiments for recovery of functions which are C'*° in the closed unit disk
have shown exponential convergence [3].
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Visualization Tool of Sensitivity Study Results

Rayna Georgieva and Sofiya Ivanovska

1 Introduction

Sensitivity analysis (SA) has an important twofold role: for mathematical models
verification and/or improvement, and/or on the other hand, for a reliable interpreta-
tion of experts of the main effect, the interaction and higher-order interaction effect
of input parameters on the model output. A possible definition of sensitivity analysis
is given in [8]: the study of how uncertainty in the output of a model (numerical or
otherwise) can be apportioned to different sources of uncertainty in the model input.

The general procedure for sensitivity analysis can be described in the following steps
presented on Figure 1 [11]:

e definition of probability distributions for the parameters under study,

e generation of samples according to the defined probability distributions using a
sampling strategy,

e sensitivity analysis of the output variance in relation to the variation of the
inputs.

measured

variation of input quantities

guantities

general model,
model structure

model parameters e
and variables optimized model

4

A,
output quantities
y
validation, L
sensitivity measures

optimization

|

Figure 1: General procedure for sensitivity analysis.

Variance-based sensitivity analysis is an useful tool for an advanced study of relations
between the input parameters of a model, output results and internal mechanisms
regulating the system under consideration. They deliver global, quantitative and
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model-independent sensitivity measures and are efficient of the computational point
of view. Its computational cost for estimating all first-order and total sensitivity
measures is proportional to the sample size and the number of input parameters.

The aim of the current work is development of a visualization tool to present sensitivity
study results about ozone concentration levels due to variation of chemical rates in
the large-scale mathematical model for remote transport of air pollutants (Unified
Danish Eulerian Model, UNI-DEM?, [12]).

2 Numerical Methods

Various variance-based techniques for global sensitivity analysis have been applied
to study the sensitivity of ozone concentrations according to variations of rates of
some chemical reactions. The input data analised has been obtained during runs of
the mathematical model for remote transport of air pollutants UNI-DEM. The Sobol
method is one of the most often used variance-based methods [9]. An important
advantage of this method is that it allows to compute not only the first-order indices,
but also indices of a higher-order in a way similar to the computation of the main
effects. The problem of providing global sensitivity analysis applying Sobol approach
(and its modifications [8, 10]) consists in evaluating total sensitivity indices, and in
particular Sobol global sensitivity indices of corresponding order. It represents a
problem of multidimensional integration.

Several sensitivity analysis techniques and efficient Monte Carlo approaches have been
developed and applied to compute sensitivity indices for the UNI-DEM model of
remote transport of air pollutants [1, 2, 3, 4]. A number of numerical tests have been
performed to study and compare efficiency of these approaches:

e variance-based approaches for sensitivity analysis - Sobol approach, extended
Fourier Amplitude Sensitivity Test (eFAST),

e Monte Carlo algorithms (adaptive algorithm [3], algorithm based on Sobol
quasirandom sequences (MCA-MSS, [2]), approach for very small sensitivity
indices [10]),

e random number generators

— SIMD-oriented Fast Mersenne Twister pseudorandom number generator
[7, 13],

— quasirandom number generator of Sobol sequences (an algorithm with Gray
code implementation and sets of direction numbers proposed by Joe and
Kuo [5]),

2UNI-DEM has been developed at the Danish National Environmental Research Institute
(http://www2.dmu.dk/AtmosphericEnvironment /DEM/), at present - National Centre for Environ-
ment and Energy (NERI), Aarhus University.
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e software packages

— R language and environment for statistical computing [15],
— SIMLAB [16].

The algorithms under consideration are tested numerically for computing sensitivity
measures for UNI-DEM model to study sensitivity of ozone concentration according to
variation of chemical rates. A comparison with several scrambling approaches (mainly
based on Owen scrambling, [6]) also has been done. All algorithms mentioned above
are efficient and converge with the expected rate of convergence. It is important to
notice that the Monte Carlo algorithm MCA-MSS based on modified Sobol sequences
gives similar rates of the relative error in comparison with scrambling approaches. But
there are many cases when MCA-MSS has essential advantages. It holds especially
for small in values sensitivity indices. The latter case is crucial to provide reliable
sensitivity analysis.

Specifying the most important chemical reactions for the model output the specialists
from various applied fields (chemistry, physics) may obtain valuable information for
an improvement of the model and thus it will lead to an increase of reliability and
robustness of predictions.

3 Description of the Visualization Tool

The current tool shown on Figure 2 is constructed to present sensitivity study done for
the influence of chemical reaction rates on the variability of the ozone concentrations
in the mathematical model UNI-DEM describing remote transport of air pollutants.

The visualization tool has been developed using GUI Builder in Matlab [14]. Its user-
friendly menu allows different random number generators, Monte Carlo approaches
and sensitivity analysis strategies to be selected in order to visualize corresponding
results. Description of the mathematical model under consideration as well as of
the algorithms applied is available (see Figure 2). Various results of first-order and
total sensitivity indices obtained with MATLAB, R Package, and SIMLAB software,
as well as of relative errors and computational times calculated applying numerical
approaches mentioned in Section 2 are available (Figure 3).
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Figure 2: General view of the visualization tool. An example with description of a
computational approach.
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Figure 3: Examples of numerical results presented in a table and a figure.
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On the 6-wave equations related to the g, algebra.
Minimal sets of scattering data.

V. S. Gerdjikov

Abstract

Here we briefly analyze the 6-wave equations related to the exceptional go
algebra. We demonstrate several inequivalent Zs-reductions and formulate the
minimal sets of scattering data of the relevant Lax operator.

1 Introduction

The integrability of the N-wave equations has been discovered [13] and studied ex-
tensively [13, 12, 9, 3, 11] during the 1970’ies. Later it was been shown that N-wave
equations can be related to each simple Lie algebra [1, 2, 7]. It was of special interest
also to study their reductions [4, 5, 6] using the Mikhailov’s reduction group [10].
The aim of the present paper is to explore deeper the 6-wave equations related to the
exceptional go algebra. It is only natural to with the compatibility condition of the
operators L and M:

Ly = z% + Uz, t, )p(x, t,\) =0,
(1)
My = idw + Vix, t, Nz, t,\) =0,

dt
where

Uz, t,\) = [J,q(z,t)] — \J, V(z,t,\) = [I,q(z,t)] — M\

a@.t) = 3 (g0, 0)Ea + pale, ) E_). @)

aEA L

and the Cartan elements J = 3a;H; + asH> and I = 3b1H; + baHs. We assume
that ¢, and p, are smooth complex-valued functions and E, and Hj, j = 1,2 are the
Cartan-Weyl basis of the exceptional gy algebra, see the Appendix. The NLEE

i [1, %] i [J, %] F [l [ g £)]] = 0. 3)
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is a system of 12 equations; the first 6 of them take the form:

. 0 . 0
i(2a1 — 3a2)% —i(2b1 — 352)% + k(po1g11 — 2¢21p11 + p21gs1) =0,
) 0 . 0
i(ar — QGQ)% —i(b1 — 252)% — k(p10g11 — p31g32) =0,
) 0 ) 0
i(a; — 3as) 7L i(by — 352)% + £(go1q10 + 292110 — P21g32) = 0,

ot )

. 3QQ1 . a(121
22 gp 22 2 =0
iy —5= — i —— + K(p11g32 + 2q11¢10 + P10931) )
. 0q31 . 0g31
—ap) TBL iy — by) T =0
i(a1 — ag) o i(by — ba) B k(q10g21 + Po1¢32) ;
0q32

0q32
iy —— — tbo—— — K — =0,
2 ot 2 O ((lefhl QO1(J31)

where k = a1b2 — biag and the indices ij correspond to the root icy + jaw, see eq. (7)
below. The other 6 equations are obtained from (4) by interchanging ¢;; and p;;. The
6-wave equations are obtained from (4) by imposing the typical reduction p, = £¢%.
The equations (3) are Hamiltonian ones with Hamiltonian Hgy, = Hg + Hint:

A e o o
HO_Q/ du Za(]) (Qa or Pa 8x)’

- a>0

o0
(5
Hiy = —25/ dz (ps2(g21911 — go1¢31) + P10(2¢21p11 — ¢31P21 — G11P01)

— 00
— 432 (P21P11 - (J01Q31) - (J10(2p21fh1 — P31421 — PllQOl)) .

The typical reduction is not the only one that can be imposed on (4). Below we will
show other reductions and will discuss the spectral properties of the Lax operator.

2 Preliminaries: The Lie algebra g,

The root system of go is given in fig. 2. The Cartan-Weyl basis satisfies the commu-
tation relations [8]:

[H7 EO/] = a(H)Eav [EOH Eﬁ] = Na,pEa+t, [EOM E—Ot] = Hq. (6)
where E_, = (E,)T. The simple roots and the positive roots are given by:
1
a1=§(61—€2+2€3), Qg = eg — e3
ay = 10, as = 01, atas=11,
2001 + ag = 21, 31 + ag = 31, 3aq + 2000 = 32.

The root 32 is the maximal root of gs; its height is 3 + 2 = 5.
The Weyl group is generated by the reflections S,, and S,, where by definition
SaT = 2 — Q(Sf))a. Explicitly the Cartan-Weyl basis for the typical 7-dimensional

representation of go is given in the appendix.
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3 Reductions of the 6-wave equations
The Mikhailov’s reduction group [10] is a finite group acting on the Lax pair by:
Cr(L(TkN)) = mL(N),  Cu(M(Tk(N)) = meM(N). (8)

Here Cy, € Aut g and T'y,(\) € ConfC are the images of g and 1, = 1 or —1 depending
on the choice of C. Since G is a finite group then for each g there exist an integer
Ny, such that g,]:’“ = 1. In what follows we consider several different realizations of Z»
reduction groups. Using this method one can classify all inequivalent Zs-reductions
of the N-wave equations [4, 5, 6].

Example 1. C; = wy. C1(U*(z,t,n\*)) + U(z,t,\) =0 and n = £1. This gives:
aj =mnay, a3 =7naz, by =mnby, by =mnb; pa=-nq, (9)

Example 2. X7 'UT(z,t,n\*)S — U(x,t,\) = 0, n = £1 where ¥ belongs to the
Cartan subgroup and equals ¥ = diag (s182,81,82,1,1/s9,1/51,1/(s182)). Then all
Cartan elements become real (purely imaginary) forn=1 (n=—1) and

_n
S1
n

77 * 77 * *
P21 = ——"q91 P31 = ——>5431, P32 = ——5 9439,
5182 5185 5182

N « N « *
P10 = ——q10> Po1 = ——qp1, P11 = 9115
S9 S1

(10)

In the particular case s1 = so = 1 we obtain one of the typical reductions.

Example 3. C3 = S,,. C3(U*(x,t,n\*)) + U(x,t,\) =0 and n = +1. Then:

az = a1 — UCLT, by = b1 — leT7 g31 = T]Qf)kp P1o = T]QTO, g21 = T]Qﬁ;
432 = 132, P31 = NP1 P21 = NPi1,  Dia = NP32.

(11)

so we obtain a T—wave system with 2 real and 5 complex waves.
Example 4. Cy = Sq,. Co(U*(x,t,n\*)) + U(z,t,A) =0 and n = £1. Then:

as — nas by — b3
727 by = 727 Q= NG, Dol = NG, Gh = —N2,

432 = Nq315 P11 = —NPos P51 = —NP21, P32 = NP3

ai

(12)
so we obtain another 7T-wave system with 2 real and 5 complex waves.

4 The minimal sets of scattering data of L
The Jost solutions are introduced by:

lim o (x,t, \)e™ =1, lim  ¢(x,t, \)e™® =1, (13)

r— 00 r——00
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01 11 21 31

Figure 1: The root system of G5 (left panel) and the decay scheme of the G5 6-wave
interactions with typical reduction (right panel).

Next we introduce the scattering matrix T'(¢, A) and its Gauss decomposition:
T\ t) = Yp(x,t,\) =T~ DTSt =TTD- G5~ (14)

where S%, T=, DF are the Gauss factors and X = X L. Skipping the details we
construct the fundamental analytic solutions (FAS) of L:

xE(z, t, N) = ¢, t, ) ST (t,N) = ¢z, t, )T T (¢, \)DE(N). (15)

As a consequence of this construction there follows that D¥(\) are generating func-
tionals of the integrals of motion.

