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PREFACEThe 6th Annual Meeting of Bulgarian Se
tion of SIAM (BGSIAM) took part onDe
ember 21 and 22, 2011 and was hosted by the Institute of Mathemati
s and In-formati
s, Bulgarian A
ademy of S
ien
es, So�a. The 
onferen
e support providedby SIAM, as the major international organization for Industrial and Applied Mathe-mati
s, is very highly appre
iated.The Bulgarian Se
tion of SIAM was founded on January 18, 2007 and the a

eptedRules of Pro
edure were o�
ially approved by the SIAM Board of Trustees on July 15,2007. The a
tivities of BGSIAM follow the general obje
tives of SIAM, as establishedin its Certi�
ate of In
orporation. The role of SIAM is very important for promotion ofinterdis
iplinary 
ollaboration between applied mathemati
s and s
ien
e, engineeringand te
hnology in the Republi
 of Bulgaria.During the 6th Annual Meeting of BGSIAM (BGSIAM'11) a wide range of problems
on
erning re
ent a
hievements in the �eld of industrial and applied mathemati
s werepresented. Following the established tradition, the 
onferen
e provided a forum forex
hange of ideas between s
ientists, who develop and study mathemati
al methodsand algorithms, and resear
hers, who apply them for solving real life problems.More than 50 parti
ipants from eight universities, �ve institutes of the BulgarianA
ademy of S
ien
es and also from outside the traditional a
ademi
 departments tookpart in BGSIAM'11. They represent most of the strongest Bulgarian resear
h groupsin the �eld of industrial and applied mathemati
s. We are very glad to report thatspe
ial session for young resear
hers and students with 6 talks and 8 parti
ipants wasorganized during BGSIAM'11. Organization of su
h sessions for young resear
hers isthe main goal of BGSIAM in the future 
onferen
es.LIST OF INVITED LECTURES:
• ROUMEN ANGELOVDepartment of Mathemati
s and Applied Mathemati
s, University ofPretoria, Pretoria, South Afri
aMETHODS OF ANALYSIS OF DYNAMICAL MODELS IN BIOSCIENCE
• ROSSEN IVANOVS
hool of Mathemati
al S
ien
es, Dublin City University, Dublin 9, IrelandSINGULAR SOLUTIONS OF CROSS-COUPLED EPDIFF EQUATIONS:WALTZING PEAKONS AND COMPACTONS PAIRS
• TSVIATKO RANGELOVInstitute of Mathemati
s and Informati
s, Bulgarian A
ademy of S
ien
es,BulgariaTIME-HARMONIC FRACTURE BEHAVIOR OF PIEZOELECTRIC SOLIDSWITH DEFECT



• JULIAN REVALSKIInstitute of Mathemati
s and Informati
s, Bulgarian A
ademy of S
ien
es,Bulgaria and Universite des Antilles et de la Guyane, Fran
eAPPLICATIONS OF TOPOLOGICAL GAMES IN OPTIMIZATION ANDNONLINEAR ANALYSISThe present volume 
ontains extended abstra
ts of the 
onferen
e talks (Part A) andlist of parti
ipants (Part B).
Angela SlavovaChair of BGSIAM Se
tionGeno NikolovVi
e-Chair of BGSIAM Se
tionKrassimir GeorgievSe
retary of BGSIAM Se
tion
So�a, February 2012
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Part AExtended abstra
ts1

1Arranged alphabeti
ally a

ording to the family name of the �rst author.





High-Order Di�eren
e S
hemes for SingularProblems 1 Weakly DegenerationIvanka Tr. Angelova and Lubin G. Vulkov1 Introdu
tionThe main obje
t of this report is the following Sturm-Liouvile equation
Au ≡ A0u+ q(x)u = f(x), A0 = −ε2 d

dx

(
ϕ(x)

du

dx

)
, u(1) = 0, (1)where ϕ ∈ [0, 1] ∩ C1(0, 1] and q(x) ≥ 0 is a measurable, bounded fun
tion. Supposethat ϕ(0) = 0, ϕ(x) > 0, x > 0 , so that the equation (1) is degenerate at thepoint x = 0. The main feature of the degeneration 
ould be illustrated with the 
ase

ϕ(x) = xαp(x), α > 0, p ∈ Ck[0, 1] k is an integer and p(x) ≥ p0. S. G. Mihlin [4℄(alsosee [5℄) for ε = 1 pointed three important 
ases 
on
erning the integrals I1 =
∫ 1

0
dx
ϕ(x)and I2 =

∫ 1

0
xdx
ϕ(x) a) I1 is 
onvergent b) I1 is non
onvergent but I2 is 
onvergent
) I2 is non
onvergent.If the integral I3 is 
onvergent then the operator A0 (respe
tively A) is positivede�nite; it is also positive de�nite in the 
ase α = 2. If I2 is non
onvergent, theoperator A0 is only positive and in this 
ase A is positive de�nite, if q(x) ≥ q0 =

const.0. As it is well known, if the operator A is positive de�nite, the equation Au = fhas one weak solution from the energy spa
e HA: this solution is also from L2(0, 1).The s
alar produ
t [·, ·]A and 
orresponding energeti
 norm ‖ · ‖A are as follows
[u, v]A =

∫ 1

0

(ϕu′v′ + quv)dx, ‖u‖2A =

∫ 1

0

(ϕu
′2 + qu2)dx.The behavior of (1) for p(x) = 1 was re
ently analyzed in :H. Gastro & H. Wang, J.F. Anal (in press). It was shown that: Suppose that 0 ≤ α < 1 and ε = 1. Then thereexists a fun
tion f ∈ C∞

0 (0, 1) su
h that near the origin the solution 
an be expandedin the following way
u(x) = a1x

1−α + a2x
3−2α + a3x

5−3α + · · · , a1 6= 0.It follows from here that u′ ∼ x−α →∞ near the origin and this is the main di�
ultyat the numeri
al solution of (1).2 Constru
tion of Di�eren
e S
hemesWe rewrite the problem (1) as follows:
−w′ + q(x)u = f(x), x ∈ (0, 1),3



where w(x) = xαp(x)u′(x) is the �ux and 0 ≤ α < 1 (weakly degeneration) p(x), q(x)∈
L∞(0, 1), f(x) ∈ L2(0, 1), 0 < p0 ≤ p(x) ≤ p1; p0, p1 are 
onstants, q(x) ≥ 0.Let 
onsider on [0, 1] arbitrary system of mesh points: 0 = x0 < ... < xi < ... < xN =
1, hi = xi − xi−1, i = 1, . . . , N − 1. Let

ξ
(0)
i (x) =

{
1 , x ∈ (xi−1, xi+1),
0 , x /∈ (xi−1, xi+1), i = 1, . . . N − 1.For n = 0, 1, . . . we introdu
e:

ξ
(2n+1)
i (x) =






x∫
xi−1

ξ
(2n)
i (t)

xαp(t) dt, x ∈ (xi−1, xi),

xi+1∫
x

ξ
(2n)
i (t)

xαp(t) dt, x ∈ (xi, xi+1),

0 , x /∈ (xi−1, xi+1), i = 1, . . . N − 1.

ξ
(2n+2)
i (x) =





x∫
xi−1

q(t)ξ
(2n+1)
i (t)dt, x ∈ (xi−1, xi),

xi+1∫
x

q(t)ξ
(2n+1)
i (t)dt, x ∈ (xi, xi+1),

0 , x /∈ (xi−1, xi+1), i = 1, . . . N − 1.Then, letting
ψ

(n)
i (x) =

n∑

k=1

ξ
(2k−1)
i (x); n = 1, 2, . . . ,we derive on the base of Mar
huk-type identities [1, 3℄, the s
hemes for n = 1, 2, . . . :

−a(n)
i Ui−1 + c

(n)
i Ui − b(n)

i Ui+1 = f
(n)
i , U0 = UN = 0, i = 1, . . . , N − 1,

a
(n)
i = 1

ψ
(n)
i (xi−0)

, b
(n)
i = 1

ψ
(n)
i (xi+0)

,

c
(n)
i = a

(n)
i + b

(n)
i +

xi∫
xi−1

q(x)
ψ

(n)
i (x)

ψ
(n)
i (xi−0)

dx+
xi+1∫
xi

q(x)
ψ

(n)
i (x)

ψ
(n)
i (xi+0)

dx,

f
(n)
i =

xi∫
xi−1

f(x)
ψ

(n)
i (x)

ψ
(n)
i (xi−0)

dx+
xi+1∫
xi

f(x)
ψ

(n)
i (x)

ψ
(n)
i (xi+0)

dx.Let us de�ne for 0 ≤ a < b ≤ 1

Iα[g; a, b] =

∫ b

a

g(x)

xα
dx, ξ = ξ(α; a, b) =

Iα[x; a, b]

Iα[1; a, b]
.For ξ = ξ(α; a, b) we get

Iα[g; a, b] = g(ξ)Iα[1; a, b] +
1

2
g′′(η)

∫ b

a

x2 − ξ2
xα

dx, η ∈ (a, b). (2)4



Note that for α = 0, ξ(0; a, b) = a+b
2 and (2) redu
es to the 
lassi
al midpoint formula.Let us approximate g(x) by the Lagrange polynomial.One 
an 
he
k that for ξ =

ξ(α; a, b) we have:
Iα[g; a, b] =

g(a)(b− ξ) + g(b)(ξ − a)
b− a Iα[1; a, b] +

g′′(η)
2

∫ b

a

x2 + ab− (a+ b)ξ

xα
dx.(3)Note that for α = 0 (3) redu
es to the 
lassi
al trapezoid formula.For n = 2 we 
hoose ξ = ξ(α; a, b) su
h that

∫ b

a

(b − x)(ξ − x)(x − a)
xα

dx = 0.Then we obtain a "Simpson's" type formula
Iα[g; a, b] =

g(a)Ia[a, b]

(b− a)(ξ − a) +
g(ξ)Ik[a, b]

(b− ξ)(ξ − a) +
g(b)Ib[a, b]

(b− a)(b − ξ) (4)
+ O((b − a)4Iα[1; a, b]), where

Ia[a, b] =
∫ b
a

(b−x)(ξ−x)
xα dx, Ik[a, b] =

∫ b
a

(b−x)(x−a)
xα dx, Ib[a, b] =

∫ b
a

(x−a)(x−ξ)
xα dx.Note that for α = 0 with ξ(0; a, b) = a+b

2 (4) redu
es to the Simpson's formula.The 
omputational �nite di�eren
e s
heme for n = 1 as follows is:
p(ξi−1/2)

Ui − Ui−1

~iIα[1;xi−1, xi]
+ p(ξi+1/2)

Ui − Ui+1

~iIα[1;xi, xi+1]
+ qiUi = fi, (5)

~i = ξi+1/2− ξi−1/2, ξi−1/2 = ξ(α;xi−1, xi), ξi+1/2 = ξ(α;xi, xi+1), i = 1, . . . , N − 1.Let 
onsider on [0, 1] system of mesh points: 0 = x0 < ξ1/2 < x1 < ... < ξi−1/2 < xi <
ξi+1/2 < ... < ξN−1/2 < xN = 1 su
h that xi = (ih)µ, i = 0, . . .N, µ ≥ 1, hN = 1,see the 
on
rete for α = 0.9, µ = 2/(2− α), N = 8.
0 x

i−1
ξ 

i−1/2 x
i

ξ 
i+1/2

x
i+1

1We introdu
e the fun
tions:
Q

(1)
i (x) =





ξ
(1)
i (x)/ξ

(1)
i (xi − 0) , x ∈ (xi−1, xi),

ξ
(1)
i (x)/ξ

(1)
i (xi + 0) , x ∈ (xi, xi+1),0 , x /∈ (xi−1, xi+1), i = 1, . . . N − 1.

uh(x) =
N−1∑

i=1

UiQ
(1)
i (x), uI(x) =

N−1∑

i=1

u(xi)Q
(1)
i (x).Then, for ε = 1, we prove se
ond order 
onvergen
e in the energeti
 norm on thegraded mesh {xi} for µ = 2/(2− α) of the Galerkin solution uh(x).5



3 Numeri
al ExperimentsIn this se
tion are presented samples of numeri
al experiments illustrating the a

u-ra
y of s
hemes derived in Se
tion 2. The reported experiments were performed onthe model problem (1).Example 1. We take ε = 1, p (x) = ex, q (x) = 1 + x2, u(0) = u(1) = 0 in (1)with exa
t solution u (x) = x1−α(1− sinπx/2) - the typi
al singular behavior at zero.Numeri
al results are presented in Tables 1, 2.Table 1: Example1 : α = 0.9; 0.999, n = 1.
α 0.9 0.999
µ 1 2/(2− α) 1 2/(2− α)N ‖zh‖ p ‖zh‖ p ‖zh‖ p ‖zh‖ p

23 1,601E-2 1,4392 1,182E-2 1,9956 2,146E-2 1,3047 1,418E-2 1,9832
24 5,904E-3 1,6049 2,963E-3 1,9950 8,767E-3 1,4746 3,585E-3 1,9972
25 1,941E-3 1,7031 7,433E-4 1,9999 3,183E-3 1,5740 8,981E-4 1,9987
26 5,961E-4 1,7692 1,859E-4 2,0000 1,079E-3 1,6412 2,247E-4 1,9999
27 1,749E-4 1,8166 4,646E-5 2,0000 3,489E-4 1,6902 5,619E-5 2,0000
28 4,964E-5 1,8524 1,162E-5 2,0000 1,091E-4 1,7276 1,405E-5 2,0000
29 1,375E-5 1,8802 2,904E-6 2,0000 3,324E-5 1,7570 3,512E-6 2,0000
210 3,735E-6 1,9024 7,260E-7 2,0000 9,922E-6 1,7807 8,780E-7 2,0000
211 9,990E-7 1,9206 1,815E-7 2,0000 2,913E-6 1,8002 2,195E-7 1,9999
212 2,639E-7 4,537E-8 8,437E-7 5,488E-8

‖zh‖ = max
0≤i≤N

|Ui − u(xi)|, p = log2 ‖z2h‖/‖zh‖.Table 2: Example1. : α = 0.5; 0.9; 0.999, n = 2.
α 0.5 0.9 0.999
µ 4/(2− α)N ‖zh‖ p ‖zh‖ p ‖zh‖ p8 5,291E-6 3,9729 8,243E-5 3,9729 3,271E-4 3,575816 3,369E-7 3,9877 5,485E-6 3,9877 2,743E-5 3,677832 2,124E-8 3,9914 3,558E-7 3,9914 2,143E-6 3,738564 1,335E-9 3,9978 2,275E-8 3,9978 1,606E-7 3,7799128 8,358E-11 4,0030 1,444E-9 4,0030 1,169E-8 3,8104256 5,213E-12 9,126E-11 4,0458 8,333E-10 3,8184512 5,526E-12 5,907E-11Example 2. We take 0 < ε < 1, p (x) = 1, q (x) = 1 + x2, α = 0.5, u(0) = u(1) = 0in (1). 6



Let 
onsider on [0, 1] system of mesh points: 0 = y0 < ... < yi < ... < yN = 1, i =
0, . . .N . We get τ = min{1/2, 2ε lnN}. Set τ = yN/2. We de
ompose [0, τ ], [τ, 1] in
N/2 subintervals. h = 2τ

N for [0, τ ] and H = 2(1−τ)
N for [τ, 1]. Then xi = yµi , µ ≥ 1and the 
omposite mesh [2, 6℄ for ε = 0.05, µ = 2/(2− α), N = 8 is shown below.