Next instead of solving the inverse scattering problem for the operator L, we use
the fact that the FAS x®(x,t,\) satisfy a Riemann-Hilbert problem. Introducing
& (x,t, \) = xF(x,t, \)e T we find that

(2, t,\) =€ (2,6, N)G(2,t,)),  Gla,t,\) = e MG GTeM e,

Jim 5 (z,t,\) = 1. (16)

We also mention that each of the reductions can easily be extended to the FAS, T'(¢, \)
and its Gauss factors S*(¢,\), T*(t,\) and D*()). Taking the example 1 with = 1
and J* = J we have:

77 (2,8, A7) = C1lE™ (2,1, V), ST, A7) = C1(S™(t, M),
=+, % *\ — +,% kY — (17)
T, A7) = Cu(T™ (8, ), DTHN) = Ci(D™ ()

Finally we formulate the main result in this paper.
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Proposition 1. Let the potential ¢*(x,t) = Ci(q) be such that L has no discrete
eigenvalues. Then we can introduce two minimal sets of scattering data, that deter-
mine uniquely both the scattering matriz T (t,\) and the potential q(x,t) given by:

T {stN), acAy),  T={t(N), acA,) (18)
where the coefficients st (t,\) and t1(t,)\) determine the Gauss factors ST (t,\) and
TH(t, \), see eq. (21) below.

Proof 1. The fact that L has no discrete eigenvalues means that &4 (x,t,\) are
regular solutions of the RHP. Using eq. (17) from T, (resp. T5) we recover ST (t, \)
(resp. TE(t, \)) and the sewing function G(x,t,\). It determines uniquely the reqular
solutions €% (x,t,)\). Next we analyze their asymptotics for x — oo (resp. for x —
—o0). This allows us to show that T, (resp. To) determines uniquely DT ()\) and
TE(t, \) (resp. S(t,\)) and, as a consequence, T(t,)\). It remains to show how one
recovers the potential q(x,t). Using the canonical normalization of the RHP and the
Zakharov-Shabat theorem (see [11, 1]) we find that:

g, t)] = lim A(J — € (., NJEN(z,t, ). O (19)

5 Conclusions

We analyzed several reductions of the 6-wave equations related to the exceptional g
algebra. The system describes a complicated cascade of 3-wave interactions (see fig.
1). Next we constructed the Gauss factors of the scattering matrix and showed that
they can be used to construct the minimal sets of scattering data for L.

A Cartan Weyl basis of g» and the Gauss factors

Here we provide explicitly the first fundamental 7-dimensional representation of Go
along with some additional properties.

1
Hyg = 3(511 — &2+ 2(E33 — Es5) + E66 — E77),  Ho1 = E2 — E33 + E55 — Eee-

Eio = &2 — Eor + V2(E31 — E15),  Eo1 = Eaz — Ese,
By = &3 — Es7— V2(Eaa — Ea6),  Es1 = E15 — Ear, (20)
Eay = Ea5 — E36 + V2(E1a — Ea7),  Esz = &6 — Eor,

Here (Ekm)sn = OksOmn. The Gauss factors, introduced in (14) take the form:

Si()H t) = exp Z Si()‘7 t)Ej:a ) Ti()‘7 t) = exp Z ti (>‘ﬂ t)Eia ’
a€Ay a€Ay
(21)
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Quasi-Monte Carlo Approach for Solving BVPs

Aneta Karaivanova and Todor Gurov

1 Motivation

Quasi-Monte Carlo (QMC) methods offer higher precision and faster convergence for
integrals and some kinds of integral equation. Some of the advantages of QMC are:

e Improved convergence (in practice the log factor is not observed);
e Can be either completely deterministic or include some randomness;
e Some families of sequences can be tuned to a particular application;

e Scrambling provides a way of combining the advantages of Monte Carlo and
quasi-Monte Carlo methods, offering automatic error estimation;

e Faster generation than pseudo-random numbers;
e Amenable to parallel implementation;

e The spread of computational grids makes the parallelization properties of the
MC and QMC algorithms important for the practical implementation.

The use of QMC methods for BVPs is studied in many papers. Here we refer to
quasi-Monte Carlo variants of three Monte Carlo algorithms: grid-walk, walk-on-
spheres and walk-on-balls, [7, 8]. The first one uses a discretization of the problem
on a mesh and solves the linear algebraic system which approximates the original
problem. The second two methods use an integral representation of the problem
which leads to a Random Walk on Spheres (WoS) or to a Random Walk on Balls
(WoB) method. Different strategies for using quasirandom sequences are proposed
and tested in order to generate quasirandom walks on grids, spheres, and balls. The
QMC methods preserve the advantages of the Monte Carlo for solving problems in
complicated domains, and show slightly better rates of convergence for QMC methods.
Additionally, the Walk-on-Balls method has been extensively studied in [7, 8] using
scrambled sequences and c.u.d. sequences. In this work we present numerical results
for Walk-on-Spheres (WoS) using scrambled sequences.

2 The Monte Carlo Approach

Let G ¢ R? be a bounded domain with boundary dG. We consider the boundary
value problem

Lu= Z ao(x)D%u(x) = — f(2), z € G, (1)

lal<2m

62



u(z) = p(x), r € 0G, (2)

where L is an arbitrary elliptic operator in R? of order 2m, a,(z) € C>®(R%), and
the function f(x) belongs to the Banach space X(G). Assume that f(z), ¢(z), and
the boundary OG satisfy conditions ensuring that the solution of the problem (1),
(2) exists and is unique. We study Monte Carlo algorithms for calculating linear

functionals of the solution of the problem (1), (2)

J(u) = (h,u) = / w(@)h(z)da, (3)

G
where h € X*(G) (X*(G) is the conjugate functional space to X(G)).
For many applications X = L; and thus X* = L* , or X = X* = Lo.
Suppose we can rewrite (1), (2) as
u=Ku+ f. (4)
Then we consider the sequence of functions wuq, us, ..., defined by the recursion
Upt1 = Kup + f, k=1,2,... (5)
The formal solution of (4) is the truncated von Neuman series
upr = f+Kf+- -+ KU 4 KRug, k>0, (6)

where K* is the k-th iterate of K.
The truncation error of (6) is

up —u = K*(ug — u). (7)

Our approaches (Walk-on=Grid, Walk-on-Spheres, and Walk-on-Balls) correspond to
two special cases of the linear operator K: (i) K is a matrix and w and f are vectors;
(ii) K is an ordinary integral transform

Ku= /G (e, y)u(y)dy (8)

To estimate the functional (3) via a MCM!, we construct random walks using h to
select initial spatial coordinates for each random walk, and the kernel k(z, y), suitably
normalized, to decide between termination and continuation of each random walk, and
to determine the location of next point. There are numerous ways to accomplish this.

Consider the following random variable (RV) whose mathematical expectation is
equal to J(u), [5]:

o[h] =

h(&o)
(€o)

™

> Qif(&): (9)

j=0

I'We develop the solution in a Neumann series under the condition ||K™0|| < 1 for some ng > 1
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k(& 1 &
where Qo = 1; Q; = Qj,lm j=1,2,.... Here &,&1,... is a Markov chain

p(&-1,6)"" 7
(random walk) in the domain G with initial probability density 7(z) and transition
probability density p(z,y). The latter is equal to the normalized integral equation

kernel.

The Monte Carlo estimate of J(u) = E[0] is

1 N
J(w) = B[] = = > {0k.}s, (10)

where {6, }s is the s-th realization of the RV 6 on a Markov chain with length ks,
and N is the number of Markov chains (random walks) realized. The statistical error
is erry ~ o(0)N~—2 where o(6) is the standard deviation of our statistic, 6.

In case K is the matrix L = {l;;}, we construct the following r.v.:

Py
o) = —>> Qufr, , (11)
bo 75
where ;
Qo=1; Q,=Q, 4=t =12 .
pkuflyku
and ko, k1, ... is a Markov chain on the elements of the matrix L constructed by using

initial probability po and transition probability py
lk, .k, of the matrix L.

k, for choosing the next element

v—1,

3 Quasi-Random Walks

Here we discuss how to construct a quasi-MCM for the problem considered here.
Error bounds arising in the use of quasi-MCMs for integral equations is based on
Chelson’s estimates, [3]. Below Chelson’s results are rewritten in terms related to our
particular problem:

N
u(eo) ~ 5 D2 03(E)] < V(') Dy (Q) (12
1

where Q is a sequence of quasirandom vectors in [0,1)%%, d is the number of QRNs
in one step of a random walk, 7" is the maximal number of steps in a single random
walk, and 6* corresponds to 6 for the random walk &, &1, ..., k. generated from Q)
by a one-to-one map. Space precludes more discussion of the work of Chelson, but
the reader is referred to the original for clarification, [3].

This digestion of Chelson’s results is the integral equation analog of the Koksma-
Hlawka inequality. It ensures convergence, but it’s rate is very pessimistic due to the
high dimension of the quasirandom sequence.
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The effectiveness of quasi-MCMs has some important limitations. First of all, quasi-
MCMs may not be directly applicable to certain simulations, due to correlations
between points of the quasirandom sequence. This problem can be overcome in many
cases by scrambling of the QRNs used. However, as the resulting integral is often of
very high dimensional, this leads to a second limitation as the improved accuracy of
quasi-MCMs applied to integrals is generally lost in very high dimensions.

In the MCM described in this paper, a random walk is a trajectory

§o—= & — = ke

where & is the initial point and the transition probability from §;_; to &; is p(§;—1,&;).
Using quasirandom sequences in this problem is not so simple. One possible approach
is to use k.-dimensional sequence for random walk on spheres or grid, and k.(1 +
38y ') = Tk.- dimensional sequence for random walk on balls, with length N for N
random walks. Here k. is the length of a Markov chain and Sy is the efficiency of the
Acceptance-rejection method used in Walk-On-Balls method. Here we interpret the
trajectory as a point in G x ... x G = G*!, and the density of this point is:

Pi(&05 &1, &) = p(&o,&1) - - - p(&i1, &) (13)

The difficulty here is that the dimension of such a sequence is very high (several
hundreds for RWB) and, consequently, the discrepancy of such a high dimensional
quasirandom sequence is approximately that of a pseudorandom sequence and there-
fore provides no improvement over ordinary MCMs.

In [7] and [8] the QMC variant of ROW has been considered and two variants have
been proposed - an algorithm that uses c.u.d. sequences and an algorithm that uses
a special case of the scrambled Halton sequences. The results are very good. In this
work we continue with application of scrambled quasirandom sequences for solving
Poisson equation.

4 Numerical Tests and Conclusion

We consider the following Poisson equation:
2

1 ey 2
SAu(x) = —(1-)e /2 (14)

with the boundary conditions u(r,0) = e /2, u(r, —3m/2) = —rt/3 + e"/2, and
u(1,6) = sin(/3) + e~ /2.
The known analytic solution is

u(r,0) = r'/3sin(0/3) + e " /2. (15)

Here we use a k.-dimensional sequence with length N for N random walks, where k.
is the length of the Markov chain (see Figure 1). The maximum dimension is around
100 and the average dimension about 14.
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Figure 1: Modified WOS. x¢, X1, ..., Xk, ..., Xn are a series of discrete jumps of a
Brownian trajectory which terminates on absorption in the e-absorption layer.

10
10° - :
S
w
10° :
[ &—>© all random walks using quasi—-random numbers
r &—= using pseudorandom numbers
1074 L L

10° 10* 10
# of trajectories

Figure 2: Error versus number of trajectories for MCM and quasi-MCM using Nieder-
reiter sequence.