0 τ 1For this boundary value problem we do not know the exa
t solution. For exa
t solutionwe take the numeri
al one {Ui}N0 atN = 213. Numeri
al results are presented in Table3 for s
heme (5).
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
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y

Figure 1: Numeri
al solution for ε = 1 (left) and ε = 0.01 (right).Table 3: Example 2. α = 0.5, µ = 4/3, ε = 10−1; 10−2; 10−6, n = 1.
ε 10−1 10−2 10−6N ‖zh‖ p ‖zh‖ p ‖zh‖ p

23 2,147E-2 1,0342 2,169E-2 0,7914 2,168E-2 0,7907
24 1,048E-2 1,9646 1,253E-2 1,2280 1,253E-2 1,2280
25 2,686E-3 2,0613 5,350E-3 1,5290 5,350E-3 1,5290
26 6,435E-4 2,0812 1,854E-3 1,6143 1,854E-3 1,6143
27 1,521E-4 2,0591 6,055E-4 1,6866 6,055E-4 1,6866
28 3,649E-5 2,0432 1,881E-4 1,7307 1,881E-4 1,7307
29 8,854E-6 2,0422 5,668E-5 1,7820 5,668E-5 1,7820
210 2,150E-6 2,0860 1,648E-5 1,8085 1,648E-5 1,8085
211 5,063E-7 4,705E-6 4,705E-6A
knowledgments: This work is supported by the Bulgarian Fund for S
ien
e underthe Proje
t DID 02/37 form 2009. 7
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Computer-Aided Proof of Basin of Attra
tion ofAsymptoti
ally Stable EquilibriaRoumen Anguelov, Neli Dimitrova1 Introdu
tionIt is often the 
ase in the modelling of biosystems, that the 
onstru
ted mathemati
almodel is a 
ontinuous dynami
al system. The qualitative analysis of su
h systemsregarding the long term behavior often deals only with lo
al stability properties ofthe equilibria. One reason is that su
h properties are easy to establish by the nearlyuniversal method of using the eigenvalues of the Ja
obian of the right hand side.Ex
ept when the Ja
obian has an eigenvalue with a zero real part (indi
ating possiblebifur
ation) these eigenvalues 
hara
terize 
ompletely the lo
al stability properties ofthe equilibrium.In a 
ontradistin
tion, the only general purpose method for proving properties ofglobal nature (global asymptoti
 stability or basin of attra
tion) is via a Lyapunovfun
tion [7℄. Although there are many spe
ial types of systems for whi
h Lyapunovfun
tions are known, e.g. [2℄, there is no general method for 
onstru
ting Lyapunovfun
tions. Hen
e the di�
ulty in proving global properties parti
ularly in high di-mensional systems.While the importan
e of the lo
al stability properties is not in doubt, the fa
t that they
hara
terize the behavior of the solutions only in a su�
iently small neighborhoodsof the equilibria is an essential limitation in pra
ti
al appli
ations.We propose a method of 
omputer based proof of stability and basin of attra
tionof equilibria. It 
annot be 
laimed that the method always gives result. However,in a typi
al situation it does. Moreover, if it does, this result 
onstitutes a rigorousmathemati
al proof.2 General SettingLet Ω ⊆ Rd and for every p ∈ P ⊂ Rm let f(p, ·) : Ω→ Rd. We assume that for every
p ∈ P the system of ODEs

dx

dt
= f(p, x) (1)de�nes a (positive) dynami
al system on Ω ⊆ R

d, that is, for every x0 ∈ Ω it has asolution x = x(p, x0; t) ∈ Ω, t ∈ [0,+∞) su
h that x(p, x0; 0) = x0.Any equilibrium a satis�es the algebrai
 equation
f(p, a) = 0We 
onsider a typi
al situation when this equation has a solution a(p) whi
h is uniqueon some domain D(p) = a(p)+M , whereM is 
ompa
t and 0 ∈M , that is, f(p, x) =9



0, x ∈ D(p) ⇒ x = a(p). Equivalently, for every p ∈ P , fun
tion f(p, ·) is invertibleon D(p).Suppose that, motivated by empiri
al eviden
e, e.g. numeri
al simulations, intuition,insight into the physi
al pro
ess, et
, we make the following hypothesis:Statement 1. For every p ∈ P , (i) the set D(p) is positively invariant and (ii) theequilibrium a(p) is stable and attra
tive with basin of attra
tion 
ontaining D(p).Statements of this sort are often formulated expli
itly or impli
itly implied in theliterature. In most 
ases some numeri
al experiments provide support. We need toremark that in multidimensional problems, i.e. x ∈ R10 depending on a multidimen-sional parameter, e.g. p ∈ P ⊆ R10, numeri
al experiments 
an hardy be 
onsideredto generate a representative set of solutions. Naturally, this in
reases the value ofstatements that 
an be proved in a rigorous mathemati
al way.3 Computer veri�
ation of basin of attra
tionLet us make the substitution x = a(p)+u. Then the new variable satis�es the system
du

dt
= f(p, a(p) + u) =: g(p, u) (2)It is easy to see that Statement 1 is equivalent to the followingStatement 2. For every p ∈ P , (i) the setM is positively invariant for the system (2)and (ii) the origin is a stable and attra
tive equilibrium of (2) with basin of attra
tion
ontaining M .We denote by u(p, u0; t) the solution of (2) for value of the parameters p whi
h satis�esthe initial 
ondition u(p, u0; 0) = u0. Then we 
onsider the multivalued fun
tion

u(P,M ; ·) : [0,∞)→ P(Ω) (the power set of Ω, i. e. the set of all subsets of Ω) givenby
u(P,M ; t) = {u(p, u0; t) : p ∈ P, u0 ∈M}.Fun
tion f is assumed 
ontinuous, thus, given thatM and P are 
ompa
t, the fun
tion

u(P,M ; t) is 
ompa
t-valued. Now Statement 2 is equivalently formulated as follows:Statement 3. For every p ∈ P , (i) there exists τ > 0 su
h that u(P,M ; [0, τ ]) ⊆ Mand (ii) limt→∞ u(P,M ; t) = 0 in the topology of R
d.Remark 4. The equivalen
e of Statement 2 and Statement 3, espe
ially of part (i),is not obvious and a proof is to be provided. In parti
ular, part (i) in Statement 3 isequivalent to u(P,M ; t) being monotone de
reasing in t with respe
t to in
lusion.Under the additional assumption that M is an interval, Statement 3 assumes yetanother equivalent formulation in terms of interval fun
tions. Denote by [u](P,M ; t) =

[u(P,M ; t)] the interval hull of u(P,M ; t). At t = 0 we have [u](P,M ; 0)=u(P,M ; 0)=
M , but in general we have the in
lusion u(P,M, t) ⊆ [u](P,M ; t). Statement 3 isequivalent to 10



Statement 5. (i) There exists τ > 0 su
h that [u(P,M ; [0, τ ])] ⊆M and(ii) limt→∞[u](P,M ; t) = 0 in the topology of Rd.Using a numeri
al method for 
omputing interval en
losure of the set of solutionsof the system (2) point (i) in Statement 5 is 
omputer veri�able. We 
an weaken abit point (ii) to have also 
omputer veri�able statement. We repla
e the statementthat 0 is stable and attra
tive by the statement that for some ε > 0 the set E =
[−ε, ε]d 
ontains an invariant set whi
h is attra
tive and ε-stable. Let us re
all thatan equilibrium a is stable if for every γ > 0 there exists δ > 0 su
h that any traje
toryinitiated in a δ-neighborhood of a remains within the γ-neighborhood of a for all times.We say that an equilibrium is ε-stable if this de�nition holds for γ > ε. We shouldremark that in pra
ti
al appli
ations the statement "the set E = [−ε, ε]d 
ontains aninvariant set whi
h is attra
tive and ε-stable" 
an be made to be virtually as strongas "0 is asymptoti
ally stable" by taking ε su�
iently small.In this way we obtain the following theorem.Theorem 6. If for some τ > 0, T > 0, ε > 0 we have that (i) [u(P,M ; [0, τ ])] ⊆ Mand (ii) [u(P,M ;T )] ⊆ E, then for every p ∈ P the set D(p) is positively invariantset of (1) and a(p) + E 
ontains an attra
tive and ε-stable invariant set of (1) withbasin of attra
tion 
ontaining D(p).We 
an again remark that in pra
ti
al appli
ations the statement �a(p) + E 
ontainsan attra
tive and ε-stable invariant set� 
an be made to be virtually as strong as �a(p)is asymptoti
ally stable� by taking ε su�
iently small. This is true for example, if εequals the width of the smallest 
omputer interval 
ontaining a(p). Using su
h small
ε would be seldom ne
essary.In some 
ases the in
lusion (i) in Theorem 6 is di�
ult or impossible to obtain. Thisis due to the fa
t that M may not be an interval or instead of the interval hull,we have only some wider interval en
losure 〈u〉(P,M, t) of u(P,M, t). The in
lusion(i) implies that M is an invariant set. But its a
tually more important fun
tion isto provide the monotoni
ity of u(P,M, t) in t with respe
t to in
lusion. Using thisproperty we dedu
e from u(P,M, T ) ⊆ E that u(P,M, t) ⊆ E for t > T . Furthermore,this monotoni
ity implies that the limit when t→∞ of u(P,M ; t) exists. This limitis the attra
tive invariant set. In the next theorem a slightly di�erent 
ondition leadsto the same result.Theorem 7. If for some τ > 0, T > 0, ε > 0 we have that (i) 〈u〉(P,M ; [τ, 2τ ]) ⊆Mand (ii) 〈u〉(P,M ; [T, T + τ ])] ⊆ E, then for every p ∈ P the set u(p,D(p); [0, τ ]) ispositively invariant set of (1) and a(p)+E 
ontains an attra
tive and ε-stable invariantset of (1) with basin of attra
tion 
ontaining u(p,D(p); [0, τ ]) (and also D(p)).Proof. Let p ∈ P and let M̂(p) = u(p,M ; [0, τ ]). Then (i) implies thatu(p, M̂(p); [0, τ ])
⊆ M̂(p). Therefore, u(p,M ; [t, t + τ ]) = u(p, M̂(p); t) is monotone de
reasing withrespe
t to in
lusion. Then so is u(P,M ; [t, t+ τ ]). The rest follows from Theorem 6using u(P,M ; [t, t+ τ ]) instead of u(P,M ; t).11



4 A model exampleWe would like to test if the whole pro
edure is feasible on a simple example: thewell-known �single substrate�single biomass� 
hemostat model with Monod spe
i�
growth rate fun
tion [1℄
dx

dt
= −αDx+

µmsx

Ks + s
(3)

ds

dt
= Dsi −Ds− k

µmsx

Ks + s
(4)Validated en
losures are 
omputed for this model in [6℄, where the model and theparameters are brie�y des
ribed so we do not need to repeat the des
ription here.The parameters α and D are exa
tly known, namely, α = 0.5, D = 0.36, k =

10.53. The parameters µm and Ks are not exa
tly known. We have p := (µm,Ks) ∈
[1.19, 1.21]× [7.09, 7.11] =: P . The equations de�ne a dynami
al system on Ω = R2

+with two equilibria: the trivial x = 0, s = si and the nontrivial
s = b :=

αDKs

µm − αD
, x = a :=

si − b
αkDwhi
h is positive for the stated values and ranges of the parameters. We will �nd aset in the basin of attra
tion of the nontrivial equilibrium by 
onsidering the system

du

dt
= −αD(a+ u) +

µm(b+ v)(a+ u)

Ks + b+ v
(5)

dv

dt
= Dsi −D(b+ v)− kµm(b + v)(a+ u)

Ks + b+ v
(6)The system (5)�(6) has equilibrium at the origin for all values of the parameters. Inorder to apply Theorem 6 we need to 
ompute validated en
losures of the sets of solu-tions initiated in various neighborhoods of this equilibrium. Methods for 
onstru
tingen
losures for the solutions of systems of ODEs is one of the major su

esses of Inter-val Analysis, see [4℄ for review of su
h methods most of whi
h are based on the workof Lohner [3℄ as it is the 
ase in [6℄. Here we use simpler approa
h by �rst 
onvertingthe system to a system whi
h is monotone [5℄. After some experimentation we founda set M with the properties required in Theorem 7. The �gures below present thelower and upper bounds for u and v and show that (i) and (ii) of Theorem 7 aresatis�ed.5 Con
lusionWe propose a 
omputer based method for proving stability and basin of attra
tionof an equilibrium. The idea of using a 
omputer to provide rigorous mathemati
alproofs is not new any more as several well-known open problems in mathemati
s havebeen resolved in su
h a way. The method suggested here has be
ome possible due to12



Lower and upper bounds for u.

Lower and upper bounds for v.the developments in 
omputer arithmeti
 and interval analysis leading to 
omputerprograms providing validated en
losures for the solutions of systems of ODEs. It isquite 
lear that empiri
al sear
h for a suitable set M in a high dimensional systemrequires a signi�
ant 
omputational e�ort. However, now �the 
hips are 
heap� andit seems natural to shift the burden of the te
hni
al proofs to 
omputers.13
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Pri
ing Finan
ial Derivatives on GPUE. Atanassov, D. DimitrovIntrodu
tionThe �nan
ial option is a 
ontra
t that gives the owner the right, but not the obliga-tion, to buy or sell an asset at a set pri
e on or before a given date. The problemof estimation the pri
e of option(s) is one of the most important area in Finan
ialMathemati
s [24℄. Pri
ing options, that are path dependent on the evolution of thepri
es requires pre
ise simulation of sto
hasti
 pro
esses that model the pri
e of theunderlying asset.In 1972, Bla
k and S
holes [7℄ published a paper, where they des
ribe a model forpri
ing European options, assuming that the pri
e is Brownian motion. This is the�rst standardized method for option pri
ing:
dS

S
= rdt + σdWs,where r is interest rate, σ is the volatility and dWs is Brownian motion. There areseveral assumptions in the model but one of the most important is that the volatilityis 
onstant. Although this equation is one elegant mathemati
al representation ofpri
e evolution pro
ess, the assumption for 
onstant volatility does not �t the realdata from the markets.Heston modelOne more 
omplex model for pre
ise modelling was proposed by Steven Heston in1993 [15℄. Heston proposes model where the volatility is time dependent variable andfollows a random pro
ess. Heston model 
ontains two sto
hasti
 di�erential equationsone for the pri
e pro
ess and one for pri
e varian
e:

dSt = rStdt+
√
νtStdWs

dνt = κ(θ − νt)dt+ σν
√
νtdWν ,where St and νt are the pri
e and its varian
e, W s

t and W v
t are 
orrelated Brownianmotions (with 
orrelation ρ), νt is CIR [9℄ pro
ess and has long varian
e θ, κ is therate at whi
h the varian
e reverts to θ and σν is the volatility of volatility.There are various methods for simulation of the model but one of the most popularalgorithms are based on the Monte Carlo approa
h [13℄. In this work we 
onsideredseveral proposed numeri
al s
hemes for adequate simulation of the model and they
an be 
ategorized in two groups: s
hemes with bias and exa
t s
hemes. Euler-Maryuama, Lord Modi�
ation [19℄, Milstein [18℄, Kahl-Ja
kel [17℄ are s
hemes that arerepresentatives of the biased s
hemes where there are two errors - from dis
retizationof the 
ontinuous time pro
ess and the statisti
al Monte Carlo error. Andersen [3℄s
heme is representative of the exa
t s
hemes that uses the properties of the CIRpro
ess and the varian
e is sampled using it's exa
t distribution, so there is only15



statisti
al Monte Carlo error.Numeri
al Methods:Euler-Maryama: The simplest method for solving SDEs.
St = Ss(1 + r∆t+

√
VtZs

√
∆t)

Vt = Vs + k∆t(θ − Vs) + σ
√
VsZv

√
∆t

∆t - time step;
cor(Zv, Zs) = ρ - 
orrelated random variables with normal distribution.Lord Modi�
ation (Full Trun
ation): A s
heme proposed by Roger Lord thataims to have better handling with the problems in Euler-Maryama.

log(St) = log(Ss) + [r − 1

2
f4(Vs)]∆t+

√
f5(Vs)Zs

√
∆t

Vt = f1(Vs) + k∆t(θ − f2(Vs)) + σ
√
f3(Vs)Zv

√
∆t,

fi(x) = x for x ≥ 0. Where for fi(x) are 
hosen : identity f(x) = x, absorption
f(x) = x+ or absolute value f(x) = |x|.Milstein: A s
heme with improved order of 
onvergen
e.