Although the numerical tests show very small improvement in accuracy using scram-
bled quasirandom sequences (see Fig. 2), the actual benefit is the decreased compu-
tational time and readiness for parallel and distributed implementation.
Acknowledgements. This work has been supported by the National Science Fund
of Bulgaria under grant DO02-146/2008.
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Positivity Preserving Numerical Methods for
Haptotaxis Models

Mikhail K. Kolev, Miglena N. Koleva, Lubin G. Vulkov

1 Introduction

The application of mathematical and computational methods in biosciences is a chal-
lenging and promising area of research. In particular, during the last several decades
mathematics has been widely applied to model such complex processes as viral infec-
tions and cancer development and progression. We consider the following reaction-
diffusion-haptotaxis model problem

2

o =g e

% = _Umf + H?(na f)7 (1)
2

The unknown functions n = n(x,t), f = f(x,t), m = m(z,t) depend on the space
variable z (the distance from the centre of the tumour) belonging to the scaled domain
Q = [0, 1] of tissue and time t; d,,, v, 1, d,, and 3 are given positive constants. The
system (1) describes interactions between cancer cells (their density is denoted by
the function n), extracellular matrix (its density is denoted by the function f), and
matrix degradative enzymes (their concentration is denoted by the function m).
This system is a part of a more general model of cancer invasion proposed by Anderson
et al.[1] and developed later in a series of papers (see for example [2]). Various
modifications of the model have been numerically investigated in [6, 10]. Numerical
methods for solutions of Keller-Segel chemotaxis systems has been proposed in [3, 5,
12], see also references therein.

The system (1) will be solved numerically at the boundary conditions

of aom

(0,t)==(0,t), —(0,t) =0, n(1,t)=0, m(1,t) =0, (2)

on ha .
ox ox

and initial conditions

n(x,O) = no(x), f(x,O) = f0($)7 m(x,O) = mo(l‘), no, fo,mo >0, # 0. (3)

The solutions to the considered advection-diffusion-reaction equations describe con-
centrations or densities of molecular or cellular populations, these physical quantities
are necessarily non-negative. Therefore, the solutions of the model are also non-
negative. However, standard numerical integration methods using finite difference or
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finite element discretizations do not guarantee the non-negativity of the numerical
solutions.

Here we will develop efficient, positivity preserving numerical methods for the model
problem (1)-(3), with Hi(n, f) = Ha(n,f) = 0, Hs(n, f) = an, where a > 0 is a
given constant.

2 Numerical methods

Let N is a positive number and h = 1/N. In the interval [0, 1] we define the uniform
mesh @y, = {z; = ih, i =0,..., N} and grid points over [0, T], given by t**1 = tk 47,

k=0,1,2,.. to = 0. In the discrete space the approximations of n(z;, t*), m(x;, t*),
[z, t%) and (xl,tk) are denoted by nl, mk, fF and fwf, respectively. A second
order approx1mat10n of f,“ ,1=20,1,..., N is defined by
fk:f(l)c_gfll‘:+2f2k fk::flk;l_flkfl fk: :_f§—3f1%71+2f]%72 (4)
xQ h 9 ZTq 2h 9 TN h .
Let nf >0, mF > 0and fF >0,i=0,..., N are known. In order to find n¥+1, mF*!

and ff“ in such a way that allows us to av01d treating a large system of equations,
we solve consecutively and separately the following Discrete Problems (DP).
DP 1. Find n¥*! i =0,..., N from the following discrete scheme

k+1 kl k .k ¢k gk
CO(”0+ * ) = Folng,n7, fo, f1),

k+1 k 1 k k sk k .
‘C(nlil’n-i—) Fi(nixy,ng, fixn, [i), i=1,...,N =1,
k+1 —0.

DP 2. For nf“, i=0,..., N computed in DP 1, find mf“ from the system

1 2d LB ) mEtt — 2dm "kt = L —mk + anktl,
Tk h2 Tk

1 2dm ki1 Amo gy mht1 1 b1
<E+F+ﬂ)mq h ( 1+1+ ) Tkm +OZ’/L Z:]-a"'vN_]-v
m’f\,“ 0.

DP 3. For mf“, 1=0,..., N computed in DP 2, find ff“ solving the system

1
( +77mk+1>fk“ —fk i=o0,...,N.
Tk

Further we present three numerical methods (Methods I - III) for solving the model
problem (1)-(3), which differ only by the operators £; and F;, i =0,...,N in DP 1.
Methods LIT are based on the flux-limited van Leer technique [5, 7]. The limiter
® of the flux is a nonlinear function of neighboring fluxes that defines a high order
accurate oscillation-free scheme on the base of low order positive one. For the solution
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of the corresponding explicit-implicit DP1, the property: if n¥ > 0, then nf“ >0is
guaranteed, under a time step restriction. Method III is a development of the idea
presented in [4] for advection-diffusion-reaction equations. In this case, DP1 is a fully
explicit and the property: if nf > 0, then nf“ > 0, is provided without restriction
for the time step size, i.e. this method is unconditionally positive.

2.1 Method 1

Let Fz+1/2

ff = nF £,¥. Then the first equation in (1) is approximated in space by the following
semi-discrete, conservative scheme

of

be a consistent approximation of the flux ngl at point (z;41/2,t*) and

k k k
nitt —nf o oniy -2 e T(Fk FE L) (5)
T - Yn h2 h i+1/2 — Hi—1/2)>

where F* i1/ is presented by two invariant forms, at this stage formally indicated only

by the sign of fm

F fk + (I)( z+1/2)(f - }'Vikfl)a for fa:ic 2 07 (6)
z+1/2 - -~
7+1 + (I)( 7+3/2)( i+l f7:k+2)a for f,§ <0,

Tk

(3 7 T + T . .
z+1/2 = fkﬂ i O(r) = |1|+ B (van Leer limiter [5]), (7)

where ®(r) is Lipschitz continuous and continuously differentiable for all r # 0 and
O(r)=0, if r<0 and 0<®(r)<§; @(r)<2r if r>0, §=2. (8)

Just as in [5], in real computations we add small positive number (~ 1073%) to both
numerator and denominator of r¥ it1/2 O avoid division by zero in uniform flow regions.
To obtain a second order discretization for boundary conditions we apply the well
known technique of involving fictitious grid nodes [11]. Thus, the corresponding
operators in DP 1 become

_ 1 2d, k+1 k+1 2d, k+1 dy, k+1 k+1
Lo = (EJFF) ng = et Li= (—+h—)” — w(niy +nily),

Tk
Fo=+ng— 3L, Fi=ink-1LE,
where the form of L¥, i =0,..., N — 1 depends on the following cases
case 1:nF >0 and f,F>0 or nF =0 and f.% , >0,

case 2:nf >0 and f.F <0 or n¥ =0 and fmeSO.
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Namely, we have

~ 1 o~ o~
foy 5<I>(r’f/2)(f(§f —f*), if case1 for i =0,
ko _ ~ 1 -1 7] 7] . .
Ly = fo4 - §<I>(r§/2 )r§/2 (ff = &), if case2 for i =0,
0, otherwise,
1 O(ry -~ -~
1+§(I)(rf+1/2) 2( k 1/2) (fik_ ikfl)a if case 15 7;:1;---7N_1;
Tiz1)2
—1
Lr = 1 a0 C0Psp) | o e .
v 1+§<I>(rf+1/2)— ;37/12 (fﬁrl—ff), if case2, 1=1,...,N —1,
213y 32
0, otherwise,

Here the terms in brackets [-] are always positive.
External solutions f¥, and f% , , are computed by second order extrapolation formulae

fEo=3f5 =3ff+ f5 and fz’%+1:3ﬁff—3ﬁff—1+ﬁff—2- (9)
Theorem 1. Letn¥ >0,i=0,...,N. If 7. < h/(87|tE|), |5 = max |fX|, then

0<
there exist solution nf“ >0,i=0,...,N of DP 1 for Method I.

The non-negativity of m*1, fF1 i =0 ... N follows directly, taking into account

that m¥ > 0 and the corresponding left hand side coefficient matrix in DP 2 is a

M-matrix.

2.2 Method II

For this method, again the starting point is conservative scheme (5). We follow the
same strategy as for the first method. The difference is in the implementation of the
van Leer flux-limiter. Now, (6)-(8) are defined in terms of n and applied for "fﬂ/z in
the approximation of Fz'li_t1/2 = nfil/Qfoil/Q, i=1,...,N —1, in dependence of the
sign of fmfﬂ/z; fwfﬂ/Q = (£fF., F fF)/h. Moreover, at grid node z;, i = 0,..., N
the approximation is constructed such that the coefficient in front of the unknown
solutions at neighbourhood grid nodes (i.e. n¥,,) to be always non-negative.
Further, for simplicity we introduce the following notations: for an arbitrary value
vF of the mesh function v we set v"" = max{0,v"}, v¥~ = max{0, —v¥}. The
operators £; and F;,7=0,...,N —1in DP 1 are the same as for Method I, but now
Lk i=0,...,N —1 are given by

k, k,—
Ly = foyy [n6 + Dg (ng —n1)] = fay)p[ng + (1= DY) (nt — ng)],
k, k,—
Li‘c = fmi;g/z[n? + Df(nf - ni‘il)] - fr¢+1/2[n§ +(1 - Diﬂrl)(n;ﬁrl - nf)]

~fai i palnf + (L= PRIy = nf)] 4 fo jolnf + PE(nF —nfyy)],

(2
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where Df = 3®(s},, ), P} = Df/s}\, 5, and 0 < Df, P} < 1. Again we apply
extrapolation formulae (9), but written for n, to eliminate external solutions n*

k
NN41-

; and

Theorem 2. Let nf >0,i=0,...,N. If 7. < h/(

\lfﬂcf-l—l/2|7

X )7 | X 0<i<N—
then there exist solution nf“ >0,i=0,...,N of DP 1 for Method II.

2.3 Method II1

In order to construct unconditionally positive approximation we rewrite the flux in
the first equation of (1) in the non-divergent form and then, for each i =1,....,. N — 1
we check the sign of the expressions representing the second-order accurate approxi-
mations to the first and second spatial derivatives of the obtained in the previous time

step approximate solutions f¥, and depending on them choose appropriate approxima-

tions for n and g’; . The boundary conditions are treated similarly. This non-standard
use of values at different time levels allows us to obtain the unconditionally positive
explicit formulae for nk“, i.e. L',o = k+1, L; = nk+1 i=1,...,N —1 and F;
depends on the sign of fo.F = (fF ko —2fF+ fF,)/h? and fa¥ given by 4)

ni k
R if fz0 >0,
Fo = 1+E %0

fmno, if f.k <0,

Lin rho Co (4 08 nly
P 1 +7fwf
(f’é—%fm) Ny + Aok +mnf_,
Fel =+ 2 3l + Y eul )
h’snl+1+( vfm) i+(ﬁ+%fm)n§*1
- R S
(42 — 3 £eeb) 7+1+( — Vfeak ) b +
T—k+2}?—$—gfm

, if f,¥ > 0and f,.F >0,

, if f,% < 0and fou >0,

, iffgcf;C > 0and fmf <0,

. if o < 0and fo < 0.

3 Conclusions

Numerical experiments confirm that Methods I,II are second order accurate in space
and preserve the non-negativity of the numerical solution under the resulting time
step restrictions. Method III is first order accurate in space and unconditionally
positive, but in contrast, the stability condition is much stronger.
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The best precision is obtained by Method II and the convergence rate is better for
Method I in comparison with Method II.
The detail description of Methods I-III can be found in our forthcoming papers [8, 9].

Acknowledgments. The second and third authors are supported by the Bulgarian
Fund for Science under the Projects DID 02/37 from 2009.
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Receptor-Based Cellular Neural Network Models

Maya Markova

1 Dynamical behavior of the CNN model. Describ-
ing function approach.

We consider one-dimensional epithelial sheet of length L. We denote the concentration
of ligands by w(z,t), where z and ¢ are space and time coordinates, with x increasing
from 0 to L along the body column. The bound and free receptors densities are
denoted by u(,t) and v(z,t) respectively. For simlicity we assume that all binding
processes are governed by the law of mass action without saturation effects. The
model is described by the following dynamical system:

0

ﬁu = fi(u,v,w) (1)
0

@U = fa(u,v,w)

0 0?

aw = d@w + f3(u,v,w),

where u,v,w : [0,1] x Rt — R™, functions f;,7 = 1,2, 3 are nonnegative for nonneg-
ative arguments and they have the following form:

f1 = —a1u+ g1(u,v) — buw + cv,

fa = —asv + buw — cv,
f3 = —azw — buw + g3(u,v) + cv,

a; > 0,i=1,2,3, b,c > 0. We will suppose that the functions g;,7 = 1,3 are of
quadratic form, i.e. g;(u,v) = g;u®. The model has biological interpretation for such
functions [7]. ai1 is the rate of decay of free receptors, as is the rate of decay of
bound receptors and as is the rate of decay of ligands, function g; defines the rate of
production of new free receptors, function g3 defines the rate of production of ligands,
cv is the rate of dissociation of bound receptors, b is the rate os binding of ligands
and free receptors and d is diffusion coefficient for ligands.