St = Ss(1 + r∆t+
√
VtZs

√
∆t)

Vt = Vs + κ(θ − Vs)∆t+ σ
√
VsZv +

1

4
σ2(Z2 − 1)∆tKahl-Ja
kel: Dis
retization for the Heston model using Milstein s
heme for thevarian
e pro
ess and alternative s
heme for the pri
e pro
ess.

log(St) = log(Ss) + (r − Vs + Vt
4

)∆t+ ρ
√
VsZv

√
∆t

+
1

2
(
√
Vs +

√
Vt)(Zs + ρZv)

√
∆t+

ρσ∆t

2
(Z2

v − 1)

Vt =
Vs + κθ∆t+ σ

√
VsZv

√
∆t+ 1

4σ
2(Z2 − 1)∆t

1 + κ∆tthe varian
e pro
ess always have positive values if 2κθ > σ.Andersen:Andersen uses the system of SDEs in integral form and some of the properties of thevarian
e pro
ess:
S(t) = S(u)exp[r(t− u)− 1

2

∫ t

u

V (s)ds+ ρ

∫ t

u

√
V (s)dWv

+
√

1− ρ2

∫ t

u

√
V (s)dWs]

V (t) = V (u) + κθ(t− u)− k
∫ t

u

V (s)ds+ σv

∫ t

u

√
V (s)dWv.Andersen S
heme: The algorithm is based on sampling the varian
e pro
ess usingdistributions whi
h lo
al moments mat
h the original.16



1. Generate a sample of Vt using distributions whi
h lo
al moments are the sameas the original distribution;2. Approximate the varian
e integral using drift interpolation:
∫ t

u

V (u)du|V (s), V (t) ≈ ∆t[γ1V (s) + γ2V (t)]if γ1 = 1 and γ2 = 0 we have Euler type s
hemeif γ1 = γ2 = 0.5 we have predi
tor-
orre
tor s
heme;3. Cal
ulate10000) the pri
e using the following equation:
logS(t) = logS(s) + r∆t+K0 +K1V (s) +K2V (t) +

√
K3V (s) +K4V (t)Zs,where Zs is random variable with normal distribution and Ki:
K0 = −ρkθ

σ
∆t

K1 = γ1∆t

(
kρ

σ
− 1

2

)
− ρ

σ

K2 = γ2∆t

(
kρ

σ
− 1

2

)
+
ρ

σ

K3 = γ1∆t(1− ρ2)

K4 = γ2∆t(1− ρ2).Numeri
al ResultsNumeri
al s
hemes were implemented to work on GPU using NVidia CUDA frame-work [10℄. This ar
hite
ture allows the GPU pro
essor to be turned into highly par-allel multi-
ore system 
apable of exe
uting hundreds of parallel threads. The CUDAtopology is based on grouping the threads in blo
ks and run them parallel, in our
ase the most e�
ient s
enario was to use 256 blo
ks with 256 threads that allowedus to exe
ute 65536 threads at one 
all of the gpu fun
tion (the kernel fun
tion). Inthis s
enario every thread is simulating one path from the Monte Carlo algorithmand in the quasi-random 
ase use the 
oordinates of one point from 2M-dimensionalquasi-sequen
e as sour
e of random numbers(M is the number of time intervals).All of the s
hemes are implemented using the standard CURAND - pseudo-randomnumber generator and generators for Sobol'(with Owen s
rambling[21℄)[22℄[5℄[14℄[20℄and modi�ed Halton (proposed by Atanassov) sequen
es [4℄[6℄[16℄. For test 
ase itwas 
hosen a example of European option[8℄ with period 1 year and the followingparameters:
r = 3.19%, κ = 6.21, θ = 0.019, σv = 0.61, ρ = −0.7, S0 = 100, V0 = 0.010201.In Table 1 is shown the error using CURAND generator and di�erent s
hemes usingthe example European option parameters.17



Intervals EM Lord Milstein Kahl-Ja
kle Andersen250 0.8640 0.8679 0.0541 0.0477 0.0382500 0.5740 0.5582 0.0313 0.0244 0.0245750 0.4392 0.4165 0.0155 0.0132 0.01091000 0.3440 0.3658 0.0104 0.0113 0.0074Table 1: Results for the absolute error using CURAND pseudo-random number gen-erator EM Lord Milstein Kahl-Ja
kel Andersen60.02 62.75 66.08 53.79 25.38Table 2: Average time a

eleration in times for CPU vs GPUIn Table 2 is shown the average a

eleration in times for the s
hemes using the stan-dard pseudo-random generators on CPU and GPU.In Table 3 is shown the absolute error for small number of time steps using theAndersen s
heme with di�erent random number generators.Paths CURAND Sobol Halton256 0.599679 0.228454 0.129998512 0.238047 0.181489 0.0841101024 0.131617 0.085438 0.0412802048 0.088686 0.012982 0.01697612 time steps Paths CURAND Sobol Halton256 0.548801 0.233375 0.0999528512 0.257233 0.161241 0.07314951024 0.173834 0.110316 0.03460402048 0.045946 0.024229 0.011251052 time stepsTable 3: Absolute error using Andersen s
heme for small number of stepsCon
lusionAs it is shown in the numeri
al results two important results are a
hieved. The �rstone is about up to 66 times speeding up of the s
hemes using NVidia GTX 295 withCUDA as a high-performan
e environment for simulations. The se
ond one is thatfor small number of time steps using modi�ed Halton quasi-random number sequen
eshows better a

ura
y than the CURAND and s
rambled Sobol.A
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Cloud and Grid Computing: Se
urity Aspe
tsE. Atanassov, T. Gurov, A. Karaivanova1 Introdu
tionThe Grid is a 
omputational infrastru
ture whi
h ensures transparent a

ess to ge-ographi
ally and institutionally distributed 
omputational resour
es and data. TheGrid has been studied extensively during last two de
ades, here we refer to someworks of Foster and Kesselman, and also to des
ription of the largest grid (the EGEEgrid) [1, 2, 3, 4℄. Ian Foster and 
oauthors gave a three point 
he
klist [4℄ to helpdetermine what the Grid is, and what is not:1. The Grid 
oordinates resour
es that are not subje
t to 
entralized 
ontrol,2. The Grid uses standard, open, general-purpose proto
ols and interfa
es, and3. The Grid delivers non-trivial qualities of servi
e.Re
ently, "Cloud" be
ame very popular buzzword. Although Cloud Computingsounds like a new te
hnology, it has intri
ate 
onne
tion to Grid Computing paradigm.There is a little 
onsensus on how to de�ne the Cloud and here we a

ept the Fos-ter de�nition in [5℄: "A large-s
ale distributed 
omputing paradigm that is driven bye
onomies of s
ale, in whi
h a pool of abstra
ted, virtualized, dynami
ally-s
alable,managed 
omputing power, storage, platforms, and servi
es are delivered on demandto external 
ustomers over the Internet."In the same paper, [5℄, Foster et all 
ompare Grid and Cloud and 
on
lude that onlypoint 3 from above 
he
klist holds true for Cloud 
omputing, but neither point 1 norpoint 2 are valid for Clouds.The 
ommon 
hara
teristi
s of Grid and Cloud are
• Utility 
omputing
• Aggregation of heterogeneous resour
es
• A

ess transparen
y for the end user
• Re-
on�gurability
• Servi
e negotiation based on Servi
e Level Agreements
• Capa
ity provisioned on demand
• Continuous availability
• Single sign onThis 
omparison of Cloud and Grid helps us understand the se
urity issues whi
harise when using both of them as part of a s
ienti�
 appli
ation.21



2 Se
urity aspe
tsWe summarize below the types of authenti
ation, authorization and a

ounting me
h-anisms that are used in Grids and Clouds.2.1 Se
urity management in GridsThe 
ornerstone of the se
urity management in Grid is the notion of the so-
alledVirtual Organization (VO). Users are organized in Virtual Organisations, whi
h shareresour
es. Many institutions may provide the resour
es of the virtual organization andthese resour
es be
ome available to all members of the organization. It is important tonote that only the biggest virtual organizations, 
omprising of thousands of s
ientists,de�ne groups inside the virtual organization and enfor
e the division between membersof these groups and the respe
tive job priorities. It is important to note that in mostpra
ti
al 
ases a user of the VO has a

ess to all the data �les of the VO and 
an notonly retrieve data, but also delete data, even if the �le has been 
reated by anotheruser.
• Authenti
ation is ensured mainly by X509 
erti�
ates. Other authenti
ationme
hanisms are also used. In some 
ases it is possible to use an identity providerto obtain an X509 
erti�
ate on-the-�y, thus allowing more de
entralized man-agement of the authenti
ation pro
ess.
• Users sign proxies with their X509 
erti�
ate and use them to 
onne
t withservi
es using https proto
ol or typi
al Grid proto
ols like GridFTP or SRM fordata management or GRAM for job management.
• The Grid servi
es may have �ner-grained authorization me
hanism, using groupsand roles within the VO. This possibility is di�
ult to implement in pra
ti
ebe
ause of the de
entralized nature of deployment of Grid resour
es.In Bulgaria IICT-BAS is responsible to issue 
erti�
ates for BG s
ientists/students,operating the BG.ACAD Certi�
ation Authority - see http://
a.a
ad.bg. The sameGrid 
erti�
ates are used for other e-S
ien
e proje
ts, e.g., PRACE1IP, PRACE2IP,HP-SEE. In some 
ases they are used to authenti
ate email or web servers.2.2 Se
urity management in CloudsA

ess to Cloud infrastru
ture resour
es 
an be a
hieved with web, GUI or 
ommandline interfa
es. Popular languages for development are java, python, ruby . Both Linuxand Windows operating systems are supported as guest OS, as well as others. Weshould point out that the user e�e
tively obtains administrator (root) a

ess to thevirtual ma
hines laun
hed over the 
loud, whi
h is not the 
ase of Grid usage, whereonly lo
al Unix user a

ess 
an be obtained. Here we review the se
urity models ofthe most popular Cloud servi
e providers. Amazon 
loud servi
es [6℄ in
lude:22



• EC2 - Amazon Elasti
 Compute Cloud is a web servi
e that provides resizable
ompute 
apa
ity in the 
loud.
• S3 - Amazon Simple Storage Servi
e provides a simple web servi
es interfa
ethat 
an be used to store and retrieve data.A

ess to Amazon 
loud servi
es is se
ured through use of:
• A

ess keys - used to make se
ure (signed) REST or Query proto
ol requests toany AWS servi
e API
• X.509 
erti�
ates - make se
ure SOAP proto
ol requests to AWS servi
e APIs.
• Key pairs - 
an be used to laun
h and then se
urely a

ess your EC2 instan
es.Many providers mimi
 the Amazon 
loud model, sometimes using open sour
e soft-ware. Some providers of 
loud servi
es follow a di�erent model, where the user doesnot obtain administrative a

ess to parti
ular ma
hine, but instead a whole s
alableappli
ation environment is provided to them. This is the 
ase of Google, for example.We should point out that the shared use of Cloud is not straightforward be
ause ofthe la
k of notion similar to the Virtual Organization. The Cloud paradigm allowsfor a layered approa
h, where for example one provider may provide added-value ser-vi
es to the 
ustomers using the infrastru
ture of another provider. In su
h 
ases these
urity model of the top-level provider may di�er from those of the providers of thelower layers.2.3 Intera
tion between Grid and CloudDue to the di�eren
es in the se
urity me
hanisms of Grids and Clouds it interestingto 
onsider the most pra
ti
al use 
ases for 
ombining the use of Grid and Cloudresour
es for s
ienti�
 
omputations. First of all, an infrastru
ture provider, e.g.,a university, 
an use (lease) Cloud resour
es to provide Grid servi
es for the users.It is te
hni
ally feasible to provide the worker nodes for a Grid 
luster using 
loudresour
es. A small pool of Cloud-based Worker Nodes 
an provide QoS for jobs thatare sensitive to waiting times Unfortunately, the requirement in some 
ases for properforward and ba
kward DNS resolution makes it a bit di�
ult to provide some servi
enodes for su
h 
luster from Cloud resour
es. In any 
ase, a user or VO 
an usethe 
loud to deploy servi
e nodes, e.g., web servers, databases, espe
ially if they arespe
i�
 to a parti
ular appli
ation that is not used by all the VO. Some of the Gridservi
es may be e�
iently put on the Cloud to bene�t from the �elasti
ity� of Cloudservi
e provisioning. For example, the so-
alled BDII is a servi
e whi
h would bene�tfrom authomati
 load-balan
ing.
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3 Se
urity threats and atta
k ve
tors and their mit-igationOne of the main se
urity threats on the Grid stem from the fa
t that users proxy
erti�
ates are sent to remote nodes, where they 
an be stolen, e.g., by a mali
ioususer of the same 
luster. Typi
ally su
h a proxy is valid for 12 hours and providesa

ess to most of the resour
es of the VO, as outlined above. On the worker nodes oneusually employes a so-
alled limited proxy, whi
h allows a

ess to storage resour
es,but not the ability to laun
h jobs, thus limiting the impa
t of a potential brea
h. Anunlimited proxy 
an be used to laun
h new jobs, but 
an be found on smaller numberof ma
hines with tighter se
urity. Unfortunately, some virtual organizations havebeen granted the ability to 
reate voms proxies with duration mu
h larger than 24hours, whi
h means that the potential impa
t of a stolen proxy 
erti�
ate will extendto several days. They are se
urity me
hanisms in pla
e to rea
t to su
h violations,for example using ARGUS nodes to ban mali
ious users or by revoking the user
erti�
ate, but they will not be started unless the problem has been dis
overed andreported. In the meantime the mali
ious user 
an attempt es
alation of privileges onthe nodes where he or she obtained a

ess or tampter with the data or metadata ofthe virtual organization.Now 
onsidering the 
ase when a Grid appli
ation uses Cloud servi
es, one should takeinto a

ount that if 
loud 
erti�
ates and/or a

ess keys are sent to remote Grid nodes,there is a danger that if they are stolen somebody will be able to do everything thatthe owner 
an do on the Cloud. Obviously the provider of an EC2-type servi
e runsthe risk of mali
ious users laun
hing nodes whi
h 
an be used to serve illi
it 
ontent,
ontrol botnets or similar. Presumably the Cloud infrastru
ture providers ensure tight
ontrol and isolation between user's virtualized networks. However, investigation ofse
urity in
idents is di�
ult due to the use of virtual ma
hines.Thus it is important that Grid jobs should not have a

ess to the full 
loud 
redentialsof the users. This means that an extra level of redire
tion should be introdu
ed to limita

ess, for example only to the ne
essary part of storage. This 
an be implementedas a broker servi
e, laun
hed on the 
loud and answering to requests from the Gridjobs.Unrelated appli
ations should also be separated in terms of 
redentials and infrastru
-ture used. Users must perform 
areful evaluation of the dangers of 
ontagion shouldone part of the nodes parti
ipating in a given 
omputation be
ome 
ompromised.4 Con
lusions and dire
tions for future workWe 
an 
on
lude from our investigation that the possibility of 
ombining servi
es orinfrastru
ture resour
es from the Cloud with Grid resour
es and organization providesadditional �exibility and substantial bene�t to the demanding users and appli
ations.The se
urity issues that arise should be addressed �rstly by infrastru
ture operatorsand Grid and Cloud middleware developers to provide for the ne
essary isolation24



and 
ontrol. We believe that the introdu
tion of �Grid-Cloud brokerage� servi
esthat 
an translate between Grid and Cloud 
redentials and ensure limitations on thekinds of requests that 
an be issued between the Grid and Cloud parts of the s
ienti�
appli
ation thus e�e
itively redu
ing the exposure of the users to the inherent se
urityrisks and providing 
ertain guarantees about the worst possible damage that mayhappen in 
ase of se
urity brea
h.A
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Singular Solutions of Cross-
oupled EPDi�Equations: Waltzing Peakons and Compa
ton PairsColin J. Cotter, Darryl D. Holm, Rossen I. Ivanov and JamesR. Per
ival1. EPDi� equations. Let us de�ne an one-parametri
 group of di�eomorphisms of
R
n with elements that satisfy

∂X(x, t)

∂t
= u(X(x, t), t), X(x, 0) = x, (1)or Ẋ = u ◦ X with x ∈ Rn, t ∈ R, X ∈ Di�(Rn). Let us 
onsider motion in Rnwith a velo
ity �eld u = Ẋ ◦ X−1; u(x, t): Rn × R → Rn and de�ne a momentumvariable m = Qu for some (inertia) operator Q (for example the Helmholtz operator

Q = 1− ∂i∂i = 1−∆, where ∂i = ∂
∂xi ). Let us further de�ne a Lagrangian

L[u] =
1

2

∫
m · u dnx. (2)Sin
e the velo
ity u = ui∂i ∈ Ve
t(Rn) is a ve
tor �eld, m = midx

i ⊗ dnx is a n+ 1-form density, we have a natural right-invariant bilinear form
〈m,u〉 =

∫
m · u dnx. (3)The Euler-Poin
aré equation for the geodesi
 motion in this 
ase is [6, 5℄

d

dt

δL

δu
+ ad∗

u

δL

δu
= 0, u = G ∗m, (4)where G is the Green fun
tion for the operator Q. The 
orresponding Hamiltonian is