Most of the models of morphogenesis are reaction-diffusion models assuming the ex-
istence of diffusing substances [5,6]. Since some of the molecules, which take part in
the morphogenetic processes, e.g. receptors or cells, do not diffuse, it is necessary
to consider systems of reaction-diffusion equations coupled with ordinary differen-
tial equations. All considered receptor-based models consist of two subsystems of
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reaction-diffusion equations and ordinary differential equations coupled via the non-
linear kinetics functions. In general, equations of our models can be represented in
the form:

U% = fl(ulv u2)7
uj = Dy Au® + fo(u',u?),

Opu? =0 in 09,

ul(0,2) = ug(2),

u?(0,2) = ug (),
where @ C RY is a bounded region and D, is a diagonal matrix with positive
coefficients. u! : O x Rt — R", 2 : Q x Rt — R™™", where r is the number of
ordinary differential equations, and m—r is the number of reaction-diffusion equations.
f1 and fy are smooth mappings, f1 : R™ — R", fo : R™ — R™ ",
As we mentioned above there are several ways to approximate the Laplacian operator

in discrete space by a CNN synaptic law with an appropriate A-template [2]. In our
case we will take one-dimensional discretized Laplacian template:

A:(1,-2,1).

Therefore the CNN representation for our receptor-based model (1) will be the fol-
lowing:

du;

d—tj = —aiuj + glu? — bujw; + cv; (2)
dv:

_C;;J =  —agv; + bujw; — cv;

dw;

o = W+ (W — 2wy +wyia) -

2
= bujw; + gsuj + cvj,

1 < j < N. The above equation is actualy ordinary differential equation which is
identified as the state euqation of an autonomous CNN made of N cells. For the
output of our CNN model we will take the standard sigmoid function [2].

In this section we will introduce an approximative method for studying the dynamics
of CNN model (2), based on a special Fourier transform. The idea of using Fourier
expansion for finding the solutions of PDEs is well known in physics. It is used to
predict what spatial frequences or modes will dominate in nonlinear PDEs. In CNN
literature this approach, has been developed for analyzing the dynamics of CNNs with
symmetric templates [3,4].

In this paper we investigate the dynamic behavior of a CNN model (2) by use of
Harmonic Balance Method well known in control theory and in the study of electronic
oscillators [5] as describing function method. The method is based on the fact that
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all cells in CNN are identical [2], and therefore by introducing a suitable double
transform, the network can be reduced to a scalar Lur’s scheme [7].

We shall study the dynamics and the stability properties of (2) by using the describing
function method [5,7]. Applying the double Fourier transform:

k=00 00
F(s,z)= Z z*k/i Ji(t)exp(—st)dt,

k=—o00

to the CNN equation (2) we obtain:

sU = —aU+ qU? —bUW +cV (3)
sV = —aV+bUW —cV
sW = —azW +d(z7'W = 2W + W) +

+  gaUZUW +cV.

Without loss of generality we can denote N(U,V,W) = g;U? — bUW + ¢V and then
we obtain from (3):

1

U = s+a1N (4)
V = 1
S+ ao

1

N.
stas—d(z"1—2-2)

In the double Fourier transform we suppose that s = iwg, and z = exp(i€)y), where
wp is a temporal frequency, {2 is a spatial frequency.

According to the describing function method, H(s, z) = m is the trans-
form function, which can be presented in terms of wy and o, i.e. H(s,z) = Hg,(wo).

We are looking for possible periodic state solutions of system (3) of the form:
Xa, (wo) = Xy sin(wot + jQ0), (5)

where X = (U, V,W). According to the describing function method we take the first
harmonics, i.e. j =0 =

X, (wo) = X sinwot,
On the other side if we substitute s = iwp and z = exp(i€dg) in the transfer function
H(s, z) we obtain:

wo + a1 (6)
iwo + az — d(2cosQy — 2)°
According to (6) the following constraints hold:

HQO (wO) =

R(Hoy(w0) = 32 g
S(Hoy(wo)) = 0.
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Hence, we obtain the following constraints:

1
= 8
wo az — a1 + d(2cosQy — 2) (8)

4 . 1
Xmy = ;[XmoArcsm(Xmo) +
1
1———]
X2,

Suppose that our CNN model (2) is a finite circular array of N cells. For this case we
have finite set of frequences:

21k
Qyg = — <k<N-1.
0 NaO_k_ (9)

Thus (7), (8) and (9) give us necessary set of equations for finding the unknowns
Xmg> wo, 0. As we mentioned above we are looking for a periodic wave solution of
(3), therefore X,,, will determine approximate amplitude of the wave, and Ty = i—g
will determine the wave speed.

Proposition 1. CNN model (2) of the receptor-based system (16) with circular array
of N cells has periodic state solutions x;(t) with a finite set of spatial frequences
Q=%E 0<k<N-1.

Remark 1. For the Turing-type instability [9], the functions describing production
of free receptors (f.r.) must depend on the density of f.r. and this dependence must
be a power function of the order a + 1, where o > 0. Hence, Turing type patterns
can occur if g1 (u) = gju®T!, a > 0. This function can depend also on the density of
bound receptors (b.r.), but also it is critical here that it depends on the density of f.r.
For numerical simulations the simplest function fulfilling the above condition is used,
namely ¢g1(u) = g1u®. To model the production rate of ligands (1.) g3 we also take
a function of the concentration of free receptors. In numerical simulations a function

similar to g; is used g3(u) = gsu?.

2 Simulations and discussions

The following bifuraction diagrams are obtained for functions w, v, w.

We showed that Turing-type patterns can be obtained in a receptor-based CNN model.
The Turing-type mechanism [9] is one of the simplest theories for the biological pattern
formation. In models with such mechanism patterns can arise spontaneously. The
parameters must be tightly controlled to obtain the instability at the desired point
in parameter space. From the simulations it appears that the model (2) cannot
exhibit a wave bifurcation. We carry out our simulations for the following set of
parameters: a; = 0.2, ag = 0.02, a3 = 0.2, b = 0.7, g1 = 1.466, g3 = 2, ¢ = 0.02672.
In summary, we showed that for the simplest receptor-based model consisting of 3
equations, Turing-type patterns can arise only if there is a self-enhancement of free
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receptors. The final pattern strongly depends on the initial perturbation. There are
two kinds of Turing-type patterns: 1).stationary patterns - in such case long-time
solutions are stationary and spatially heterogeneous structures; 2). wave patterns- it
is a supercritical Hopf bifurcation from a homogeneous solution to a stable periodic
and nonconstant solution and the result is a pattern which oscillates in time.

78



References

[1]

2]

3]

[4]

[5]

6]

7]
18]

[9]

N.F.Britton, Reaction-Diffusion Equations and Their Applications to Biology,
New York: Academic, 1986.

L.0.Chua, L.Yang, "Cellular Neural Network: Theory and Applications", IEEE
Trans. CAS, vol. 35, pp. 1257-1290, Oct. 1988.

L.0.Chua, M.Hasler, G.S.Moschytz, J.Neirynsk, "Autonomous cellular neural
networks: a unified paradigm for pattern formation and active wave propaga-
tion", IEEE Trans. CAS-I, vol. 42, N 10, pp. 559-577, Oct. 1995.

R.Genesio, A.Tesi, F.Villoresi, "A frequency approach for analyzing and control-
ling chaos in nonlinear circuits", IEEE Trans. CAS-I, vol. 40, N 11, pp. 819-827,
Nov. 1993.

S.Heinze, B.Schweizer, "Creeping fronts in degenerate reaction-diffusion sys-
tems", to appear.

F.Hoppensteadt,W.Jager, "Pattern formation by bacteria". In S.Levin, editor,
Lecture Notes in Biomathematics:Biological Growth and Spread, pp. 69-81, Hei-
delberg, Springer-Verlag, 1980.

A.I.Mees,Dynamics of Feedback Systems, London, England:Wiley, 1981.

T.Roska, L.0O.Chua, D.Wolf, T.Kozek, R.Tetzlaff, F.Puffer, "Simulating nonlin-
ear waves and partial differential equations via CNN- Part I: Basic techniques",
IEEE Trans. CAS-I, vol. 42, N 10, pp. 807-815, Oct. 1995.

A.M.Turing, "The chemical basis of morphogenesis", Phil. Trans.Roy.Soc. B,
237:37-72, 1952.

79



The United Solution Set to 3D Linear System with
Symmetric Interval Matrix

Evgenija D. Popova

1 Introduction

Consider the linear algebraic system

A(p) - = = b(p), p= . pm), (1)
m m
aij(p) :== aijo + Z i, uPus bi(p) :==bi0+ Z bi Py, (2)
pn=1 v=1
aij,uabi,u€R7 w=0,....m, t,7=1,...,n.
The parameters p,,, = 1,...,m are uncertain and varying within given intervals

p € [pl= (Pl [plm) " (3)

A set of solutions to (1)—(3), called united parametric solution set, is

P =3 (A(p),bp), ) = {zeR"[3Ipelp],Alp)z =0bp)}- (4)

Characterizing the solution set (4) by inequalities not involving the interval parame-
ters is a fundamental problem useful for visualizing the solution set, exploring its prop-
erties and for computing componentwise boundaries. Apart from quantifier elimina-
tion, the only known general way of describing the parametric solution set is a lengthy
and non-unique Fourier-Motzkin-type parameter elimination process presented in [1].
The special cases of symmetric and skew-symmetric solution sets

Yoym = {2 €ER" | Az =b,A=AT Ac[A],be[b]}, (A=—AT for Yspen)

are studied most exhaustively, see [1, 2] and the references given therein. Following a
different approach than the Fourier-Motzkin-type parameter elimination, M. Hladik
provided in [2] explicit descriptions of the symmetric and skew-symmetric solution
sets which have the smallest, known by now, number of characterizing inequalities.
Basing on an improved Fourier-Motzkin-type parameter elimination process [3, The-
orem 3.1] and some sufficient conditions (proven therein) for detecting superfluous
characterizing inequalities, here we study the parameter elimination process and its
properties for linear parametric systems involving 3 x 3 symmetric matrix. The con-
sideration answers the open question, see [1], about the uniqueness of the parameter
elimination process for the symmetric solution set. The obtained explicit description
of the 3D symmetric solution set involves two times less number of characterizing
inequalities than that reported in [2].
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Let R™, R™>™ be the set of real vectors with n components and the set of real n x m
matrices, respectively. A real compact interval is [a] = [a7,a"] == {a € R | a~ <
a < at}. By IR", IR™™ we denote the sets of interval n-vectors and interval n x m
matrices, respectively. Define mid-point @ := (e~ +a™)/2 and radius a := (a*—a™)/2.
These functionals are applied to interval vectors and matrices componentwise.

Definition 1. A parameter p,, 1 < u < m, is of 1st class if it occurs in only one
equation of the system (1).

Definition 2. A parameter p,, 1 < p < m, is of 2nd class if it is involved in more
than one equation of the system (1).

The elimination of 2nd class parameters from two inequality pairs is studied in [3].