H [m] = 〈m,u〉 − L[u] =
1

2

∫
m ·G ∗m dnx, (5)and the equation in Hamiltonian form (u = δH

δm ) is
∂m

∂t
= −ad∗δH

δm
m. (6)The left Lie algebra of ve
tor �elds is [u,v] = −(uk(∂kv

p) − vk(∂ku
p))∂p. For anarbitrary ve
tor �eld v one 
an write [6℄

〈ad∗um,v〉 = 〈m, aduv〉 = 〈m, [u,v]〉
= −〈mldxl ⊗ dnx, (uk(∂kvp)− vk(∂kup))∂p〉
= −

∫
mp(u

k(∂kv
p)− vk(∂kup))dnx

=

∫
vp(uk(∂kmp) +mp(∂ku

k) +mk(∂pu
k))dnx

= 〈((u · ∇)mp + m · ∂pu +mpdivu)dxp ⊗ dnx,v〉,26



and therefore (6) has the form, known as EPDi� equation:
∂mp

∂t
+ (u · ∇)mp + m · ∂pu +mpdivu = 0. (7)Due to the invarian
e of the Hamiltonian under the right a
tion of the group Di�(Rn)there is a momentum 
onservation law a

ording to the Noether's Theorem (whi
h
an be veri�ed dire
tly with (1)) :

mi(X(x, t), t)∂jX
i(x, t) det

(∂X
∂x

)
= mj(x, 0), (8)where (∂X∂x )ij = ∂Xi

∂xj is the Ja
obian matrix.The Lie-Poisson bra
ket is
{A,B}(m) = 〈m, [

δA

δm
,
δB

δm
]〉

= −
∫
mi

( δA

δmk
∂k

δB

δmi
− δB

δmk
∂k

δA

δmi

)dnx. (9)When n = 1 the algebra (9), asso
iated with the bra
ket is the algebra of ve
tor �eldson the 
ir
le. This algebra admits a generalization with a 
entral extension, whi
h isthe famous Virasoro algebra [8, 6℄. In two dimensions, n = 2, the algebra, asso
iatedwith the bra
ket is the algebra of ve
tor �elds on a torus [1℄.2. Singular solutions. The Camassa-Holm (CH) equation [2℄ 
an be 
onsidered asa member of the family of EPDi� equations in n = 1 dimension [5℄:
mt + 2uxm+ umx = 0, m = u− uxx. (10)The CH equation possesses the so-
alled N -peakon solution in the form
u(x, t) =

1

2

N∑

i=1

pi(t) exp(−|x− xi(t)|), (11)provided pi and xi evolve a

ording to the following system of ordinary di�erentialequations:
ẋi =

∂H

∂pi
, ṗi = −∂H

∂xi
, (12)where the Hamiltonian is H = 1

4

∑N
i,j=1 pipj exp(−|xi − xj |). The momentum issingular,

m(x, t) =
N∑

i=1

pi(t)δ(x− xi(t)), (13)it de�nes the so-
alled singular momentum map, [5℄. CH is an integrable equationand is very well studied - see e.g. the review arti
le [4℄.27



The singular momentum map (13) suggests the following measure-valued singularmomentum solution Ansatz for the n−dimensional solutions of the EPDi� equation:
m(x, t) =

N∑

a=1

∫
Pa(s, t) δ

(
x−Qa(s, t)

)ds.These singular momentum solutions, 
alled �di�eons�, [7℄ are ve
tor density fun
tionssupported in Rn on a set of N surfa
es (or 
urves) of 
odimension (n − k) for s ∈
Rk with k < n. They may, for example, be supported on sets of points (ve
torpeakons, k = 0), one-dimensional �laments (strings, k = 1), or two-dimensionalsurfa
es (sheets, k = 2) in three dimensions.3. Cross 
oupled CH equations and waltzing peakons. The Lagrangian for
ross 
oupled CH (CCCH) is [3℄

l(u, v) =

∫

R

(uv + uxvx) dx.The 
orresponding two-
omponent EP equations in 1D on R are
∂tm = − ad∗

δh/δmm = − (vm)x −mvx with v :=
δh

δm
= K ∗ n,

∂tn = − ad∗
δh/δnn = − (un)x − nux with u :=

δh

δn
= K ∗m.with K(x, y) = 1

2e
−|x−y| being the Green fun
tion of the Helmholtz operator. TheCCCH Hamiltonian is
h(n,m) =

∫

R

nK ∗m dx =

∫

R

mK ∗ n dx.This Hamiltonian system has two-
omponent singular momentum maps
m(x, t) =

M∑

a=1

ma(t) δ(x − qa(t)), n(x, t) =
N∑

b=1

nb(t) δ(x − rb(t)).The total momentum of CCCH is 
onserved, namely
∂t (u+ v) + ∂x

(
uv +K ∗ (2uv + uxvx)

)
= 0.4. Peakon solutions of the 
ross-�ow equations. The CCCH equations aredeformations of CH that support two di�erent types of peakons, with velo
ities

u(x, t) = 1
2

M∑

a=1

ma(t) e
−|x−qa(t)| , v(x, t) = 1

2

N∑

b=1

nb(t) e
−|x−rb(t)| , (14)and momenta,

m(x, t) =
M∑

a=1

ma(t) δ(x − qa(t)) , n(x, t) =
N∑

b=1

nb(t) δ(x − rb(t)) . (15)28



The 2M+2N variables (qa,ma), a = 1, . . . ,M , and (rb, nb), b = 1, . . . , N , are governedby the Hamilton's 
anoni
al equations for the Hamiltonian fun
tion,
H = 1

2

M,N∑

a,b=1

ma(t)nb(t)e
−|qa(t)−rb(t)| , (16)namely,

q̇a(t) =
∂H

∂ma
= 1

2

N∑

b=1

nb(t)e
−|qa(t)−rb(t)| = v(qa(t), t) , (17)

ṙb(t) =
∂H

∂nb
= 1

2

M∑

a=1

ma(t)e
−|qa(t)−rb(t)| = u(rb(t), t) , (18)for the positions of the peakons, and

ṁa(t) = − ∂H

∂qa
= 1

2ma

N∑

b=1

nb sgn (qa − rb)e−|qa(t)−rb(t)| = −ma
∂v

∂x

∣∣∣
x=qa

, (19)
ṅb(t) = − ∂H

∂rb
= − 1

2nb

M∑

a=1

ma sgn (qa − rb)e−|qa(t)−rb(t)| = −nb
∂u

∂x

∣∣∣
x=rb

(20)for their 
anoni
al momenta. Conserved quantities in
lude the energyH and the totalmomentum ∑
a(ma + na).5. The 
oupled peakon pair. The simplest possible 
ase is M = N = 1. Intro-du
ing the new variables X = q+r

2 , Y = q − r, respe
tively the mean position of thepeaks and their separation distan
e. The evolution equations in terms of the newvariables are
Ẋ =

(m+ n)

4
e−|Y |, Ẏ =

n−m
2

e−|Y |.Thus we 
an de�ne the behavior of the exponential fun
tion of the absolute separationof the peaks, ddte|Y | = sgn(Y )
n−m

2
, (21)From (19) - (20)

ṁ = −ṅ = sgn(Y )
mn

2
e−|Y | = sgn(Y )E,where E = H |t=0 is the (
onstant) value of the Hamiltonian, that is to say the totalenergy of the 
oupled pair. Di�erentiating (21) again with respe
t to time givesd2dt2 (e|Y |

)
= −sgn2 (Y )E + 2δ (Y ) (n−m)2 .On integrating for a parti
ular signature of Y |t=0 = Y0 6= 0,

e|Y | = −1

2
m0n0e

−|Y0|t2 +
1

2
sgn (Y0) (n0 −m0) t+ e|Y0|,29



where
m0 = m|t=0 , n0 = n|t=0 Y0 = Y |t=0 .If m0 and n0 have the same signature then eventually we will have |Y | = 0, regardlessof the value of |Y0|. Thus, when m0 and n0 share the same signature the half periodof their �waltzing� motion 
an be found by setting Y0 = 0 and looking for when e|Y |attains unity, namely t = 2n0−m0

n0m0
. It will be noted that at this time

m|
t=2

m0−n0
m0n0

= m0 +m0n0

(
m0 − n0

m0n0

)
= n0,and similarly

n|
t=2

m0−n0
m0n0

= m0,so that the two types of peakons do indeed ex
hange momentum amplitudes over ahalf 
y
le, see Fig. 1. The expli
it solutions as well as other examples with waltzingpeakons and 
ompa
tons are given in [3℄.

Figure 1: Plot showing velo
ity �elds of a peakon-peakon pair with m0 = 5, n0 = 0.5,
l0 = 0 (solid lines). The dotted path indi
ates the subsequent path of the two peaksin the frame travelling at the parti
les mean velo
ity Ẋ = q̇+ṙ

2 . For these initial
onditions the total period for one orbit of the 
y
le is T = 3.6. Also shown is theform of the two peakons at subsequent times t = 0.45 + 1.8n, n ∈ Z6. Cross-
oupled EPDi� in higher dimensions. The straightforward general-ization to higher dimensions is 30



l =

∫
(u · v + (∇u) · (∇v)) dnx,

dm

dt
= −ad∗

δl/δmm = −v · ∇m− (∇v)T ·m−m divv, m = u−∆u,

dn

dt
= −ad∗

δl/δnn = −u · ∇n− (∇u)T · n− n div u, n = v −∆v.Numeri
al studies in n = 2 dimensions show that the waltzing pairs also appear inhigher dimensions. In the 
ase with rotational symmetry the two 
on
entri
 waves(u and v) have �waltzing� fronts and also rotate with respe
t to ea
h other.A
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GOES proje
t - Good on Emergen
y SituationNina Dobrinkova, Valentin Marinov1 Intordu
tionThe web mapping or sometimes referred to as Web GIS has advan
ed to great extendsin the later years. Cartography was restri
ted to few 
ompanies and organizationsbe
ause of the di�
ulties in pro
essing and managing the geographi
 data both ona spe
i�
 hardware and software. Nevertheless with the o

urren
e of more reliableand extensive geographi
 web servi
es, this is not a privilege anymore to a spe
i�
group of professionals, but a more a�ordable and a

essible solution to everyone withthe ne
essary te
hni
al skills and enough know-how in the GIS area.Nowadays it is a 
ommon thing to rely on a web servi
e or a web appli
ation to view,
olle
t and manage geographi
al information. The fa
t that GIS data is distributedover the Internet has redu
ed the need for a spe
i�
 software and hardware for showingit. These servi
es o�er a lot more than just visualization of geographi
al obje
ts, butrather a way to manage oneâ��s own 
olle
tion of obje
ts, do GIS analysis and sear
hamong a ri
h array of spe
ially 
ategories POI's(Points Of Interest).2 Google Maps, OpenStreetMaps and other majorGIS web appli
ationsThe most serious step in popularization of Web GIS has been done by Google. In2004 they released a new produ
t 
alled Google Maps. It heavily utilizes JavaS
riptand the Ajax te
hnology, thus providing the user with an almost desktop like experi-en
ing, while using the web appli
ation. The map is s
rollable through the use of amouse or a keyboard, or even in re
ent years with the vast usage of tablets throughtou
h 
ommands. This fun
tionality resembles very mu
h a natural s
rolling of ageographi
al map but the user does not need to have a desktop appli
ation installedand there is no need to download any additional data or install plugins.Other features of the Google Maps appli
ation in
lude �nding a spe
i�
 lo
ation byaddress or name, or showing the nearest geographi
 obje
ts to a point. Perhaps themost powerful fun
tionality of the web appli
ation is �nding dire
tions between twoor more points. The routing algorithm provided by the Google Maps team is 
urrentlyone of the fastest in a GIS web appli
ation.Another very useful features of the Google Maps appli
ation are the tools to addadditional obje
ts on the map that are related to the user itself. These are own POIs,routes or polygons. This allows not only for 
olle
ting and organizing obje
ts withown semanti
s, but also sharing this new information with other users. Given thehuge su

ess of the Google Maps appli
ation, others have de
ided to implement theirown solution. These are Yahoo! Maps, Bing Maps, Yandex Maps, BGMaps.
om et
.32



Perhaps the most famous one among them is the publi
ly available, free and opensour
e proje
t OpenStreetMaps.OpenStreetMap is a free editable map of the whole world. It allows the user toview, edit and use geographi
al data in a 
ollaborative way from anywhere on Earth.OpenStreetMap is 
reated and maintained entirely by the users. This proje
t reliesheavily on 
rowd-sour
ing. In 
omparison with other GIS web appli
ations that are aprodu
t of a 
ompany and may require paying for a parti
ular servi
e or feature, theOpenStreetMap is a proje
t without the idea of a pro�t. It is a way to o�er free andopen-sour
e mapping solution to the web, without any legal or te
hni
al restri
tions.OpenStreetMap o�ers the same features like the other alternatives in its s
ope. How-ever the implementation of some of the features is still not that advan
ed or or so-phisti
ated. These features are mainly related to the user intera
tion with the mapor that some of the tools present in other web maps solutions are missing here. Stillit surpasses them in its openness to the users and their ability to import or exportdata, either with GPS tra
ks or POI's or geographi
 areas.http://wiki.openstreetmap.org/wiki/Main_Page2.1 GIS Web Appli
ation Programming Interfa
e (API)The most important part of the web GIS appli
ations mentioned so far is that theyprovide a form of an Software Development Kit (SDK) 
onsisting of a library part withthe respe
tive Appli
ation Programming Interfa
e (API) and web servi
es availablethrough prede�ned interfa
es. As 
an be expe
ted from proprietary servi
es, they arenot free for a 
ommer
ial use or user logins. However OpenStreetMap is still freelyavailable.The API's 
apabilities are:
• Create and manage a simple web map
• Manage tiles and sour
es of tiles
• Manage features and addons of the map - zooming, s
rolling, mouse events, et
.
• Create and manage map layers
• Add, edit or remove POI's from the map
• Draw geo-aware geometry �gures - lines, polylines (routes), polygons (areas)
• Change the appearan
e of POIs or other obje
ts on the map
• Managing geographi
al data
• Sear
hing (through web servi
es) and displaying GIS data
• Importing, displaying and exporting GPS tra
ks - usually .gpx �les
• Manage geo Data Base data 33



All of these features are supported by the Web API's, where sear
hing in the GISdatabases may result in di�erent obje
ts, i.e. the sear
h depends on the obje
tsthey 
ontain and the sear
h algorithm they utilize.The web servi
es that are usedfor sear
hing and fet
hing geographi
al obje
ts may be either SOAP or REST based.The results 
ould be in XML or JSON formats. The JSON format is the preferredone due to its many advantages in simpli
ity and quantity, thus providing betterperforman
e and less tra�
. Having su
h powerful tools, 
reating and managingGIS driven appli
ations has be
ome more a�ordable and easy for developers, whi
hre�e
ted to providing better end user tools.Developers without extended knowledge of GIS systems are utilizing this te
hnologythrough the abstra
tion of API's. This is the best option for integrating GIS awaremodules in an appli
ations that need to display and/or manage geographi
al infor-mation. Thus the need for a dedi
ated servers and software solutions has been leftto the 
onsumers of the servi
e. There prepro
essors of todays GIS web appli
ationswere mostly 
reated by 
ompanies with a fo
us on GIS systems. Su
h vendors areIntergraph, ESRI, NetCad and other smaller 
ompanies. Some of their early imple-mentations are still supported and updated. The basi
 di�eren
e between them is thenature of 
lient-server intera
tion.Ajax-based appli
ations are usually referred to as fat 
lients. The 
lient has a moreextended knowledge of how the appli
ation works. This may be
ome a very disturbingse
urity issue, espe
ially with the 
ase of web appli
ations. The 
lient, whi
h may aswell be referred to as the online user, gets a hold of a more 
omplete 
olle
tion of GISdata. For the major vendors of GIS data this is a potential se
urity brea
h as theymanage this data and provide it for a pro�t, but if it is supplied to the 
lient withoutany restri
tions it be
omes available to everyone for free or very small amount ofmoney. Therefore it is very important to be aware of the provided data to the user.There is also the so 
alled slim approa
h where the basi
 API's are integrated andless se
urity options are available.http://
ode.google.
om/intl/bg/apis/maps/index.html2.2 Plugin based implementationsMore advan
ed solutions for providing a RIA GIS for terrain usage is based on thesolution with implementation of the plugin-based te
hnology. Su
h te
hnologies areAdobe Flash, Mi
rosoft Silverlight, Java, et
. This approa
h, although has its owndrawba
ks about the se
urity issues of the Ajax-based web appli
ations. Su
h solu-tions in
lude the ESRIâ��s Ar
GIS Explorer online and other 
ompanies that arenot dire
tly involved in the GIS area like InfoSoft, Telerik et
.The main downside of su
h a solution is that the user is required to install a pluginin order to run the appli
ation with his/her browser. With this requirement thenature of the appli
ation is a
tually shifted from its web nature and the browserbe
omes simply the medium to update the appli
ation with the new version. In its
ore this has be
ome a desktop solution. These appli
ations are very feature-ri
hand provide ex
ellent user friendly approa
h, but their implementation usually relies34



on appropriate environment, not on standards, whi
h makes them 
ostly. This is aproblem in 
ases that the platform is not updated or is not supported anymore. Insu
h 
ases the Web GIS appli
ation is useless.http://www.nn4d.
om/site/global/build/partner_mapping_apis/p_partner_mapping_apis.jsp3 GOES (Good On Emergen
y Situation) proje
tThe proje
t GOES has been �nan
ially supported by the Civil Prote
tion Finan
ialInstrument of Dire
torate General - ECHO, whi
h 
overs three main aspe
ts of 
ivilprote
tion a
tivities in the framework of the European Union:prevention, prepared-ness and response.The GOES proje
t aims to in
rease preparedness, awareness and maximum 
oopera-tion between publi
 authorities of di�erent member states through qui
k and e�e
tiveinformation. The partner 
onsortium is between the three 
ounties: Spain, Italyand Bulgaria, where the 
ities of Valen
ia, An
ona and So�a will implement the newsystem into their 
ivil prote
tion departments.The authorities involved in the proje
t proposal agree that an inadequate responseto emergen
y situations is often the result of disorganization, delays or de�
ien
ies in
ommuni
ation between lo
al a
tors involved in various 
apa
ities in prevention andemergen
y management. From this re�e
tion 
omes the proje
t GOES whi
h aims to
reate a network that 
olle
ts daily all relevant information on road 
onditions relatedto any 
riti
isms and suggestions on alternative routes. The network will 
onvey thisinformation to the regional 
ivil prote
tion stru
tures and to the main network inorder to promptly inform 
itizens. The system for 
olle
ting and transmitting datashould be based on standardized and automated pro
edures to ex
hange a
ross thepartner territories. On
e this 
onne
tion has been 
reated it may also be used to
onvey other information 
oming from the whole territory, not only from the roads.GOES aims to 
reate a network that 
olle
ts daily all relevant information on road
onditions related to any 
riti
isms and suggestions on alternative routes. The net-work will 
onvey this information to the regional 
ivil prote
tion stru
tures and tothe main network in order to promptly inform 
itizens. The system for 
olle
tingand transmitting data should be based on standardized and automated pro
eduresto ex
hange a
ross the partner territories. On
e this 
onne
tion has been 
reated itmay also be used to 
onvey other information 
oming from the whole territory, notonly from the roads. The �gure 1 is illustrating the system ar
hite
ture planned tobe developed in the framework of the proje
t.3.1 Main Obje
tives of the proje
tThe main obje
tives of the proje
t 
over:
• Optimizing systems for 
olle
ting and transmitting information 
on
erning the
ivil prote
tion parti
ularly on natural disasters that have a negative impa
t onthe feasibility of the roads. 35