Theorem 1 ([3]). For two arbitrary inequality pairs (o) and (3)

m—+s m—+s
foa(x) + Z Jur(@)p, <0< foa(w) + Z Fux(@)p, A €{a, B},
p=1 p=1

involving m+s interval parameters p,, such that f, x(x) #Z 0 for all X € {o, B}, p € M,
Card(M) =m and f,x(x) # 0 for exactly one A € {c, B}, p € S, Card(S) = s, the
elimination of all parameters yields the inequalities

m-+s m-+s
Jor@) + 3 fur@pu] < Y fur@lpe. Ae{ast ()
p=1 n=1
m+s m-+s
Aogi(r) + Z Au,i(x)pu < Z |Au,i(x)|ﬁua i€ M, (6)
n=1,pAi n=1,p#i

where Ay () = fu,a(T)fo,8(x) — fu.s(x)fo,a(T).

The proof of Theorem 1 was constructive showing which combination of inequalities
is superfluous/redundant! and with respect to which cross inequality.

Corollary 1 (constructive). For two inequality pairs («), (5) involving the parameter
p1 in both inequality pairs and the parameter ps in only one, the elimination of p;
generates the cross inequality (o, 8) involving pa. Then, in the elimination of ps

a x (a,B) is superfluous to the inequality (8) if pa is involved in ()
B x (a, ) is superfluous to the inequality (o)  if p2 is involved in (53).

The above cross inequalities are redundant to (5), resp. («), if more than one 2nd
class or 1st class parameter have been eliminated before the elimination of ps.

LA cross inequality which is equivalent to another cross inequality is called superfluous, while a
cross inequality which does not contribute to the boundary of the solution set is called redundant.
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Corollary 2 (constructive). For two inequality pairs («), (3) involving the parame-
ters p1,p2 in both inequality pairs, the elimination of p1 generates the cross inequal-
ity? (a1, 1) involving ps. Then the elimination of ps generates three more cross
inequality pairs: (a1,01)2, a12 X (a1,01)2, P2 X (a1,01)2. The cross inequality
pairs aq 2(a, B1)2/ fia(z) and Bi2(oa, Bi)2/ fig(x) (where fia(x), fig(x) are the co-
efficient functions of p1 in the inequalities («), resp. (8)) are equivalent and therefore
one of them is superfluous with respect to the other. The cross inequality pair (o, 51)2
is either superfluous or redundant to oy 2(a1,01)2/ fia(), resp. O12(a1,B1)2/ f18(x)
which yields only one active cross inequality (6) in the elimination of ps instead of 3.

2 Parameter Elimination in 3D Symmetric System

Consider the the following slight generalization of the classical linear system with
symmetric matrix, considered in [1, 2].

A(p)z = b(p),  where (7)
Ap) = A+ B(g). A= (ay) - diag(a) € R, A= AT (8)
Blo) = BO + 3" B, RV, b(g) = b0 + 3" 4¥g, e R 9)
v=1 v=1
q=1(q1,---:qs) = (@11, -, Qnn,qn+1,-- -+ 4s), (10)
every q,, v = 1,...,s, is involved in exactly one equation of the system and
p=(P1,--,Pm) = (A12, - -, Gn_1 0, G1,-- - Gs), p€ ([pil,---,[pm]), (11)

where m = n(n—1)/2+ s. The system (7)—(11) can contain in the diagonal elements
of the matrix and in the right-hand side vector numerical values and an arbitrary
but fixed number of 1st class parameters g,. We call this system quasi-symmetric
and search for a description of its solution set by the improved Fourier-Motzkin-type
elimination of parameters.

Consider a 3 x 3 quasi-symmetric system and assume that all 1st class parameters are
eliminated from the trivial set of inequality pairs characterizing the solution set. Since
all 1st class parameters behave the same way, without loss of generality we assume
that each equation involves only one 1st class parameter ¢; whose coefficient vector
is gi(x), i =1,...,n. Let N = {1,2,3} be the index set of the three characterizing
inequality pairs. For any i € A" and N; = {1,...,n}\ {4}, the inequality pair (e;) is

fiol@) + gi(@)di F lgs(@)|di + D wjas; <0<+, (e:)
JEN;
where fio(z) = Aje0x—bip and “- - -” denotes the whole expression in the left inequality

with the bottom sign of F. For arbitrary «, 3,7 € N we perform the elimination

2The subscript in the notation of the cross inequalities denotes which parameter is eliminated.
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GaB; Gavy, 0. The elimination of a.g generates the following cross inequality pair
fana - fﬁoxﬁ + gaTafa — gﬁxﬁQﬁ + |gaxa|(ja + |g,8x,3|qAﬁ
+ > Tamjaa;— Y, apwjag; <0< (€(a,p))
JEN\{B} JENB\{o}

and updates the initial characterizing inequalities (en), (eg) by combining the latter
with the end-point inequalities for the parameter aqg-.

The parameter ao is involved in the updated inequality (e,) and the inequalities
(€4), (é(a,3)). So, in the elimination of a,- we have to consider all cross inequalities
between these three inequality pairs. The cross between (e, ), (e,) gives

faoTa — fy02y + gaZada — GyTyGy F |9aZalla F [9+2]Gy + Taptap F [Tatslias
+D L Taljtaj— ) Ty@jay; <0< (€(am)
JENA{B} JeN\{a}
The cross between (en), (€(q,3)) is redundant to (eg) by the constructive Corollary 1.
Eliminating aq-, the cross between (ey), (e(a,3)) gives
froty = faoTa + 305 + 91754y = Jaada + 95T4s F 1977514y F [9aTalda F 19576lds
+ Z LTy Cryj — Z Taljlaj + Z rgrijag; <0< - (6%’(0‘75))
JeENZ\{a} JEN\{B} JENs\{a}

The parameter ag, is involved in the inequalities (eg), (€+), (€(a,8))s (€(a,v))s (Eya(a,8))-
In the elimination of ag, we have to consider all cross inequalities between these five
inequality pairs updated by combining them with the end-point inequalities for ang
and aq~. The cross between (eg), (e4) gives

faors — fyomy + 987348 F 19875145 — 94Trdy F 194744y + TaTsasa F |Tazslaga

—Talylya F [Taly|dya + Z TpTjap; — Z Tyjay; SO <o (e(ay)
JeENs\ v} JeN\{a.8}

The cross between (eg), (¢(q,)) is redundant to (en) by the constructive Corollary 1.
Eliminating as., the cross between the updated (e ), (e(a,3)) gives

_fvoxw — faoZa + f,@Ox,B - gva(jv — gaTafa + gﬁxﬁﬁm (efyg(aﬁ))
Flgvay Gy F [9aalda F 1952808 — 200y iya F 2|Taly|dya
- Z Ty TjOnyj — Z TaZjla; + Z zgrjag; <0< -
JENY\{a,8} JENAN\{B} JENs\{av}

Eliminating as., the cross between the updated (es), (e(a,y)) gives

_f,BOx,B — fa0Ta + waxv - gﬁxﬁﬁm — JaTalfa + gva(jv

Flgpzslds F |9atalla F |9+2414y — 2Tazpias F 2|Ta®s|das (es, (o))
— Z TgTjag; — Z TaTjlaj + Z TyTjy; <0< eee
JeNs\{a} JENN{B7} JeN\{a,B}
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The cross between the updated (e,), (€(a,)) is redundant to (e,) by Corollary 1.
Eliminating as,, the cross between the updated (es), (e, (a,5)) gives

fﬁOxﬁ - f’yOx’y + fa0Ta + gﬁxﬁ(ﬂi - g'yx'y@y + gaTala
F3l9s7slds F 197214y F 9aTalla + 20aTsbas F 2|Tatp|das

+ > mamiagi— Y mzsay Y Taljla; <0<
JENs\{a v} JEN\{, 8} JENN\{B}

This inequality pair is superfluous to (—1)(eg, (a,y)) if there are no 1st class parame-
ters, or redundant to the latter otherwise (due to the extra positive term 2|ggx3|ds).
Analogously, eliminating ag,, we prove that the following cross inequalities are su-
perfluous (if there are no 1st class parameters) or redundant (otherwise). The cross
inequality pair between (e,), (e, (a,5)) 18 superfluous/redundant to (—1)(e,,(a,p))
by Corollary 2. The cross inequality pair between the updated (e, g)), (€(a,y)) 18
superfluous/redundant to (—1)(e(,)). The cross inequality pair between (e(q,g)),
(€va(a,3)) is superfluous/redundant to (e-,(a,3)) by Corollary 2. The cross inequality
pair between (€(a,y)), (€4, (a,8)) is superfluous/redundant to (s (a,))-

Thus, for a 3-dimensional quasi-symmetric linear system (7)—(11), we proved above
by Corollaries 1, 2 and by a direct evaluation that the improved Fourier-Motzkin-type
parameter elimination of ang, aa~, @gy yields 6 active characterizing cross inequalities
€(a,8)) C(a)r Cvala,f)) €(B,)) CBy(a): Cyp(a,f)s
and 6 superfluous/redundant cross inequalities. The active characterizing cross in-
equalities are two times less than those reported in [2]. Since «, 3,~ are taken arbi-
trary from the set {1,2, 3}, for different orders of parameter elimination the active
characterizing cross inequalities are the same (up to the order of their generation).
Exchanging the order of inequalities or the order of parameter elimination we have

€a,f) = € (12)
e _ €8, (or,) ifa< v (13)
Yala,f) —€8, (v,a) ifa>~y
(12) 13) | (=1)eq, s, if B <~
ersa8) = (Deypa) = { o) (14)

Cap(+,6) if 5> 1.
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Table 5: Elimination schema for the 2nd class parameters in a 3D system with sym-
metric matrix. Rows, labeled in the second column, represent the characterizing
inequality pairs. The occurrence of the parameters is represented column-wise: “v”
denotes the occurrence of a non-eliminated parameter in the corresponding inequal-
ity, “!” denotes the occurrence of an eliminated parameter, dashes denote lack of a

corresponding parameter.

ineqs  a12 a3 as3

(1) v v -
(2) v v
el.par.: (3) - v v superfluous inegs

ai2 (1,2) - \Y% \Y%
a13 (1)3) ! - v
31,2 - - v

15(1,2) by Corollary 1
ass (2,3) ! ! -
3,(1,2) - 1 -

32(1,3) by Corollary 1

32 x 31(1,2) by Corollary 2

23(1,2) by Corollary 1

2;(1,3) ! - -

13
25 x 31(1,2) =) 25 x 2,(1,3) red. to 2s(1,3)
(1,2)s % (1,3) = 35 x 31(1,2) red. to 32(1,2)
(1,2)s x 31(1,2) by Corollary 2
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Edge of chaos in reaction- diffusion CNN models

Victoria Rashkova

1 Nature and application of the reaction-diffusion
equation

Reaction- diffusion type equations are widely used to describe phenomena in different
fields, as biology- Fisher model, FitzHugh- Nagumo nerve convection model, Vector-
disease model, chemistry- Brusselator model, physics- Sine Gordon model, etc. Mod-
ulation equations play an essential role in the description of systems which exhibit
patterns of nearly periodic nature. We shall study the Newel- Whitehead equation of
the form:

ou  d%u

ot Ox2
Spatial and spatio- temporal patterns occur widely in physics, chemistry and biology.
In many cases, they seem to be generated spontaneously. These phenomena have
motivated a great deal of mathematical modeling and the analysis of the resultant
systems has led to a greater understanding of the underplaying mechanisms. Partial
differential equations of diffusion type have long several as models for regulatory feed-
backs and pattern formation. Such systems cause some difficulty since both existence
and behavior of the solutions are difficult to establish. For this purpose we apply the
Cellular Neural Networks (CNN) approach for studying the Newell- Whitehead mod-
els represented by equation (1). The dynamics of this model will be studied by using
the describing function technique. It is known that some autonomous CNNs represent
an excellent approximation to nonlinear partial differential equations (PDEs). The
intrinsic space distributed topology makes the CNN able to produce real- time solu-
tions of nonlinear PDEs. Consider the following well- known PDEs, generally referred
to us in the literature as a reaction- diffusion equation:

+ au — bu® (1)

— = f(u) + DV?u (2)

where v € RN, f € RN,D is a matrix with the diffusion coefficient, and V2u is
Laplacian operator in R?. There are several ways to approximate the Laplacian
operator in discrete space by a CNN synaptic law with an appropriate A- template.
Consider CNN layer such that the state voltage of a CNN cell u;(t) at a grid point j is
associated with u(jh,t), h = Az. Therefore, an one- dimensional Laplacian template
will be in the following form A; = (1,—2,1) and the CNN model in this case is:

du;

a0 = (Uj_l — 2u; + Uj+1) + au; — bu:;,j =1,.,nn=MM (3)
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We will introduce an approximative method for studying the dynamics of CNN model
(3), based on a special Fourier transform. The idea of using Fourier expansion for
finding the solution of PDFs is used to predict what spatial frequencies or models will
dominate in nonlinear PDEs. In CNN literature this approach, has been developed
for analyzing the dynamics of CNNs with symmetric templates.

2 CNN model of reaction-diffusion for Newell -
Whitehead equation

We shall study the dynamics and the stability properties of (3) by using the describing
function method. Applying the double Fourier transform:

k=00 00
F(s,z) = Z z_k/_ fr(t) exp(—st)dt

k=—o0

To the CNN equation (1) we obtain:
sU = (27U = 2U + zU) + aU — bU? (4)
We denote N(U) = aU — bU? and then from (3) we obtain

1
s—(z71=2+42)

U(s,z) = N(U(s, 2)) (5)

In the double Fourier transform we suppose that s = iwg and z = exp(id) where wy is
a temporal frequency, € is a spatial frequency. According to the describing function
method, H(s,z) = m is the transform function, which can be presented

in term of wo, Qo as H(s,z) = Hq,(wo). We are looking for possible periodic state
solutions of the system of the form:

Uq, (wo) = Up, sin(wot + 7€) (6)
Then we can approximate the output in the same way:

Vo (wo) = Vi, sin(wot + 5820) (7

According to the describing function method we take the first harmonics, i.e. j =0

Uqy (wo) = U, sinwpt (8)

Vo, (wo) = Vi, sinwot
We can find the amplitude V,,, of the output:

1 s
Vine == | N(Up, sintp) sinpdyp = aUyp, — ZbUE’nO (9)

—T

87



If we substitute s = iwy and z = exp(i€dy) in the transfer function H (s, z) we obtain:

1
H = 10
2 (wo) iwg — 2cos Ny + 2 (10)
According to (10) the following constraint hold:
Unme
R(Ho, (w0) = (1)
mo

S(Ha,(wo)) =0

Suppose that our CNN model (3) is a finite circular array of N cells. For this case we
have finite set of frequencies:

Q=2 g<r<nN-1 (12)
N
Thus (10),(11) and (12) give us equations necessary set of equations for finding the
unknowns Up,,,wo, . As we mentioned above we are looking for a periodic wave
solution of (4), therefore U,,, will determine approximate amplitude, of the wave and
To = i—’g.will determine the wave speed.
Proposition 1. CNN model (3) of the Newell- Whitehead equation (1) with circular
array of N cells has periodic solutions x;(t) with a finite set of spatial frequencies
(12).

Let us know consider the nonlinear term of our CNN model in the form
g(c,u) = ¢ — au + bu

We shall study the dynamics of g(c, 0) for different values of the parameter ¢ in order
to show the bifurcation diagram of our CNN model. For ¢ = 0, equation it has stable
orbit structure. The flow continues to have stable orbit structure for small values of
the parameter, that is for —c¢; < ¢ < ¢; where ¢ = %a\/g is the local minimum and
—cy is the local maximum value of g(c,0) for different values of the parameter ¢ in
order to show the bifurcation diagram of our CNN model. For ¢ = —¢; or ¢ = ¢; the
equation is at a bifurcation point. For the parameter values ¢ < —c¢; and ¢ > ¢; the
equation again has stable orbit structure. The bifurcation diagram is given in Fig.1.

If we start the system with a very large negative value of ¢, after a long time the
system will be very near the stable equilibrium state on the right leg of the cubic.
Now, let us continuously increase the value of the parameter c. Since the system was
near the stable state when we began to very c it will stay near this stable state for
small variations in c¢. In fact, as we increase the parameter ¢ the system will follow
the stable equilibrium on the right until ¢ = ¢;. At this point the system will jump to
a different equilibrium state on the left leg of the cube. As we continue to increase the
parameter ¢, the system will follow the state equilibria on the left. Now, if we start
decreasing the parameter ¢ form a very large positive value, the system will follow
the equilibria on the left leg of the cubic until ¢ = —c;, at which point it will jump
to the right leg. The important observation about this experiment is that the system
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c=0

a “u
3 B

g=(0,u)=au-bu? /

Figure 1: Bifurcation diagram for the function g(c,u)

experience a jump at two different values of the parameter.

There has been many studies on traveling wave solutions of spatially discrete or both
spatially and time discrete systems. In our case we shall study the existence and
structure of traveling wave solutions of autonomous Cellular Neural Networks. There
are two possibilities of the structure of the traveling wave solutions- in one dimensional

x; = ®( —ct) (13)

or two dimensional case respectively.

zi;(t) = ®(icosb + jsinf — ct) (14)

where 0 € R is given, ® : Ry — R;. is a continuous function and ¢ is unknown real
number. Denote s = icosf + jsinf — ct or (s =i — ct). Then ®(s) and c satisfy the
equation of the form:

—c®'(s) = G(®(s+10), (s +71), ..., P(5s +74)) (15)

here rg, r; are real numbers for : = 1 to N. If the above equation depends on the past
and future, i.e. if

Pmin = min{ri}iey < 0 < Tmae = maz{ri}i, (16)

then it is called mixed type. If 7, = 0 or rpe = 0 then it is called advance
or delay type respectively. The above equation is called bistable if it has spatially
homogeneous solutions ®(s) = 27, 2% and 21 and satisfying 2~ < 2° < 2*. Suppose
that the equation is bistable and that it has a unique monotone solution satisfying
the boundary conditions:

lim ¢(s) =z and lim ¢(s) =2+

r——00 xTr— 00
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Our objective is to study the structure of traveling wave solutions of Newell- White-
head CNN model. Let us consider our CNN equation (3). The traveling wave solutions
will be presented in the following form:

uj(t) =u(n),1<j<n (17)
where 7 = —jg, h > 0 is a parameter. Note that 7 is the coordinate moving along the
array with a velocity equal to ¢ = +. Substituting (17) in (3) we obtain

i =u(n—nh)—2u(n) +uln+h)+ Nu) (18)

where the dot denote differentiation with respect to 1, N(u) = au(n) — bu3(n). The
two different terms [u(n — h) — u(n)] — [w(n + h)] can be replaced approximately by
the first derivatives —7 and 7 respectively. Hence, we obtain:

. 1
u =
14 2¢

N(u) (19)

Clearly u = 0 and u = :I:\/% are solutions of the stationary problem. So there
are three equilibria Ey = (0,0) and Ey = (\/%,0), B> = (—/%,0). The following
theorem for the traveling waves of the Newell- Whitehead CNN model (3) hold:
Theorem 1. For the Newell- Whitehead CNN model (3), there exist ¢ > 0, such that
there is a

(1) heteroclinic orbit connecting the equilibria Eo and Ey the traveling wave u(n) is
strictly monotonically increasing;

(ii) heteroclinic orbit connecting the FEo and Es the traveling wave wu(n) is strictly
monotonically decreasing

There are exact solutions of the Newell- Whitehead equation (1) for @ > 0 and b > 0

(2.1) :I:\/E C1exp(2v2az) — Cy exp(—3v/2ax))
w(z,t) = -
b Cy exp(3v2ax) + Cs exp(—3v2ax) + Cs exp(—3at)

Wl t) = i\/E[ 20 exply2az) + Coeap(byBar —Ja) |

b Cy exp(V2ax) + Ca exp(3v2ax — 2at) + C3 -

where C1,Cs and C5 are arbitrary constants. The following simulations of our CNN
model are made for different values of cell parameters.
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Applications of topological games in Optimization
and Nonlinear Analysis

Julian P. Revalski

1 Introduction

It seems that the first infinite positional game with perfect information appeared in
1936 in the well-known Scottish Book [10] which was created by the mathematical
group of the Lvov University (at that time in Poland). Among the names of this group
were those of Banach, Mazur, Steinhaus, Ulam and others. The game was formulated
by Mazur in one of the problems in the Scottish book and an (unpublished) answer
of the question, related to the game and posed by Mazur, was given by Banach.
This is why it has become later known under the name Banach-Mazur game. In
the period after the Second World War different other type of such games appeared,
mostly played in topological spaces, which were thoroughly studied from different
points of view (see e.g. the survey [9]). For a long period this study was mostly
self-oriented. Since the 70’s and 80’s the applications of topological games to other
fields of mathematics have started to grow, such as functional analysis, geometry of
Banach spaces, topology and nonlinear analysis. The aim of this presentation is to
outline two such applications: the first one is related to the validity of variational
principles in optimization and the second one to geometry of Banach spaces and the
existence of solutions to certain differential equations.

2 Banach-Mazur type games and variational princi-
ples in Optimization

Let X be a completely regular topological space and f : X — R U {400} be an
extended real-valued function which is lower semicontinuous, bounded from below
and proper. The latter means that the function f has at least one finite value, i.e.
the set dom(f) := {& € X : f(z) < 400}, which is the effective domain of f,
is nonempty. Let further (Y)|| - |) be a Banach space of bounded and continuous
functions in X. If the set E(f) :={g € Y : f + ¢ attains its infimum in X} is dense
in Y we say that we have a variational principle for the function f with perturbations
from Y. The interest to have such a principle lies in the fact that, even if the function
f does not attain its infimum in X, we can perturb it with, as small perturbation as
we want, in such a way that the perturbed function attains its infimum in X. If the
set E(f) is residual in Y (that is, its complement in Y is of the first Baire category
in Y') then we say that we have generic variational principle for f with perturbations
from Y—in this latter case the set E(f) is substantially bigger from topological point
of view than of being merely dense in Y. Such (or similar) setting is the case in several
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well-known variational principles such as those of Ekeland, Borwein-Preiss, Deville-
Godefroy-Zizler, Stegall and others—see e.g. the monograph [3]. These principles have
numerous applications in various branches of mathematics.

We will consider below the case when the space Y is the family of all bounded and
continuous functions C(X) in X equipped with its usual sup-norm. It turns out that
in this case, the validity of generic variational principles as above is related to the
Banach-Mazur game and its variants. Two players, named « and (3, play a game in
X, by choosing, at each step n > 1, alternatively nonempty open sets U,, for 8 (who
starts the game) and V,, for « so that U,+1 C V,, C U, for every n > 1. The obtained
sequence {Up,,V,} is called a play. The player o wins this play if N,U, = N,V,
is nonempty. Otherwise J wins the play. This is one of the most known variants
of the Banach-Mazur game and is denoted by BM(X). A strategy s for the player
« is a rule which to any possible finite sequence of the type (U, Vi,...,U,) which
consists of possible moves of the players in the game, assigns a nonempty open set
Vi = s(U1,Vi,...,Uy,). The play {U,,V,} is called an s-play if any set V,, in this
play is obtained according to s. The strategy s is called winning for « if she wins any
s-play in the game BM (X). One defines a (wining) strategy for the player 5 in an
analogous way.

The following fact is the first one relating the validity of generic variational principles
with the existence of winning strategies in this game.

Theorem 2.1. ([6]) If f : X — R is a continuous bounded function, then the set
E(f)={9 € C(X): f+g attains its minimum in X} is residual in C(X) if and only
if the player « has a winning strategy in the Banach-Mazur game BM (X).

If we want to have a generic variational principle for a lower semicontinuous function
f we have to involve a variant of the Banach-Mazur game: in this game, again two
players which we will denote by ¥ and ) play a game in X by alternatively choosing
nonempty sets A,, for ¥, who starts the game, and B,, for 2 in such way thatA4, 1 C
B, C A, for any n > 1 and, in addition, B, must be relatively open in A, for

every n > 1. The player Q) wins the play {A,, B,} if N,A, = N, B, is nonempty
(here A means the closure of a set A in X). Otherwise, ¥ wins this play. This
game, which is denoted by G(X) was considered for the first time by Michael [8] for
the study of completeness properties of metric spaces. One sees that in this variant
the player ¥ has much more freedom in her choices compared with the player 8 in
the classical variant of the Banach-Mazur game. The player €2 however continues to
be obliged to play relatively open sets in her opponent choices. The definitions of
(winning) strategies for the players ¥ and 2 in this game are similar to those in the

Banach-Mazur game given above.