Figure 1: Graphi
al representation of the ar
hite
ture of the GOES system
• To in
rease preparedness on emergen
y situation and give an adequate responseto emergen
y situations.
• To improve 
ooperation between publi
 authorities of di�erent member statesthrough qui
k and e�e
tive information and involving operators, stakeholdersand population from the territories of the partnership.
• To Create a network that 
olle
ts daily all relevant information on road 
ondi-tions.
• Creating a database of the natural disasters whi
h impa
t on the feasibility ofthe road.3.2 The planned out
omes of the proje
t
• A preliminary study of the di�erent ways of organizing servi
es, tra�
 and in-formation management in order to in
rease the knowledge about the di�erentways of organizing servi
es in the territories 
overed by the road test and under-stand the management mode of information 
on
erning the roads' navigabilityin normal and emergen
y situations.
• A design of a standardized system among the partners for the re
eipt, sortingand transmission of information on disasters relevant for the roads navigability.
• raining of road and 
ivil prote
tion workers.36



4 Con
lusionsThe proje
t is going to be implemented in the So�a muni
ipality Civil Prote
tiondepartment with the development works established in the IICT-BAS. The used te
h-nology will be based on the openstreets approa
h with Web GIS databases for thein
omming data from the mobile teams, whi
h will be the main end users of the �naldeveloped system.5 A
knowledgementsThe paper has been supported by GOES (Good On Emergen
y Situation) proje
t,grant agreement referen
e n◦ 070401/2010/579105/SUB/C4.
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In�uen
e of the Parameter R on ACO StartStrategiesStefka Fidanova and Pen
ho Marinov1 Introdu
tionMetaheuristi
 methods are general tools for solving hard (from 
omputational point ofview) optimization problems. Most of them use ideas 
oming from nature. Ant ColonyOptimization is one of the most su

essive metaheuristi
 method. Idea for it 
omesfrom real ant behavior and their 
olle
tive intelligen
e. The ability of ant 
olonies toform paths for 
arrying food is rather fas
inating. The problem is solved 
olle
tivelyby the whole 
olony. This ability is explained by the fa
t that ants 
ommuni
ate inan indire
t way by laying trails of pheromone. The higher the pheromone trail withina parti
ular dire
tion, the higher the probability of 
hoosing this dire
tion.The ACO algorithm uses a 
olony of arti�
ial ants that behave as 
ooperative agentsin a mathemati
al spa
e where they are allowed to sear
h and reinfor
e pathways(solutions) in order to �nd the optimal ones. The problem is represented by graphand the ants walk on the graph to 
onstru
t solutions. The solutions are representedby paths in the graph. After the initialization of the pheromone trails, the ants
onstru
t feasible solutions, starting from random nodes, and then the pheromonetrails are updated. At ea
h step the ants 
ompute a set of feasible moves and sele
t thebest one (a

ording to some probabilisti
 rules) to 
ontinue the rest of the tour. Thestru
ture of the ACO algorithm is shown by the pseudo-
ode below. The transitionprobability pi,j , to 
hoose the node j when the 
urrent node is i, is based on theheuristi
 information ηi,j and the pheromone trail level τi,j of the move, where i, j =
1, . . . . , n.

pi,j =
τai,jη

b
i,j∑

k∈Unused τ
a
i,kη

b
i,k

,where Unused is the set of unused nodes of the graph. The higher the value ofthe pheromone and the heuristi
 information, the more pro�table it is to sele
t thismove and resume the sear
h. In the beginning, the initial pheromone level is set to asmall positive 
onstant value τ0; later, the ants update this value after 
ompleting the
onstru
tion stage. ACO algorithms adopt di�erent 
riteria to update the pheromonelevel.The pheromone trail update rule is given by:
τi,j ← ρτi,j + ∆τi,j ,where ρ models evaporation in the nature and ∆τi,j is the new added pheromonewhi
h is proportional to the quality of the solution.As other metaheuristi
s, ACO algorithm is applied on hard 
ombinatorial optimiza-tion problems 
oming from real life and industry. It is unpra
ti
al to apply exa
t38



Ant Colony OptimizationInitialize number of ants;Initialize the ACO parameters;while not end-
ondition dofor k=0 to number of antsant k 
hoses start node;while solution is not 
onstru
ted doant k sele
ts higher probability node;end whileend forUpdate-pheromone-trails;end while Figure 1: Pseudo
ode for ACOmethods or traditional numeri
al methods on this kind of problems, be
ause theyneed huge amount of 
omputational resour
es, time and memory. Examples of opti-mization problems are Traveling Salesman Problem [6℄, Vehi
le Routing [7℄, MinimumSpanning Tree [5℄, Multiple Knapsa
k Problem [4℄, et
.The aim of this paper is analysis of the in�uen
e of the parameter R on the ACOalgorithm behavior.2 Subset EstimationsThe essential part of ACO algorithm is starting from random node when ants 
reatesolutions. It is a kind of diversi�
ation of the sear
h and leads to using small numberof ants, whi
h means less 
omputational resour
es. But for some problems, espe
iallysubset problems, it is important from whi
h node the sear
h pro
ess starts. Forexample if an ant starts from node whi
h does not belong to the good solution,probability to 
onstru
t it is zero. Therefore we divide the set of nodes of the graphof the problem to subset, we estimate every subset how good and how bed is to startfrom it, after we o�er several start strategies keeping in some extent the random start.Let the graph of the problem has m nodes. We divide the set of nodes on N subsets.There are di�erent ways for dividing. Normally, the nodes of the graph are randomlyenumerated. An example for 
reating of the nodes subsets, without loss of generality,is: the node number one is in the �rst subset, the node number two is in the se
ondsubset, et
. the node number N is in the N − th subset, the node number N +1 is inthe �rst subset, et
. Thus the number of the nodes in the subsets are almost equal.We introdu
e estimations Dj(i) and Ej(i) of the node subsets, where i ≥ 2 is thenumber of the 
urrent iteration. Dj(i) shows how good is the jth subset and Ej(i)shows how bad is the jth subset. Dj(i) and Ej(i) are weight 
oe�
ients of j − thnode subset (1 ≤ j ≤ N). 39



Dj(i) =
i.Dj(i− 1) + Fj(i)

i
,

Ej(i) =
i.Ej(i− 1) +Gj(i)

i
,where i ≥ 1 is the 
urrent pro
ess iteration and for ea
h j (1 ≤ j ≤ N):

Fj(i) =

{
fj,A

nj
if nj 6= 0

Fj(i− 1) otherwise , (1)
Gj(i) =

{ gj,B

nj
if nj 6= 0

Gj(i− 1) otherwise , (2)
fj,A is the number of the solutions among the best A%, gj,B is the number of thesolutions among the worst B%, where A+B ≤ 100, i ≥ 2 and

N∑

j=1

nj = n, (3)where nj (1 ≤ j ≤ N) is the number of solutions obtained by ants starting fromnodes subset j, n is the number of ants. Initial values of the weight 
oe�
ientsare: Dj(1) = 1 and Ej(1) = 0. With this estimation we take in to a

ount theinformation from previous iterations as well as the information from 
urrent iteration.The information from previous iterations have lass in�uen
e in the estimation be
ausewe divide to the number of iteration. The balan
e between the in�uen
e of theprevious iterations and the last is important. At the beginning when the 
urrent bestsolution is far from the optimal one, some of the node subsets 
an be estimated asgood. If the in�uen
e of the last iteration is too high then information for good andbad solutions from previous iterations is ignored, whi
h 
an distort estimation too.We try to use the experien
e of the ants from previous iteration to 
hoose the betterstarting node. Other authors use this experien
e only by the pheromone, when theants 
onstru
t the solutions [3℄. Let us �x threshold E for Ej(i) and D for Dj(i),than we 
onstru
t several strategies to 
hoose start node for every ant, the threshold
E in
reases every iteration with 1/i where i is the number of the 
urrent iteration:1 If Ej(i)/Dj(i) > E then the subset j is forbidden for 
urrent iteration and we
hoose the starting node randomly from {j |j is not forbidden};2 If Ej(i)/Dj(i) > E then the subset j is forbidden for 
urrent simulation and we
hoose the starting node randomly from {j |j is not forbidden};3 If Ej(i)/Dj(i) > E then the subset j is forbidden for K1 
onse
utive iterationsand we 
hoose the starting node randomly from {j |j is not forbidden};40



4 Let r1 ∈ [R, 1) is a random number. Let r2 ∈ [0, 1] is a random number. If
r2 > r1 we randomly 
hoose node from subset {j |Dj(i) > D}, otherwise werandomly 
hose a node from the not forbidden subsets, r1 is 
hosen and �xedat the beginning.5 Let r1 ∈ [R, 1) is a random number. Let r2 ∈ [0, 1] is a random number. If
r2 > r1 we randomly 
hoose node from subset {j |Dj(i) > D}, otherwise werandomly 
hose a node from the not forbidden subsets, r1 is 
hosen at thebeginning and in
rease with r3 every iteration.Where 0 ≤ K1 ≤"number of iterations" is a parameter. If K1 = 0, than strategy 3is equal to the random 
hoose of the start node. If K1 = 1, than strategy 3 is equalto the strategy 1. If K1 ="maximal number of iterations", than strategy 3 is equalto the strategy 2. R is a parameter whi
h shows the probability the ants to startfrom "good" node subset. When R = 0.5 the probability to start from "good" nodesubset is two times higher. When the value of R de
reases the probability to startfrom "good" node subset in
reases and when the value of R in
reases the probabilityto start from "good" node subset de
reases.We 
an use more than one strategy for 
hoosing the start node, but there are strate-gies whi
h 
an not be 
ombined. We distribute the strategies into two sets: St1 =

{strategy1, strategy2, strategy3} and St2 = {strategy4, strategy5}. The strategiesfrom same set 
an not be used at on
e. Thus we 
an use strategy from one set or 
om-bine it with strategies from the other set. Exemplary 
ombinations are (strategy1),
(strategy2; strategy5), (strategy3; strategy4). When we 
ombine strategies from
St1 and St2, �rst we apply the strategy from St1 and a

ording it some of the re-gions (node subsets) be
ome forbidden, and after that we 
hoose the starting nodefrom not forbidden subsets a

ording the strategy from St23 Computational ResultsWe test the ideas for 
ontrolled start on MKP. MKP is a real world problem and is arepresentative of the 
lass of subset problems. The MKP has numerous appli
ationsin theory as well as in pra
ti
e. It also arises as a subproblem in several algorithmsfor more 
omplex problems and these algorithms will bene�t from any improvementin the �eld of MKP. The following major appli
ations 
an be mentioned: problems in
argo loading, 
utting sto
k, bin-pa
king, budget 
ontrol and �nan
ial management.The 
omputational experien
e of the ACO algorithm is shown using 10 MKP instan
esfrom �OR-Library� available within WWW a

ess at http://people.brunel.a
.uk/mastjjb/jeb/orlib/, with 100 obje
ts and 10 
onstraints. The parameters are �xedas follows: ρ = 0.5, a = 1, b = 1, number of used ants is 20, A = 30, B = 30,
D = 1.5, E = 0.5, K1 = 5, r3 = 0.01. The values of ACO parameters (ρ, a, b) arefrom [4℄ and experimentally is found that they are best for MKP. The tests are runwith 1, 2, 4, 5 and 10 nodes within the nodes subsets. The values of the parameter Rare as follows {0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9} For every experiment, the results41



Table 4: In�uen
e of parameter RR 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9Random 28 28 28 28 28 28 28 28 28strat. 1 78 78 78 78 78 78 78 78 78strat. 2 82 82 82 82 82 82 82 82 82strat. 3 80 80 80 80 80 80 80 80 80strat. 4 84 80 81 78 87 83 82 81 78strat. 5 84 81 82 80 82 80 80 77 79strat. 1-4 80 82 79 83 83 84 82 84 81strat. 1-5 84 83 85 81 82 82 82 84 84strat. 2-4 82 83 80 86 81 85 82 83 80strat. 2-5 84 79 80 82 83 81 83 84 84strat. 3-4 83 82 80 87 82 86 83 83 80strat. 3-5 83 79 80 80 81 81 83 84 84are obtained by performing 30 independent runs, then averaging the �tness values.The 
omputational time whi
h takes start strategies is negligible with respe
t to the
omputational time whi
h takes solution 
onstru
tion.The problem whi
h arises is how to 
ompare the a
hieved solutions by di�erent strate-gies and di�erent node-devisions. Therefore the di�eren
e (interval) d between theworst and best average result for every problem is divided to 10. If the average resultfor some strategy, node devision and R is in the �rst interval with borders the worstaverage result and worst average plus d/10 it is appre
iated with 1. If it is in the se
-ond interval with borders the worst average plus d/10 and worst average plus 2d/10it is appre
iated with 2 and so on. If it is in the 10th interval with borders the bestaverage minus d/10 and the best average result, it is appre
iated with 10. Thus for atest problem the a
hieved results for every strategy, every nodes devision and every Ris appre
iated from 1 to 10. After that is summed the rate of all test problems for ev-ery strategy, every nodes devision and R. So the rate of the strategies/node-devisionand R be
omes between 10 and 100, be
ause the ben
hmark problems are 10. It ismode of result 
lassi�
ation, ranking.For all values of the parameter R the best rate a

ording node devision is when thereis only one node in node-subsets. So we put in the table the rate of the start strategieswhen the node subsets 
onsist one node, with bold is the best rate.Regarding the table we observe that the best rate is when R = 0.4 and R = 0.5,or when the probability to start from "good" node subsets is two times higher thanto start from others. When the value of R de
reases the probability to start from"good" subsets in
reases and when the value of R in
reases the probability to startfrom "good" subsets de
reases. When the value of the R is too small the probabilityto start from subset whi
h is not estimated as good is too small and the diversi�
ationof the sear
h de
rease, therefore the ranking is low in this 
ase. When the value of
R is 
lose to 1, the probability to start from "good" subsets is too small. Thus theintensi�
ation of the sear
h around good solution de
rease and therefore the ranking42



is low in this 
ase. When R = 0.4 or R = 0.5 there is good balan
e between diversi-�
ation and intensi�
ation. The parameter R a�e
ts only Strategy 4 and Strategy 5and 
ombinations with them.4 Con
lusionIn this paper we address on in�uen
e analysis of the parameter R of start strategieson the ACO algorithm applied on MKP. We vary the value of the parameter Rin the interval (0, 1). We found that the good balan
e between intensi�
ation anddiversi�
ation of the sear
h pro
ess a
hieves better results, thus the best values are
R = 0.4 and R = 0.5.In a future we will fo
us on parameter settings whi
h manage thestarting pro
edure. We will investigate on in�uen
e of the parameters to algorithmperforman
e.A
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Some Computational Aspe
ts of Harmoni
Interpolation Via Radon Proje
tionsIrina Georgieva, Clemens Hofreither1 Introdu
tionThe Radon transform, named after Johann Radon who studied it in the early twen-tieth 
entury, is the theoreti
al foundation for tomography methods for shape re
on-stru
tion of obje
ts with non-homogeneous density. These methods were intensivelystudied in the 1960s and 
ontinue to �nd many appli
ations in medi
ine, ele
troni
mi
ros
opy, geology, plasma investigations, �nding defe
ts in nu
lear rea
tors, et
.From the mathemati
al point of view, the problem is to re
over a multivariate fun
-tion using information given as line integrals of the unknown fun
tion.An idea suggested by B. Bojanov is to in
orporate additional knowledge about thefun
tion to be re
overed into approximation methods. It is to be expe
ted that this
an improve the a

ura
y of the approximation while redu
ing the amount of inputdata required as well as the 
omputational e�ort. In appli
ations, su
h problem-spe
i�
 knowledge is often provided in the form of a partial di�erential equationwhi
h the unknown satis�es.In the present work, we 
on
ern ourselves with the simple 
ase where the unknownis harmoni
, i.e., satis�es the Lapla
e equation ∆u = uxx + uyy = 0. This ellipti
partial di�erential equation is important both as a model problem as well as in a
tualappli
ations, like heat transport, di�usion problems or Stokes �ow of in
ompressible�uids.We 
onsider an algebrai
 method for re
onstru
tion of harmoni
 fun
tions via a �nitenumber of values of its Radon proje
tions. More pre
isely, for given values of someRadon proje
tions, we seek a harmoni
 polynomial whi
h mat
hes these data exa
tly.2 PreliminariesLet I(θ, t) denote a 
hord of the unit 
ir
le at angle θ ∈ [0, 2π) and distan
e t ∈ (−1, 1)from the origin. The 
hord I(θ, t) is parameterized by
s 7→ (t cos θ − s sin θ, t sin θ + s cos θ)⊤, where s ∈ (−

√
1− t2,

√
1− t2). (1)De�nition 1. Let f(x, y) be a real-valued bivariate fun
tion in the unit disk in R2.The Radon proje
tion Rθ(f ; t) of f in dire
tion θ is de�ned by the line integral

Rθ(f ; t) :=

∫

I(θ,t)

f(x) dx =

∫ √
1−t2

−
√

1−t2
f(t cos θ − s sin θ, t sin θ + s cos θ) ds.44



Johann Radon [11℄ showed in 1917 that a di�erentiable fun
tion f is uniquely deter-mined by the values of its Radon transform,
f 7→

{
Rθ(f ; t) : −1 ≤ t ≤ 1, 0 ≤ θ < π

}
.The problem of re
overy of a polynomial from a �nite number of values of its Radontransform may be viewed as a bivariate interpolation problem where the traditionalpoint values are repla
ed by the means over 
hords of the unit 
ir
le. Many mathe-mati
ians studied problems of this 
lass in the past few de
ades, among them Marr[10℄, Hakopian [9℄, Bojanov [1℄, and Xu [2℄. Other works in whi
h re
overy of bivariatepolynomials based on Radon proje
tions was 
onsidered are [7, 8, 5, 6, 4℄.3 Des
ription of the methodAssume that we know a priori that the fun
tion to be interpolated is harmoni
. Thenit seems natural to work in the spa
e Hn of real bivariate harmoni
 polynomials oftotal degree at most n, whi
h has dimension 2n + 1. Let a set of 
hords of the unit
ir
le I = {I1, I2, . . . , I2n+1} be given. Furthermore, to ea
h 
hord I ∈ I a givenvalue γI ∈ R is asso
iated. Then, the aim is to �nd a harmoni
 polynomial p ∈ Hnsu
h that ∫

I

p(x) dx = γI ∀I ∈ I. (2)Here the given values γI are the 
hord integrals 
orresponding to an unknown har-moni
 fun
tion u. The hope is that then p approximates u reasonably well.We 
all I regular if the interpolation problem (2) has a unique solution for all givenvalues {γI}.The regular s
hemes whi
h we work with were 
onstru
ted with the help of methodsfrom symboli
 
omputation [3℄, and we brie�y present them below.
Figure 1: Regular s
hemes a

ording to Theorem 1.Theorem 1 ([3℄). Let the 
hords I be given by Im = I(θm, t), where the angles θm areequally spa
ed over the unit 
ir
le (0, 2π) and t ∈ (0, 1) is not a zero of any Chebyshevpolynomial of the se
ond kind U1, . . . , Un. Then the interpolation problem (2) has aunique solution in Hn for any given data {γI}.In fa
t, in [3℄, arbitrarily spa
ed angles θm were admitted, however in the presentwork we sti
k with equally spa
ed 
hords. Some possible 
on�gurations whi
h satisfythe assumptions of Theorem 1 are shown in Figure 1.45



The proof uses the following basis of the harmoni
 polynomials,
φ0(x, y) = 1, φk,1(x, y) = Re(x+ iy)k, φk,2(x, y) = Im(x+ iy)k,whi
h is equal, in polar 
oordinates, to

φk,1(r, θ) = rk cos(kθ), φk,2(r, θ) = rk sin(kθ).We have shown the following analogue to Marr's formula [10℄ in the harmoni
 
ase.Lemma 1. The Radon proje
tions of the basis harmoni
 polynomials satisfy
∫

I(θ,t)

φk,1 dx =
2

k + 1

√
1− t2Uk(t) cos(kθ),

∫

I(θ,t)

φk,2 dx =
2

k + 1

√
1− t2Uk(t) sin(kθ).Under the assumption of 
onstant tm = t, we 
an use this lemma to derive thefollowing representation of the system matrix 
orresponding to (2): A = CD, where

C=




1 cos(θ1) sin(θ1) cos(2θ1) sin(2θ1) . . . cos(nθ1) sin(nθ1)
1 cos(θ2) sin(θ2) cos(2θ2) sin(2θ2) . . . cos(nθ2) sin(nθ2)... ... ... ... ... . . . ... ...
1 cos(θ2n) sin(θ2n) cos(2θ2n) sin(2θ2n) . . . cos(nθ2n) sin(nθ2n)
1 cos(θ2n+1) sin(θ2n+1) cos(2θ2n+1) sin(2θ2n+1) . . . cos(nθ2n+1) sin(nθ2n+1)



,

D = diag(α0, α1, α1, . . . , αn, αn)with the 
olumn fa
tors αk = 2
k+1

√
1− t2Uk(t) > 0.The matrix C is the same as for the one-dimensional problem of interpolation with atrigonometri
 polynomial of degree n in [0, 2π] at the points {θ1, . . . , θ2n+1}. We usethe fa
t that C is invertible if and only if the angles θm are pairwise distin
t to showthat A is invertible in this 
ase.4 Inversion of the linear systemFor the equally spa
ed angles θm = 2πm

2n+1 and t ∈ (0, 1) su
h that Uk(t) 6= 0 for all
k ∈ {0, . . . , n}, we use the orthogonality of the 
olumns of C to derive the expli
itinverse

A−1 = diag(β0, β1, β1, . . . , βn, βn)C
⊤,where the row fa
tors

βk =

{
1

2(2n+1) (
√

1− t2)−1 = 1
2n+1α

−1
k , k = 0,

k+1
2n+1 (

√
1− t2Uk(t))−1 = 2

2n+1α
−1
k , k ≥ 146



serve to normalize the orthogonal system formed by the 
olumns of C.Note that the a
tion of the matrix C⊤ is essentially a dis
rete Fourier transform ofthe given data. This suggests an e�
ient algorithm for the solution of the linear sys-tem: using a suitable Fast Fourier Transform (FFT), we 
an 
ompute the 
oe�
ientsof the interpolating polynomial in slightly worse than linear (O(n)) time. Havingsu
h a quasi-optimal solution method available is invaluable for pra
ti
al large-s
aleproblems.5 Condition numberWith the use of the expli
it formula for A−1, it is not di�
ult to 
ompute the singularvalues of both A and A−1. This allows us to obtain a uniform bound for the spe
tral
ondition number of A, to be pre
ise,
κ2(A) ≤ 2

√
2,again under the assumption of equally spa
ed angles and 
onstant t. The signi�
an
eof this result is that the method is very stable with respe
t to errors in the input data,i.e., noise in the given measurements results in an error whi
h is of the same order ofmagnitude. Indeed, our numeri
al examples 
on�rm this.6 Numeri
al ExampleWe test our method on a fun
tion whi
h is given by the harmoni
 extension of thequadrati
 spline f(θ), −π ≤ θ ≤ π, where θ is the angle on the unit 
ir
le.

f(θ) =





− 1
2 (θ + π

2 )(θ + 3
2π), −π ≤ θ < −π2 ,

1
2 (θ − π

2 )(θ + π
2 ), −π2 ≤ θ < π

2 ,

− 1
2 (θ − π

2 )(θ − 3
2π), π

2 ≤ θ < π.

-3 -2 -1 1 2 3

-1.0

-0.5

0.5

1.0

Note that f(θ) is a periodi
 C1-fun
tion with dis
ontinuous se
ond derivative. Theresulting harmoni
 fun
tion u has the series representation (in polar 
oordinates)
u(r, θ) =

∞∑

k=1

(−1)kr2k−1 4 cos ((2k − 1)θ)

(2k − 1)3π
.For our 
hords I, we 
hoose the edges of a regular (2n+ 1)-sided 
onvex polygon (
f.Figure 1, �rst pi
ture). Figure 2 shows the relative L2-errors for varying degree n ofthe interpolating polynomial. The last 
olumn of the table displays the ratio between47



n relative L2 error rate2 2.97973 · 10−2 �4 6.08456 · 10−3 4.908 9.26954 · 10−4 6.5616 1.23962 · 10−4 7.4732 1.58587 · 10−5 7.82
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Figure 2: Relative L2 errors for varying degree n, with log-log-plotsu

essive errors. This rate of 
onvergen
e approa
hes 8 and thus suggests that theinterpolation error is of the order O(n−3).Previous experiments for re
overy of fun
tions whi
h are C∞ in the 
losed unit diskhave shown exponential 
onvergen
e [3℄.7 A
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Visualization Tool of Sensitivity Study ResultsRayna Georgieva and So�ya Ivanovska1 Introdu
tionSensitivity analysis (SA) has an important twofold role: for mathemati
al modelsveri�
ation and/or improvement, and/or on the other hand, for a reliable interpreta-tion of experts of the main e�e
t, the intera
tion and higher-order intera
tion e�e
tof input parameters on the model output. A possible de�nition of sensitivity analysisis given in [8℄: the study of how un
ertainty in the output of a model (numeri
al orotherwise) 
an be apportioned to di�erent sour
es of un
ertainty in the model input.The general pro
edure for sensitivity analysis 
an be des
ribed in the following stepspresented on Figure 1 [11℄:
• de�nition of probability distributions for the parameters under study,
• generation of samples a

ording to the de�ned probability distributions using asampling strategy,
• sensitivity analysis of the output varian
e in relation to the variation of theinputs.

variation of input
quantities

measured
quantities

general model,
model structure

model parameters
and variables optimized model

output quantities

sensitivity measures
validation,
optimizationFigure 1: General pro
edure for sensitivity analysis.Varian
e-based sensitivity analysis is an useful tool for an advan
ed study of relationsbetween the input parameters of a model, output results and internal me
hanismsregulating the system under 
onsideration. They deliver global, quantitative and50



model-independent sensitivity measures and are e�
ient of the 
omputational pointof view. Its 
omputational 
ost for estimating all �rst-order and total sensitivitymeasures is proportional to the sample size and the number of input parameters.The aim of the 
urrent work is development of a visualization tool to present sensitivitystudy results about ozone 
on
entration levels due to variation of 
hemi
al rates inthe large-s
ale mathemati
al model for remote transport of air pollutants (Uni�edDanish Eulerian Model, UNI-DEM2, [12℄).2 Numeri
al MethodsVarious varian
e-based te
hniques for global sensitivity analysis have been appliedto study the sensitivity of ozone 
on
entrations a

ording to variations of rates ofsome 
hemi
al rea
tions. The input data analised has been obtained during runs ofthe mathemati
al model for remote transport of air pollutants UNI-DEM. The Sobolmethod is one of the most often used varian
e-based methods [9℄. An importantadvantage of this method is that it allows to 
ompute not only the �rst-order indi
es,but also indi
es of a higher-order in a way similar to the 
omputation of the maine�e
ts. The problem of providing global sensitivity analysis applying Sobol approa
h(and its modi�
ations [8, 10℄) 
onsists in evaluating total sensitivity indi
es, and inparti
ular Sobol global sensitivity indi
es of 
orresponding order. It represents aproblem of multidimensional integration.Several sensitivity analysis te
hniques and e�
ient Monte Carlo approa
hes have beendeveloped and applied to 
ompute sensitivity indi
es for the UNI-DEM model ofremote transport of air pollutants [1, 2, 3, 4℄. A number of numeri
al tests have beenperformed to study and 
ompare e�
ien
y of these approa
hes:
• varian
e-based approa
hes for sensitivity analysis - Sobol approa
h, extendedFourier Amplitude Sensitivity Test (eFAST),
• Monte Carlo algorithms (adaptive algorithm [3℄, algorithm based on Sobolquasirandom sequen
es (MCA-MSS, [2℄), approa
h for very small sensitivityindi
es [10℄),
• random number generators� SIMD-oriented Fast Mersenne Twister pseudorandom number generator[7, 13℄,� quasirandom number generator of Sobol sequen
es (an algorithm with Gray
ode implementation and sets of dire
tion numbers proposed by Joe andKuo [5℄),2UNI-DEM has been developed at the Danish National Environmental Resear
h Institute(http://www2.dmu.dk/Atmospheri
Environment/DEM/), at present - National Centre for Environ-ment and Energy (NERI), Aarhus University. 51



• software pa
kages� R language and environment for statisti
al 
omputing [15℄,� SIMLAB [16℄.The algorithms under 
onsideration are tested numeri
ally for 
omputing sensitivitymeasures for UNI-DEM model to study sensitivity of ozone 
on
entration a

ording tovariation of 
hemi
al rates. A 
omparison with several s
rambling approa
hes (mainlybased on Owen s
rambling, [6℄) also has been done. All algorithms mentioned aboveare e�
ient and 
onverge with the expe
ted rate of 
onvergen
e. It is important tonoti
e that the Monte Carlo algorithm MCA-MSS based on modi�ed Sobol sequen
esgives similar rates of the relative error in 
omparison with s
rambling approa
hes. Butthere are many 
ases when MCA-MSS has essential advantages. It holds espe
iallyfor small in values sensitivity indi
es. The latter 
ase is 
ru
ial to provide reliablesensitivity analysis.Spe
ifying the most important 
hemi
al rea
tions for the model output the spe
ialistsfrom various applied �elds (
hemistry, physi
s) may obtain valuable information foran improvement of the model and thus it will lead to an in
rease of reliability androbustness of predi
tions.3 Des
ription of the Visualization ToolThe 
urrent tool shown on Figure 2 is 
onstru
ted to present sensitivity study done forthe in�uen
e of 
hemi
al rea
tion rates on the variability of the ozone 
on
entrationsin the mathemati
al model UNI-DEM des
ribing remote transport of air pollutants.The visualization tool has been developed using GUI Builder in Matlab [14℄. Its user-friendly menu allows di�erent random number generators, Monte Carlo approa
hesand sensitivity analysis strategies to be sele
ted in order to visualize 
orrespondingresults. Des
ription of the mathemati
al model under 
onsideration as well as ofthe algorithms applied is available (see Figure 2). Various results of �rst-order andtotal sensitivity indi
es obtained with MATLAB, R Pa
kage, and SIMLAB software,as well as of relative errors and 
omputational times 
al
ulated applying numeri
alapproa
hes mentioned in Se
tion 2 are available (Figure 3).A
knowledgmentThe numeri
al results presented by the visualization tool have been obtained in ajoint work with Prof. Ivan Dimov, Dr. Tzvetan Ostromsky, and Prof. Zahari Zlatev.This work is partly supported by the Bulgarian NSF Grants DTK 02/44/2009 andDO 02-215/2008. 52