With the above notions in hand we have the following generic variational principle:
Theorem 2.2. (]2, 7|) Let f : X — RU {400} be a proper lower semicontinuous
function which is bounded from below in X. Let the player Q0 has a winning strategy
in the game G(X). Then the set {g € C(X) : f + g attains its infimum in X} is
residual in C(X).
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Two remarks are in order here: First, it should be mentioned that in the above case the
existence of a winning strategy for the player Q in the game G(X) is only a sufficient
condition for the validity of the generic variational principle. There are examples
showing that this condition is not necessary (cf., [2]). Second, if one wants that the
perturbations f + g, g € E(f), not only attain their infimum in X, but something
stronger is true, such as, uniqueness of the minimum, or the so-called well-posedness
of f + g, then special winning strategies have to exist in the above games—see e.g.
[2, 6, 7]

3 Point-hyperplane game with applications to geom-
etry of Banach spaces and Eikonal equations

The game that we will discuss in this section is related to the following classical
property known as the Denjoy-Clarkson property: if u : R — R is an everywhere
differentiable function in R then, for any open set U C R the set {x : uv/(x) € U}
is either empty or of positive Lebesgue measure. C.E. Weil [11] raised the question
whether this property remains valid for the gradient of an everywhere differentiable
function of several variables and this question is known as the Weil gradient problem.
The question was answered in negative by Buczolich [1] who constructed an every-
where differentiable function u : R? — R such that Vu(0) = 0 but |[Vu(x)|| > 1 for
almost all points x € R? (and thus, u fails to satisfy Denjoy-Clarkson property in the
open unit ball of R?).

The construction of the function w is not easy and a significant simplification was
proposed by Maly and Zeleny [5] by use of the following infinite game in R?: two
players, Player I and Player II, play a game in R? as follows: Player I starts by
choosing a point ag in the open unit ball of R? and Player II answers by choosing
a line Ly passing through ag; then Player I continues by choosing a point a; on Lg
which stays in the open unit ball of R? and Player II answers by choosing a line
L, that passes through a;, and so on. The Player II wins if the sequence (a, )y is
convergent in R2, otherwise Player I wins. This game is called point-line game. The
(winning) strategies for the players are defined similarly to the corresponding notions
in the Banach-Mazur games.

Maly and Zeleny proved [5] that the Player IT has a winning strategy in the point-line
game. And this is what one needs to simplify the Buczolich proof. It should be noted
that the proof of the existence of a winning strategy is not evident.

This game has a natural generalization in more dimensions which was proposed and
studied by Deville and Matheron in [4]: Let X be a (real) Banach space and Bx be
its open unit ball. Players I and II play a game in X as follows: Player I chooses a
point ag € Bx and Player IT answers by a closed hyperplane H so that ag € Hy; then
Player I continues by a point a; € HyNBx and Player II answer is a closed hyperplane
H; containing aq; and so on. Player II wins if the sequences (a, ), converges in X.
Otherwise Player I wins. The game is called point-hyperplane game. If, in the above
scheme, one replaces the closed hyperplanes H,, by closed (open) half-spaces F,, so
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that each a,, lies on the boundary (or in the interior) of F,,, with the same winning
conditions, the game is called point-closed slice game (resp. point-open slice game).
The (winning) strategies in these games are defined in a similar as above way.

These generalizations are useful in the characterization of an important geometric
propertiy, the Radon-Nikodym property (RNP). This property in a Banach space
X is equivalent to the validity of Radon-Nikodym theorem about representations of
absolutely continuous measures and can be given the following geometric form: The
Banach space X has RNP if for any € > 0 there is an open half-space F' so that the
slice FNBx has norm-diameter less than €. The Radon-Nikodym property has turned
out to be very useful in Banach space geometry (in operator theory, differentiability
of convex functions, etc.).

The RNP can be characterized by the existence of winning strategies in the above
games in the following way:

Theorem 3.1. (Deville-Matheron [4]) Let X be a Banach space. The following con-
ditions are equivalent:

(a) X has RNP;
(b) Player II has a winning strategy in the point-hyperplane game;
(¢c) Player II has a winnings strategy in the point-closed (open) slice game.

Let us mention that in the above definitions of (winning) strategies for the players,
at each step, the strategy depends on the whole history of the game before this step
(i.e., depends on all choices of the players before the corresponding step). If there
is a strategy that depends only on the previous move of the opponent player, such
a strategy is called tactic. The following result shows a situation when we have the
existence of a winning tactic for one of the players in the above games.

Theorem 3.2. (Deville-Matheron [4]) If X is a superreflezive Banach space than
Player II has a winning tactic in the point-closed slice game.

Finally, Deville and Matheron used the existence of a winning strategy for the Player
IT in the above games in order to prove the following existence of solutions to an
Eikonal equation in finite dimensions, which is also another counterexample for the
Denjoy-Clarkson property in R™, n > 2. Namely, the following theorem holds:

Theorem 3.3. ("Exotic" solutions of Eikonal equations: Deville-Matheron [4]) Let
Q be an open subset of R", n > 2, z9 € Q and || - || be any norm in R"™. Then there
exists a 1-Lipschitz function u : Q — R so that:

(a) u is bounded and everywhere differentiable on Q;
(b) Vu(zg) =0;

(c) ||Vu(z)|| =1 almost everywhere in R™;

(d) uloq = 0.
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Numerical Implementation of Fourier-transform
Method for Generalized Wave Equations

M. D. Todorov, C. I. Christov

1 Problem Formulation

Consider the Boussinesq equation in two spatial dimensions (so called Boussinesq
Paradigm Equation)
u = Au — au? + Bruy — B2 Au) (1)

where u = u(z, y, t) is the surface elevation, ¢ is the time, 1, 82 > 0 are two dispersion
coefficients and « is an amplitude parameter. The initial conditions can be prepared
by a single soliton (computed numerically and semi-analytically) or as a superposition
of two solitons (see, for example [2], [1], [3] and [4]). The possible ways to solve
numerically the above problem can be summarized in three groups: (i) by using a
semi-implicit difference scheme; (i) by using a fully implicit difference scheme; (éii)
by using pseudospectral methods. In this paper we focus our attentions to the last
ones.

2 Fourier Integral-Transform Method

Instead of using a multigrid solver (see, for example [5]) we can use a 2D Fourier
transform. Applying it to the original equation (1) we get a second order Ordinary
Differential Equation (ODE) with respect the time in the configurational space

[1+ 4761 (€2 + n?)]tin
= A7 +0?) 1 + 46 (2 + )] 4 + An%a(E + )N (2)

where 4(¢,n,t) := Flu] and N(¢,n,t) := F[u?]. Solving the last ODE is straightfor-
ward and requires very few operations per time step for given N but the lion’s share of
the computational resources are consumed by the computation of the contribution of
the nonlinear term. An implicit scheme would require inverting the matrix that results
from the discrete approximation of the convolution integral representing the Fourier
transform of the nonlinear term u2. The concept of the pseudospectral method is to
use inverse Fourier transform to represent the sought function in the configurational
space and to compute the square there, and then to “return" to the spectral space
via the Fourier transform. The straightforward application of the pseudo-spectral
method leads to an inherently explicit scheme, and in many case the latter us fully
enough. Yet, for computations at very large times, one needs a fully conservative
energy-conserving scheme. The latter is the object of the present note. We use the
concept of “internal iterations" as introduced in [6].
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3 Numerical Implementation of the Pseudo-spectral
Method

We introduce a uniform grid (§,,,7,) in the Fourier space and discretize the Fourier
integral. Suppose that we know ¥, a*~1...., 4°. Then the next (n + 1)-st time stage
is computed from the following three stage difference scheme

~k l+1 Ak 1
Umn ~ — 2umn +u
[1+ 4mBu(&n, + )] —

=22 (&5, + ) [L + 42 (&7, + ) (gt +an,t)

- %ﬁa(&fn + ) D [(DF a4 + Dy ekt D5 ko) + (DF k1)), )

where 7 is the time step, and D[] denotes the discrete Fourier transform, and D' [/]
is the inverse, respectively. The concept of internal iterations requires that at each
time stage the linear scheme Eq. (3) starts with u®! = uk 1 =0 and is repeated
with increasing the number l until convergence is reached for some [ + 1 = L. Then
it is set up that u¥tl := u®L  Then, following [6], we show that the scheme is fully
nonlinear and fully 1mp11c1t and conserves the energy within the tolerance level set
for the convergence of the internal iterations (can be chosen close the the round-
off error of the computer) Note that the inverse Fourier transform gives a discrete
function u =D [ »), where ¢ and j are the indices of a specific grid point in the
conﬁguratlonal space.

4 Numerical Tests and Validations

We treat two 1D wave equations. In order to approximate the Fourier integrals we
use specialized Filon’s quadrature [8] on a uniform mesh

[ e~ (2 8 Lot
u\x)e Tr = b — |V — b ——— | VU
e i £h M\ie £h 0

with v = u(x)e'*®, spatial step h and “actual” infinities [~Zoo, Zoo].

The advantage of above quadrature consists in both — for ¢h < 1 it becomes a gen-

eralized trapezoidal formula with O(h?) error and when £k > 1 the order of error is
O(ME& 3uyy) [7], [9]. Having in mind the localized nature of the sought solutions

it is obvious that lim, .4 Uz, = 0 and the decay of the quadrature error for £ > 1

and given z, in the problems in question is obeyed.
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4.1 Cauchy problem for 1D string equation

Let us consider the well-known Cauchy problem
U = gy, c=const >0, —oco<zx<oo, t>0 (4)
w(@,0) = f(z),  w(z,0)=g() (5)
with exact solution given by D’Alembert’s formula

x+ct
w(z,t) = %[f(x C o)+ flz+ )] + —/ g,

2¢ r—ct

The image of the problem (4)-(5) in the configurational space (again Cauchy problem
with respect an ODE with algebraic right hand side) reads

ﬁtt = _6252'&; ﬁ(&v O) = f(g) ﬁt(fa 0) = g(&) (6)
and exact solution 4(¢,t) = f(€) cos et + gﬁ? sin cét where F~1[d] = u(z, t).

Following the idea in (3), we build a standard three-stage explicit difference scheme
for (6)

Skl _onk 4 ak—1 2¢2

et — 24y, + Uy, c . e

n Tt ln _ _CE @k ak) @

setting the phase velocity ¢ = 1, and (i) f(z) = e~ (@), g(z) =2(z — X)e*(I*X)Z,
X stands for the initial position of the center of the solitary wave; (i) the functions
f(x) and g(x) in the initial conditions are sech-like (see the next subsection). Let us
note that the scheme is stable, when ch/7 < 1.

4.2 Regularized Long Wave Equation

If B = 0 the Boussinesq equation reduces to the so-called Regularized Long Wave
Equation (RLWE)
Uy = (u— oau? + Bust) za (8)

and possesses the following exact solitary-wave solution (see [6]):

3c2—1 ofx—ct [2—1
-2 sech N : 9
w 5 Sec < 5 3 ) (9)

Here ¢ is the phase velocity, « is the parameter of the nonlinearity, and 3 is the
dispersion parameter. For the mechanical meaning of Eq. (8) we refer the reader to
[6]. To begin the time stepping, we set

u(z,0) = w(z,0) and wu(z,7) = wi(z,0)7 +w(z,0) (10)

and transform the latter to spectral space, thus providing the two initial conditions
for the 1D version of the scheme (3).
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5 Results and Conclusions

We show and discuss two groups of results concerning the 1D linear string equa-
tion and the 1D nonlinear RLWE. Figure 1 demonstrates the excellent comparison
between the D’Alembert solution (dashed lines) and the numerical solution by the
pseudospectral method (solid lines). Two running waves with Gaussian shape start
from the coordinate origin X = 0 and go unchanged to the left and to the right with
phase velocities ¢; = —c¢,. = 1. The conclusion is that the linear wave equations can be

7K

0.5

0 I I ! I I
-15 -10 -5 0 5 10 15

Figure 1: Comparison of the numerical solution with the D’Alembert formula.

discretized and solved numerically in the spectral space and only after the solution is
obtained at each time stage, the inverse Fourier transformation can be used to restore
the solution in the configuration space. As rule, the mapped differential equations
are simpler compared to the original ones.