Figure 2: General view of the visualization tool. An example with des
ription of a
omputational approa
h. 53



Figure 3: Examples of numeri
al results presented in a table and a �gure.54
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On the 6-wave equations related to the g2 algebra.Minimal sets of s
attering data.V. S. GerdjikovAbstra
tHere we brie�y analyze the 6-wave equations related to the ex
eptional g2algebra. We demonstrate several inequivalent Z2-redu
tions and formulate theminimal sets of s
attering data of the relevant Lax operator.1 Introdu
tionThe integrability of the N -wave equations has been dis
overed [13℄ and studied ex-tensively [13, 12, 9, 3, 11℄ during the 1970'ies. Later it was been shown that N -waveequations 
an be related to ea
h simple Lie algebra [1, 2, 7℄. It was of spe
ial interestalso to study their redu
tions [4, 5, 6℄ using the Mikhailov's redu
tion group [10℄.The aim of the present paper is to explore deeper the 6-wave equations related to theex
eptional g2 algebra. It is only natural to with the 
ompatibility 
ondition of theoperators L and M :
Lψ ≡ idψ

dx
+ U(x, t, λ)ψ(x, t, λ) = 0,

Mψ ≡ idψ
dt

+ V (x, t, λ)ψ(x, t, λ) = 0,

(1)where
U(x, t, λ) = [J, q(x, t)] − λJ, V (x, t, λ) = [I, q(x, t)]− λI

q(x, t) =
∑

α∈∆+

(qα(x, t)Eα + pα(x, t)E−α), (2)and the Cartan elements J = 3a1H1 + a2H2 and I = 3b1H1 + b2H2. We assumethat qα and pα are smooth 
omplex-valued fun
tions and Eα and Hj , j = 1, 2 are theCartan-Weyl basis of the ex
eptional g2 algebra, see the Appendix. The NLEE
i

[
I,
∂q

∂x

]
− i
[
J,
∂q

∂t

]
+ [[J, q], [I, q(x, t)]] = 0. (3)
56



is a system of 12 equations; the �rst 6 of them take the form:
i(2a1 − 3a2)

∂q10
∂t
− i(2b1 − 3b2)

∂q10
∂x

+ κ(p01q11 − 2q21p11 + p21q31) = 0,

i(a1 − 2a2)
∂q01
∂t
− i(b1 − 2b2)

∂q01
∂x
− κ(p10q11 − p31q32) = 0,

i(a1 − 3a2)
∂q11
∂t
− i(b1 − 3b2)

∂q11
∂x

+ κ(q01q10 + 2q21p10 − p21q32) = 0,

ia1
∂q21
∂t
− ib1

∂q21
∂x

+ κ(p11q32 + 2q11q10 + p10q31) = 0,

i(a1 − a2)
∂q31
∂t
− i(b1 − b2)

∂q31
∂x
− κ(q10q21 + p01q32) = 0,

ia2
∂q32
∂t
− ib2

∂q32
∂x
− κ(q21q11 − q01q31) = 0,

(4)
where κ = a1b2− b1a2 and the indi
es ij 
orrespond to the root iα1 + jα2, see eq. (7)below. The other 6 equations are obtained from (4) by inter
hanging qij and pij . The6-wave equations are obtained from (4) by imposing the typi
al redu
tion pα = ±q∗α.The equations (3) are Hamiltonian ones with Hamiltonian H6w = H0 +Hint:

H0 =
i

2

∫ ∞

−∞
dx

∑

α>0

α(I)

(
qα
∂pα
∂x
− pα

∂qα
∂x

)
,

Hint = −2κ

∫ ∞

−∞
dx (p32(q21q11 − q01q31) + p10(2q21p11 − q31p21 − q11p01)

− q32(p21p11 − q01q31)− q10(2p21q11 − p31q21 − p11q01)) .

(5)The typi
al redu
tion is not the only one that 
an be imposed on (4). Below we willshow other redu
tions and will dis
uss the spe
tral properties of the Lax operator.2 Preliminaries: The Lie algebra g2The root system of g2 is given in �g. 2. The Cartan-Weyl basis satis�es the 
ommu-tation relations [8℄:
[H,Eα] = α(H)Eα, [Eα, Eβ ] = Nα,βEα+β , [Eα, E−α] = Hα. (6)where E−α = (Eα)T . The simple roots and the positive roots are given by:
α1 =

1

3
(e1 − e2 + 2e3), α2 = e2 − e3

α1 = 10, α2 = 01, α1 + α2 = 11,

2α1 + α2 = 21, 3α1 + α2 = 31, 3α1 + 2α2 = 32.

(7)The root 32 is the maximal root of g2; its height is 3 + 2 = 5.The Weyl group is generated by the re�e
tions Sα1 and Sα2 where by de�nition
Sα~x = ~x − 2(~x,α)

(α,α) α. Expli
itly the Cartan-Weyl basis for the typi
al 7-dimensionalrepresentation of g2 is given in the appendix.57



3 Redu
tions of the 6-wave equationsThe Mikhailov's redu
tion group [10℄ is a �nite group a
ting on the Lax pair by:
Ck(L(Γk(λ))) = ηkL(λ), Ck(M(Γk(λ))) = ηkM(λ). (8)Here Ck ∈ Aut g and Γk(λ) ∈ ConfC are the images of gk and ηk = 1 or −1 dependingon the 
hoi
e of Ck. Sin
e GR is a �nite group then for ea
h gk there exist an integer

Nk su
h that gNk

k = 11. In what follows we 
onsider several di�erent realizations of Z2redu
tion groups. Using this method one 
an 
lassify all inequivalent Z2-redu
tionsof the N -wave equations [4, 5, 6℄.Example 1. C1 = w0. C1(U
∗(x, t, ηλ∗)) + U(x, t, λ) = 0 and η = ±1. This gives:

a∗1 = ηa1, a∗2 = ηa2, b∗1 = ηb1, b∗2 = ηb2; pα = −ηq∗α (9)Example 2. Σ−1U †(x, t, ηλ∗)Σ − U(x, t, λ) = 0, η = ±1 where Σ belongs to theCartan subgroup and equals Σ = diag (s1s2, s1, s2, 1, 1/s2, 1/s1, 1/(s1s2)). Then allCartan elements be
ome real (purely imaginary) for η = 1 (η = −1) and
p10 = − η

s2
q∗10, p01 = − η

s1
q∗01, p11 = − η

s1
q∗11,

p21 = − η

s1s2
q∗21 , p31 = − η

s1s22
q∗31, p32 = − η

s21s2
q∗32,

(10)In the parti
ular 
ase s1 = s2 = 1 we obtain one of the typi
al redu
tions.Example 3. C3 = Sα1 . C3(U
∗(x, t, ηλ∗)) + U(x, t, λ) = 0 and η = ±1. Then:

a2 = a1 − ηa∗1, b2 = b1 − ηb∗1, q31 = ηq∗01, p10 = ηq∗10, q21 = ηq∗11,

q∗32 = ηq32, p31 = ηp∗01, p21 = ηp∗11, p∗32 = ηp32.
(11)so we obtain a 7�wave system with 2 real and 5 
omplex waves.Example 4. C4 = Sα2 . C4(U

∗(x, t, ηλ∗)) + U(x, t, λ) = 0 and η = ±1. Then:
a1 =

a2 − ηa∗2
3

, b1 =
b2 − ηb∗2

3
, q11 = −ηq∗10, p01 = ηq∗01, q∗21 = −ηq21,

q32 = ηq∗31, p11 = −ηp∗10, p∗21 = −ηp21, p32 = ηp∗31. (12)so we obtain another 7�wave system with 2 real and 5 
omplex waves.4 The minimal sets of s
attering data of LThe Jost solutions are introdu
ed by:
lim
x→∞

ψ(x, t, λ)eiλJx = 11, lim
x→−∞

φ(x, t, λ)eiλJx = 11, (13)58
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01Figure 1: The root system of G2 (left panel) and the de
ay s
heme of the G2 6-waveintera
tions with typi
al redu
tion (right panel).Next we introdu
e the s
attering matrix T (t, λ) and its Gauss de
omposition:

T (λ, t) ≡ ψ̂φ(x, t, λ) = T−D+Ŝ+ = T+D−Ŝ− (14)where S±, T±, D± are the Gauss fa
tors and X̂ ≡ X−1. Skipping the details we
onstru
t the fundamental analyti
 solutions (FAS) of L:
χ±(x, t, λ) = φ(x, t, λ)S±(t, λ) = ψ(x, t, λ)T∓(t, λ)D±(λ). (15)As a 
onsequen
e of this 
onstru
tion there follows that D±(λ) are generating fun
-tionals of the integrals of motion.Next instead of solving the inverse s
attering problem for the operator L, we usethe fa
t that the FAS χ±(x, t, λ) satisfy a Riemann-Hilbert problem. Introdu
ing

ξ±(x, t, λ) = χ±(x, t, λ)e−iλJx we �nd that
ξ+(x, t, λ) = ξ−(x, t, λ)G(x, t, λ), G(x, t, λ) = e−iλJxŜ−S+eiλJx,

lim
λ→∞

ξ±(x, t, λ) = 11. (16)We also mention that ea
h of the redu
tions 
an easily be extended to the FAS, T (t, λ)and its Gauss fa
tors S±(t, λ), T±(t, λ) and D±(λ). Taking the example 1 with η = 1and J∗ = J we have:
ξ+,∗(x, t, λ∗) = C1(ξ

−(x, t, λ)), S+,∗(t, λ∗) = C1(S
−(t, λ)),

T+,∗(t, λ∗) = C1(T
−(t, λ)), D+,∗(λ∗) = C1(D

−(λ)).
(17)Finally we formulate the main result in this paper.59



Proposition 1. Let the potential q∗(x, t) = C1(q) be su
h that L has no dis
reteeigenvalues. Then we 
an introdu
e two minimal sets of s
attering data, that deter-mine uniquely both the s
attering matrix T (t, λ) and the potential q(x, t) given by:
T1 ≡ {s+α (t, λ), α ∈ ∆+}, T2 ≡ {t+α (t, λ), α ∈ ∆+}, (18)where the 
oe�
ients s+α (t, λ) and t+α (t, λ) determine the Gauss fa
tors S+(t, λ) and

T+(t, λ), see eq. (21) below.Proof 1. The fa
t that L has no dis
rete eigenvalues means that ξ+(x, t, λ) areregular solutions of the RHP. Using eq. (17) from T1 (resp. T2) we re
over S±(t, λ)(resp. T±(t, λ)) and the sewing fun
tion G(x, t, λ). It determines uniquely the regularsolutions ξ±(x, t, λ). Next we analyze their asymptoti
s for x → ∞ (resp. for x →
−∞). This allows us to show that T1 (resp. T2) determines uniquely D±(λ) and
T±(t, λ) (resp. S±(t, λ)) and, as a 
onsequen
e, T (t, λ). It remains to show how onere
overs the potential q(x, t). Using the 
anoni
al normalization of the RHP and theZakharov-Shabat theorem (see [11, 1℄) we �nd that:

[J, q(x, t)] = lim
λ→∞

λ(J − ξ+(x, t, λ)Jξ̂+(x, t, λ)). �. (19)5 Con
lusionsWe analyzed several redu
tions of the 6-wave equations related to the ex
eptional g2algebra. The system des
ribes a 
ompli
ated 
as
ade of 3-wave intera
tions (see �g.1). Next we 
onstru
ted the Gauss fa
tors of the s
attering matrix and showed thatthey 
an be used to 
onstru
t the minimal sets of s
attering data for L.A Cartan Weyl basis of g2 and the Gauss fa
torsHere we provide expli
itly the �rst fundamental 7-dimensional representation of G2along with some additional properties.
H10 =

1

3
(E11 − E22 + 2(E33 − E55) + E66 − E77), H01 = E22 − E33 + E55 − E66.

E10 = E12 − E67 +
√

2(E34 − E45), E01 = E23 − E56,
E11 = E13 − E57 −

√
2(E24 − E46), E31 = E15 − E37,

E21 = E25 − E36 +
√

2(E14 − E47), E32 = E16 − E27,
(20)Here (Ekm)sn = δksδmn. The Gauss fa
tors, introdu
ed in (14) take the form:

S±(λ, t) = exp



∑

α∈∆+

s±(λ, t)E±α


 , T±(λ, t) = exp



∑

α∈∆+

t±(λ, t)E±α


 ,(21)60
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Quasi-Monte Carlo Approa
h for Solving BVPsAneta Karaivanova and Todor Gurov1 MotivationQuasi-Monte Carlo (QMC) methods o�er higher pre
ision and faster 
onvergen
e forintegrals and some kinds of integral equation. Some of the advantages of QMC are:
• Improved 
onvergen
e (in pra
ti
e the log fa
tor is not observed);
• Can be either 
ompletely deterministi
 or in
lude some randomness;
• Some families of sequen
es 
an be tuned to a parti
ular appli
ation;
• S
rambling provides a way of 
ombining the advantages of Monte Carlo andquasi-Monte Carlo methods, o�ering automati
 error estimation;
• Faster generation than pseudo-random numbers;
• Amenable to parallel implementation;
• The spread of 
omputational grids makes the parallelization properties of theMC and QMC algorithms important for the pra
ti
al implementation.The use of QMC methods for BVPs is studied in many papers. Here we refer toquasi-Monte Carlo variants of three Monte Carlo algorithms: grid-walk, walk-on-spheres and walk-on-balls, [7, 8℄. The �rst one uses a dis
retization of the problemon a mesh and solves the linear algebrai
 system whi
h approximates the originalproblem. The se
ond two methods use an integral representation of the problemwhi
h leads to a Random Walk on Spheres (WoS) or to a Random Walk on Balls(WoB) method. Di�erent strategies for using quasirandom sequen
es are proposedand tested in order to generate quasirandom walks on grids, spheres, and balls. TheQMC methods preserve the advantages of the Monte Carlo for solving problems in
ompli
ated domains, and show slightly better rates of 
onvergen
e for QMCmethods.Additionally, the Walk-on-Balls method has been extensively studied in [7, 8℄ usings
rambled sequen
es and 
.u.d. sequen
es. In this work we present numeri
al resultsfor Walk-on-Spheres (WoS) using s
rambled sequen
es.2 The Monte Carlo Approa
hLet G ⊂ Rd be a bounded domain with boundary ∂G. We 
onsider the boundaryvalue problem

Lu ≡
∑

|α|≤2m

aα(x)Dαu(x) = −f(x), x ∈ G, (1)62



u(x) = ϕ(x), x ∈ ∂G , (2)where L is an arbitrary ellipti
 operator in Rd of order 2m, aα(x) ∈ C∞(Rd), andthe fun
tion f(x) belongs to the Bana
h spa
e X(G). Assume that f(x), ϕ(x), andthe boundary ∂G satisfy 
onditions ensuring that the solution of the problem (1),(2) exists and is unique. We study Monte Carlo algorithms for 
al
ulating linearfun
tionals of the solution of the problem (1), (2)
J(u) = (h, u) =

∫

G

u(x)h(x)dx, (3)where h ∈ X∗(G) (X∗(G) is the 
onjugate fun
tional spa
e to X(G)).For many appli
ations X = L1 and thus X∗ = L∞ , or X = X∗ = L2.Suppose we 
an rewrite (1), (2) as
u = Ku+ f. (4)Then we 
onsider the sequen
e of fun
tions u1, u2, ..., de�ned by the re
ursion

uk+1 = Kuk + f, k = 1, 2, . . . (5)The formal solution of (4) is the trun
ated von Neuman series
uk+1 = f +Kf + · · ·+Kk−1f +Kku0, k > 0 , (6)where Kk is the k-th iterate of K.The trun
ation error of (6) is

uk − u = Kk(u0 − u). (7)Our approa
hes (Walk-on=Grid, Walk-on-Spheres, and Walk-on-Balls) 
orrespond totwo spe
ial 
ases of the linear operator K: (i) K is a matrix and u and f are ve
tors;(ii) K is an ordinary integral transform
Ku =

∫

G

k(x, y)u(y)dy . (8)To estimate the fun
tional (3) via a MCM1, we 
onstru
t random walks using h tosele
t initial spatial 
oordinates for ea
h random walk, and the kernel k(x, y), suitablynormalized, to de
ide between termination and 
ontinuation of ea
h random walk, andto determine the lo
ation of next point. There are numerous ways to a

omplish this.Consider the following random variable (RV) whose mathemati
al expe
tation isequal to J(u), [5℄:
θ[h] =

h(ξ0)

π(ξ0)