In Figure 2 the wave shapes are the same but the initial condition is a superposition
of two running waves starting from different positions —X; = X, = 3.5 again with
phase velocities ¢; = —¢, = 1 which collide between them elastically.

-15 -10 -5 0 5 10 15

Figure 2: Superposition and elastic interaction of two Gaussian pulses.

The second part of investigation concerns 1D nonlinear dispersive generalized wave
equations using RLWE as a featuring example. In the following figures the obtained
numerical solutions with the described here algorithm are presented. To test the
reliability of the method we compare the obtained results with these obtained by a
finite difference method in [6].
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In Figures 3 and 4 the head-on collisions for supercritical phase speeds that are still
below the threshold of the blow-up are presented. The first figure presents a case
where the nonlinearity is weaker, while in the second of these figures, the nonlinearity
is considerable. In both cases, the solitons retain their individualities after the collision
and no significant radiation is observed despite the fact that RLWE is not a fully
integrable case. The only sign of inelasticity is the phase shift experienced by the
colliding waves. For the sake of saving space it is not presented here.

o5 —ee e
/_/\—/\

0 1 1 1
-30 -20 -10 0 10 20 30

Figure 3: The inelastic interaction in RLWE for slightly supercritical phase velocities,
aq=—-c =105 a=-3 =1

Z eSS
v =
7 =
E Z S -
05 F \ / S

0 I ! I ! I

Figure 4: The interaction in RLWE near to the threshold of nonlinear blow-up, ¢, = —¢, =
1.5, a=-3,3=1.

In the end, we present in Figure 5 a case known to lead to a blow-up of the solution.

O /\ K7
N </
L \u@\\g‘e&:
LA w TR
05 /A7 \ \ g
0 Il Il ‘\I Il Il
20 10 icg 10 20

Figure 5: The blow-up in RLWE for large supercritical phase velocities, ¢, = —¢, = 2,

a=-3, =1
In all considered cases an excellent comparison with [6] is observed.
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6

Conclusion

We have demonstrated that the pseudospectral methods and in particular Fourier
transform can be efficient both for numerical treatment of linear and nonlinear wave
equations. For the 2D and 3D equations one needs to apply 2D and 3D Fourier
transforms and to follow the procedures described above.above.
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On the Numerical Investigation of Unsteady
Solutions for the 2D Boussinesq Paradigm Equation
in a Moving Frame Coordinate System

Daniela Vasileva, Christo I. Christov

Introduction. One of the most important features of the generalized wave equations
containing nonlinearity and dispersion, is that they possess solutions of type of permanent
waves as shown in the original Boussinesq work [1]. In 1D, a plethora of deep mathematical
results have been obtained for solitons, but it is of crucial importance to investigate also the
2D case, because of the different phenomenology and the practical importance. The accurate
derivation of the Boussinesq system combined with an approximation, that reduces the full
model to a single equation, leads to the Boussinesq Paradigm Equation (BPE) [2]:

up = Afu— F(u) + Brug — BoAu),  F(u) = au’, (1)

where v is the surface elevation of the wave, 1, B2 > 0 are two dispersion coefficients, and
a > 0 is an amplitude parameter. The main difference of (1) from the original Boussinesq
Equation is the presence of a term proportional to 81 # 0 called “rotational inertia”.

It has been recently shown that the 2D BPE admits stationary translating localized solu-
tions [3, 4, 5], which can be obtained approximately using finite differences, perturbation
technique, or Galerkin spectral method. Results about their time behaviour and structural
stability are presented in [6, 7, 8], and here we continue their investigation using a moving
frame coordinate system. It allows us to keep the localized structure in the center of the
coordinate system, reducing the effects of reflection from the boundary.

Numerical method for solving BPE. We introduce the following new depen-
dent function

v(z,y,t) :=u— f1Au (2a)
and substituting it in Eq. (1) we get the following equation for v
Vgt = &Av—i— Lo (u —v) — AF(u).

b1 BE
We set z := y — ct, where c is the velocity of the stationary propagating soliton and obtain
the following equation for w(x, z,t) := v(z, z + ct, t)

Wit — 20wz + Cwan = @Aw + A _262 (u —w) — aAF(u). (2b)
ﬁl ﬂ1
Thus we obtain a system consisting of an equation for u, Eq. (2a), and an equation for w:
Eq. (2b).
The following implicit time stepping can be designed for the system (2)
n+1 n n—1 z n+1 n—1
wi; = 2wi; + wg; VEwi ™ — w7 c 221 n41 n—1
J 7_2] L _¢ J - e EA [wijJr +wi; ]
/82 n+1 n—1 ﬂl - /62 n+1 n+1 n—1 n—1
=25 [wiy™ +wi ]+ 252 [ui; " —wiy uy —wiy ]
— /\G(u?j"'l7 u?j_l), (3a)
ulitt = AT =l i=0,..,No+1, j=0,...,Ny+1. (3b)
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Here 7 is the time increment, G(uzﬂ,u:}*l) = [(U;}+l)2 +u?j“u?]71 + (u?jfl)ﬂ /3, A =
A®® + A®* stands for the difference approximation of the Laplace operator A on a non-

uniform grid, for example

. 2¢i—1; 29 2¢it15 ¢ ¢ 2
ATy = J _ J J _ _‘ v po
S e B e B P
and V~* is a central difference approximation of %
h:_1¢ij+1 hiij—1 R —h:_1)pi; O
VZQSZ“: zjz z 7z Zz] z - s zi - +O hz'_h'z'_ .
P hi(hE+hiLy)  hi(hE+hE) hihi_, 9z |y T OURT = himal)

Another way to approximate w,; for ¢ > 0 is by the following "upwind" approximation

n+1 n+1 n n n n n—1 n—1
Wi T Wy T Wi W Wi — Wiy — Wiy Wiy P 2
Wzt = 2 hz + 2 hz +O(|h] —hj,1|+7- )
T TG -1

The values of the sought functions at the (n — 1)-st and n-th time stages are considered as
known when computing the (n + 1)-st stage. The nonlinear term G is linearized using what
we call internal iterations (translating the Picard’s idea to the case of differential equations),
i.e., we perform successive iterations for u and w on the (n+ 1)-st stage, starting with initial
conditions from the already computed n-th stage.

The following non-uniform grid is used in the z—direction

z; = sinh[hy (i — na)], TNes1—i = —Ti, i =na+1,...,No+1, zn, =0,

where N, is an odd number, n, = (N; +1)/2, hy = Dy /N, and D, is selected in a manner
to have large enough computational region. The grid in the z—direction is defined in the
same way.

Because of the localization of the wave profile, the boundary conditions can be set equal to
zero, when the size of the computational domain is large enough. The initial conditions are
created using the best-fit approximation provided in [5]. The coupled system of equations
(3) is solved by the Bi-Conjugate Gradient Stabilized Method with ILU preconditioner [9].

Numerical experiments. Denote by u®(x,y;c) the best-fit approximation of the
stationary translating (with speed c) localized solutions, obtained in [5]

u(z,z0) = fla,2) +[(1=B1)ga(,2) + Prgy(, 2)]
+ (1= B)hi(z, 2) + Biha(z, 2)] cos [2arctan(z/z)]

where the formulas for the functions f, ga, g» may be found in [5]. For ¢ = 0, the first initial
condition is obvious: u(z, z,0) = u®(x, z;¢), and the second initial condition may be chosen
as u(zx,z,—71) =u’(z,2;0).

In the next examples solutions for 51 = 3, f2 = 1, a = 1 are presented.

Example 1. The first example is for a phase speed ¢ = 0.27. The basic grid has 161 x 161
points in the region [—20, 20]2, 7 = 0.1. The results are for computations in fixed coordinates,
for the moving frame coordinate system with upwind approximation of w;., for the moving
frame coordinate system with central differences approximation of wy,, for finer grid with
321 x 321 points and 7 = 0.05, and for a larger computational region with 641 x 641 points
in [—200,200]%, 7 = 0.1. The behaviour of the solution is almost the same in all cases.
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Figure 1: Evolution of the solution for ¢ = 0.27, the maximum (0, zmax), and the
trajectory of the maximum.

For t < 10 the solution stays near the center of the moving coordinate system and behaves
like a soliton, i.e., preserves its shape, although its maximum slightly decreases. For larger
times the solution transforms into a diverging propagating wave. As the structure is moving
the weaves are not concentric — just like when we throw a stone in a pond at an angle. The
evolution of the solution, as well as values of the maximum of the solution uma.x and the
trajectory of the maximum zmax (Ymax for fixed coordinates) are shown in Fig.1.

Example 2. In Fig.2 results for ¢ = 0.28 are presented. For ¢ < 10 the solution stays near
the center of the moving frame coordinate system and behaves like a soliton, i.e., preserves
its shape, although its maximum slightly varies. For larger times the solution turns to grow
and blows-up for ¢ &~ 20. The results for the fixed and moving frame coordinate system are
very similar.

The results from the Experiments 1 and 2 show that the mechanism for having a balance
between the nonlinearity and dispersion is present, but the solution is not robust (even
when it is stable as a time stepping process) and eventually takes the path to the attractor
presented by the propagating wave.
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Figure 2: Evolution of the solution for ¢ = 0.28, the maximum (0, zmax), and the
trajectory of the maximum.

Example 3. In order to show that the lack of robustness is a intrinsically 2D effect rather
than due to the imperfections of the scheme, we use the exact solution for the 1D case [2] as
initial data:

u(x, z,0) == M (z) = (1 — c%%sech2 (0.5z/(1 = ¢2) /(B2 — Brc?)).

The boundary conditions on z = —20 and z = 20 are wu(z, +20,t) := u**"(z). The maximum
of the difference between the numerical and the exact solution Au := max |u—u**"| and the
order of convergence ! are shown in Table 1. As it is seen, the results confirm both the
solitonic behaviour of the 1D solution and the second order convergence of the difference
scheme (3). The central difference and upwind approximations of u:, lead to practically the
same values in the numerical solution. The comparison between the moving frame and fixed
grid computations shows that the latter produces larger errors on non-uniform grids, but
smaller errors on uniform grids.

Conclusion. A difference scheme in a moving frame coordinate system is designed
for the investigation of the time evolution of the localized solutions of the 2D Boussinesq
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Table 1: Convergence in space and time for ¢ = 0.27

t=4 t=38 t=12
T N, +1 Au l Au l Au l
moving frame, non-uniform grid
0.1 160 1.36e-3 5.04e-3 1.70e-2
0.05 320 3.56e-4 1.93 1.32e-3 1.93 4.44e-3 1.94
fixed grid
0.1 160 1.81e-3 6.78e-3 2.42e-2
0.05 320 4.69e-4 1.95 1.75e-3 1.95 6.21e-3 1.96
moving frame, uniform grid
0.1 160 1.05e-2 3.36e-2 1.13e-1
0.05 320 2.66e-3 1.98 8.41e-3 2.00 2.74e-2 2.04
fixed uniform grid
0.1 160 1.00e-2 2.82e-2 8.61le-2
0.05 320 2.56e-3 1.97 7.18e-3 1.97 2.15e-2 2.00

Paradigm Equation (BPE). The grid is non-uniform and the truncation error is second order
in space and time. The results obtained for the time evolution of supposedly stationary
propagating waves for different phase speeds are very similar to those in [7, 8] — for phase
speeds 0 # ¢ < 0.27, the initially localized wave disperses in the form of ring-wave expanding
to infinity. Respectively, for ¢ > 0.28 the initial evolution resembles a stationary propagation,
but after some period of time a blow-up of the solution takes place. The results are in good
agreement with [6], where a similar (¢ = 0.3) threshold is established for the appearance of
the blow-up.

The moving frame coordinate system helps us to keep the localized structure in the center
of the coordinate system, where the grid is much finer. It also reduces the effects of the
reflection from the boundaries, and thus allows us to use a smaller computational box.
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