∞∑

j=0

Qjf(ξj), (9)1We develop the solution in a Neumann series under the 
ondition ||Kn0 || < 1 for some n0 ≥ 163



where Q0 = 1; Qj = Qj−1
k(ξj−1, ξj)

p(ξj−1, ξj)
, j = 1, 2, . . . . Here ξ0, ξ1, . . . is a Markov 
hain(random walk) in the domain G with initial probability density π(x) and transitionprobability density p(x, y). The latter is equal to the normalized integral equationkernel.The Monte Carlo estimate of J(u) = E[θ] is

J(u) = E[θ] ≈ 1

N

N∑

s=1

{θks
}s, (10)where {θks

}s is the s-th realization of the RV θ on a Markov 
hain with length ks,and N is the number of Markov 
hains (random walks) realized. The statisti
al erroris errN ≈ σ(θ)N− 1
2 where σ(θ) is the standard deviation of our statisti
, θ.In 
ase K is the matrix L = {lij}, we 
onstru
t the following r.v.:

θ[h] =
hk0
p0

∞∑

ν=0

Qνfkν
, (11)where

Q0 = 1; Qν = Qν−1
lkν−1,kν

pkν−1,kν

, ν = 1, 2, . . .and k0, k1, . . . is a Markov 
hain on the elements of the matrix L 
onstru
ted by usinginitial probability p0 and transition probability pkν−1,kν
for 
hoosing the next element

lkν−1,kν
of the matrix L.3 Quasi-Random WalksHere we dis
uss how to 
onstru
t a quasi-MCM for the problem 
onsidered here.Error bounds arising in the use of quasi-MCMs for integral equations is based onChelson's estimates, [3℄. Below Chelson's results are rewritten in terms related to ourparti
ular problem:

∣∣∣∣∣u(ξ0)−
1

N

N∑

1

θ∗s(ξ0)

∣∣∣∣∣ ≤ V (θ∗) D∗
N(Q) (12)where Q is a sequen
e of quasirandom ve
tors in [0, 1)dT , d is the number of QRNsin one step of a random walk, T is the maximal number of steps in a single randomwalk, and θ∗ 
orresponds to θ for the random walk ξ0, ξ1, . . . , ξkε

generated from Qby a one-to-one map. Spa
e pre
ludes more dis
ussion of the work of Chelson, butthe reader is referred to the original for 
lari�
ation, [3℄.This digestion of Chelson's results is the integral equation analog of the Koksma-Hlawka inequality. It ensures 
onvergen
e, but it's rate is very pessimisti
 due to thehigh dimension of the quasirandom sequen
e.64



The e�e
tiveness of quasi-MCMs has some important limitations. First of all, quasi-MCMs may not be dire
tly appli
able to 
ertain simulations, due to 
orrelationsbetween points of the quasirandom sequen
e. This problem 
an be over
ome in many
ases by s
rambling of the QRNs used. However, as the resulting integral is often ofvery high dimensional, this leads to a se
ond limitation as the improved a

ura
y ofquasi-MCMs applied to integrals is generally lost in very high dimensions.In the MCM des
ribed in this paper, a random walk is a traje
tory
ξ0 → ξ1 → . . .→ ξkε

,where ξ0 is the initial point and the transition probability from ξj−1 to ξj is p(ξj−1, ξj).Using quasirandom sequen
es in this problem is not so simple. One possible approa
his to use kε-dimensional sequen
e for random walk on spheres or grid, and kε(1 +
3S−1

0 ) ≈ 7kε- dimensional sequen
e for random walk on balls, with length N for Nrandom walks. Here kε is the length of a Markov 
hain and S0 is the e�
ien
y of theA

eptan
e-reje
tion method used in Walk-On-Balls method. Here we interpret thetraje
tory as a point in G× . . .×G = Gi+1, and the density of this point is:
pi(ξ0, ξ1, . . . ξi) = p(ξ0, ξ1) . . . p(ξi−1, ξi). (13)The di�
ulty here is that the dimension of su
h a sequen
e is very high (severalhundreds for RWB) and, 
onsequently, the dis
repan
y of su
h a high dimensionalquasirandom sequen
e is approximately that of a pseudorandom sequen
e and there-fore provides no improvement over ordinary MCMs.In [7℄ and [8℄ the QMC variant of ROW has been 
onsidered and two variants havebeen proposed - an algorithm that uses 
.u.d. sequen
es and an algorithm that usesa spe
ial 
ase of the s
rambled Halton sequen
es. The results are very good. In thiswork we 
ontinue with appli
ation of s
rambled quasirandom sequen
es for solvingPoisson equation.4 Numeri
al Tests and Con
lusionWe 
onsider the following Poisson equation:

1

2
∆u(x) = −(1− r2

2
)e−r

2/2 (14)with the boundary 
onditions u(r, 0) = e−r
2/2, u(r,−3π/2) = −r1/3 + e−r

2/2, and
u(1, θ) = sin(θ/3) + e−1/2.The known analyti
 solution is

u(r, θ) = r1/3 sin(θ/3) + e−r
2/2. (15)Here we use a kε-dimensional sequen
e with length N for N random walks, where kεis the length of the Markov 
hain (see Figure 1). The maximum dimension is around100 and the average dimension about 14.65
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Figure 1: Modi�ed WOS. x0, x1, ..., xk, ..., xn are a series of dis
rete jumps of aBrownian traje
tory whi
h terminates on absorption in the ǫ-absorption layer.
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Figure 2: Error versus number of traje
tories for MCM and quasi-MCM using Nieder-reiter sequen
e.Although the numeri
al tests show very small improvement in a

ura
y using s
ram-bled quasirandom sequen
es (see Fig. 2), the a
tual bene�t is the de
reased 
ompu-tational time and readiness for parallel and distributed implementation.A
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Positivity Preserving Numeri
al Methods forHaptotaxis ModelsMikhail K. Kolev, Miglena N. Koleva, Lubin G. Vulkov1 Introdu
tionThe appli
ation of mathemati
al and 
omputational methods in bios
ien
es is a 
hal-lenging and promising area of resear
h. In parti
ular, during the last several de
adesmathemati
s has been widely applied to model su
h 
omplex pro
esses as viral infe
-tions and 
an
er development and progression. We 
onsider the following rea
tion-di�usion-haptotaxis model problem
∂n

∂t
= dn

∂2n

∂x2
− γ ∂

∂x

(
n
∂f

∂x

)
+H1(n, f),

∂f

∂t
= −ηmf +H2(n, f), (1)

∂m

∂t
= dm

∂2m

∂x2
− βm+H3(n, f).The unknown fun
tions n = n(x, t), f = f(x, t), m = m(x, t) depend on the spa
evariable x (the distan
e from the 
entre of the tumour) belonging to the s
aled domain

Ω = [0, 1] of tissue and time t; dn, γ, η, dm and β are given positive 
onstants. Thesystem (1) des
ribes intera
tions between 
an
er 
ells (their density is denoted bythe fun
tion n), extra
ellular matrix (its density is denoted by the fun
tion f), andmatrix degradative enzymes (their 
on
entration is denoted by the fun
tion m).This system is a part of a more general model of 
an
er invasion proposed by Andersonet al.[1℄ and developed later in a series of papers (see for example [2℄). Variousmodi�
ations of the model have been numeri
ally investigated in [6, 10℄. Numeri
almethods for solutions of Keller-Segel 
hemotaxis systems has been proposed in [3, 5,12℄, see also referen
es therein.The system (1) will be solved numeri
ally at the boundary 
onditions
∂n

∂x
(0, t) =

γ

dn
n(0, t)

∂f

∂x
(0, t),

∂m

∂x
(0, t) = 0, n(1, t) = 0, m(1, t) = 0, (2)and initial 
onditions

n(x, 0) = n0(x), f(x, 0) = f0(x), m(x, 0) = m0(x), n0, f0,m0 ≥ 0, 6≡ 0. (3)The solutions to the 
onsidered adve
tion-di�usion-rea
tion equations des
ribe 
on-
entrations or densities of mole
ular or 
ellular populations, these physi
al quantitiesare ne
essarily non-negative. Therefore, the solutions of the model are also non-negative. However, standard numeri
al integration methods using �nite di�eren
e or68



�nite element dis
retizations do not guarantee the non-negativity of the numeri
alsolutions.Here we will develop e�
ient, positivity preserving numeri
al methods for the modelproblem (1)-(3), with H1(n, f) = H2(n, f) = 0, H3(n, f) = αn, where α > 0 is agiven 
onstant.2 Numeri
al methodsLet N is a positive number and h = 1/N . In the interval [0, 1] we de�ne the uniformmesh ωh = {xi = ih, i = 0, . . . , N} and grid points over [0, T ], given by tk+1 = tk+τk,
k = 0, 1, 2, . . . , t0 = 0. In the dis
rete spa
e, the approximations of n(xi, t

k),m(xi, t
k),

f(xi, t
k) and ∂f

∂x(xi, t
k) are denoted by nki , mk

i , fki and fxki , respe
tively. A se
ondorder approximation of fxki , i = 0, 1, . . . , N is de�ned by
fx
k
0 =

fk0 − 3fk1 + 2fk2
h

, fx
k
i =

fki+1 − fki−1

2h
, fx

k
N = −f

k
N − 3fkN−1 + 2fkN−2

h
. (4)Let nki ≥ 0, mk

i ≥ 0 and fki ≥ 0, i = 0, . . . , N are known. In order to �nd nk+1
i , mk+1

iand fk+1
i in su
h a way that allows us to avoid treating a large system of equations,we solve 
onse
utively and separately the following Dis
rete Problems (DP).DP 1. Find nk+1

i , i = 0, . . . , N from the following dis
rete s
heme
L0(n

k+1
0 , nk+1

1 ) = F0(n
k
0 , n

k
1 , f

k
0 , f

k
1 ),

Li(nk+1
i±1 , n

k+1
i ) = Fi(nki±1, n

k
i , f

k
i±1, f

k
i ), i = 1, . . . , N − 1,

nk+1
N = 0.DP 2. For nk+1

i , i = 0, . . . , N 
omputed in DP 1, �nd mk+1
i from the system

(
1

τk
+

2dm
h2

+ β

)
mk+1

0 − 2dm
h2

mk+1
1 =

1

τk
mk

0 + αnk+1
0 ,

(
1

τk
+

2dm
h2

+ β

)
mk+1
i − dm

h2
(mk+1

i+1 +mk+1
i−1 ) =

1

τk
mk
i + αnk+1

i , i = 1, . . . , N − 1,

mk+1
N = 0.DP 3. For mk+1

i , i = 0, . . . , N 
omputed in DP 2, �nd fk+1
i solving the system

(
1

τk
+ ηmk+1

i

)
fk+1
i =

1

τk
fki , i = 0, . . . , N.Further we present three numeri
al methods (Methods I - III) for solving the modelproblem (1)-(3), whi
h di�er only by the operators Li and Fi, i = 0, . . . , N in DP 1.Methods I,II are based on the �ux-limited van Leer te
hnique [5, 7℄. The limiter

Φ of the �ux is a nonlinear fun
tion of neighboring �uxes that de�nes a high ordera

urate os
illation-free s
heme on the base of low order positive one. For the solution69



of the 
orresponding expli
it-impli
it DP1, the property: if nki ≥ 0, then nk+1
i ≥ 0 isguaranteed, under a time step restri
tion. Method III is a development of the ideapresented in [4℄ for adve
tion-di�usion-rea
tion equations. In this 
ase, DP1 is a fullyexpli
it and the property: if nki > 0, then nk+1

i > 0, is provided without restri
tionfor the time step size, i.e. this method is un
onditionally positive.2.1 Method ILet F ki+1/2 be a 
onsistent approximation of the �ux n∂f∂x at point (xi+1/2, t
k) and

f̃ki = nki fx
k
i . Then the �rst equation in (1) is approximated in spa
e by the followingsemi-dis
rete, 
onservative s
heme
nk+1
i − nki
τk

= dn
nk+1
i+1 − 2nk+1

i + nk+1
i−1

h2
− γ

h
(F ki+1/2 − F ki−1/2), (5)where F ki+1/2 is presented by two invariant forms, at this stage formally indi
ated onlyby the sign of fxki

F ki+1/2 =





f̃ki +
1

2
Φ(rki+1/2)(f̃

k
i − f̃ki−1), for fx

k
i ≥ 0,

f̃ki+1 +
1

2
Φ(rki+3/2

−1
)(f̃ki+1 − f̃ki+2), for fx

k
i < 0,

(6)
rki+1/2 =

f̃ki+1 − f̃ki
f̃ki − f̃ki−1

, Φ(r) =
|r|+ r

1 + |r| (van Leer limiter [5]), (7)where Φ(r) is Lips
hitz 
ontinuous and 
ontinuously di�erentiable for all r 6= 0 and
Φ(r) = 0, if r ≤ 0 and 0 ≤ Φ(r) ≤ δ; Φ(r) ≤ 2r if r > 0, δ = 2. (8)Just as in [5℄, in real 
omputations we add small positive number (∼ 10−30) to bothnumerator and denominator of rki+1/2 to avoid division by zero in uniform �ow regions.To obtain a se
ond order dis
retization for boundary 
onditions we apply the wellknown te
hnique of involving �
titious grid nodes [11℄. Thus, the 
orrespondingoperators in DP 1 be
ome

L0 =
(

1
τk

+ 2dn

h2

)
nk+1

0 − 2dn

h2 n
k+1
1 , Li =

(
1
τk

+ 2dn

h2

)
nk+1
i − dn

h2 (nk+1
i+1 + nk+1

i−1 ),

F0 = 1
τk
nk0 − 2γ

h L
k
0 , Fi = 1

τk
nki − γ

hL
k
i ,where the form of Lki , i = 0, . . . , N − 1 depends on the following 
ases
ase 1 : nki > 0 and fx

k
i ≥ 0 or nki = 0 and fx

k
i−1 ≥ 0,
ase 2 : nki > 0 and fx

k
i < 0 or nki = 0 and fx

k
i+1 ≤ 0.70



Namely, we have
Lk0 =






f̃k0 +
1

2
Φ(rk1/2)(f̃

k
0 − f̃k−1), if 
ase 1 for i = 0,

f̃k0 +

[
1− 1

2
Φ(rk3/2

−1
)rk3/2

]
(f̃k1 − f̃k0 ), if 
ase 2 for i = 0,

0, otherwise,
Lki =





[
1 +

1

2
Φ(rki+1/2)−

Φ(rki−1/2)

2rki−1/2

]
(f̃ki − f̃ki−1), if 
ase 1, i = 1, . . . , N − 1,



1 +
1

2
Φ(rki+1/2

−1
)−

Φ(rki+3/2

−1
)

2rki+3/2

−1



 (f̃ki+1 − f̃ki ), if 
ase 2, i = 1, . . . , N − 1,

0, otherwise,Here the terms in bra
kets [·] are always positive.External solutions f̃k−1 and f̃kN+1 are 
omputed by se
ond order extrapolation formulae
f̃k−1 = 3f̃k0 − 3f̃k1 + f̃k2 and f̃kN+1 = 3f̃kN − 3f̃kN−1 + f̃kN−2. (9)Theorem 1. Let nki ≥ 0, i = 0, . . . , N . If τk ≤ h/(8γ‖fkx‖), ‖fkx‖ = max

0≤i≤N
|fxki |, thenthere exist solution nk+1

i ≥ 0, i = 0, . . . , N of DP 1 for Method I.The non-negativity of mk+1
i , fk+1

i , i = 0, . . . , N follows dire
tly, taking into a

ountthat mk
i ≥ 0 and the 
orresponding left hand side 
oe�
ient matrix in DP 2 is aM-matrix.2.2 Method IIFor this method, again the starting point is 
onservative s
heme (5). We follow thesame strategy as for the �rst method. The di�eren
e is in the implementation of thevan Leer �ux-limiter. Now, (6)-(8) are de�ned in terms of n and applied for nki±1/2 inthe approximation of F ki±1/2 = nki±1/2fx

k
i±1/2, i = 1, . . . , N − 1, in dependen
e of thesign of fxki±1/2, fxki±1/2 = (±fki±1 ∓ fki )/h. Moreover, at grid node xi, i = 0, . . . , Nthe approximation is 
onstru
ted su
h that the 
oe�
ient in front of the unknownsolutions at neighbourhood grid nodes (i.e. nki±1) to be always non-negative.Further, for simpli
ity we introdu
e the following notations: for an arbitrary value

vki of the mesh fun
tion v we set vk,+i = max{0, vki }, vk,−i = max{0,−vki }. Theoperators Li and Fi, i = 0, . . . , N − 1 in DP 1 are the same as for Method I, but now
Lki , i = 0, . . . , N − 1 are given by

Lk0 = fx
k,+
1/2

[
nk0 +Dk

0

(
nk0 − nk−1

)]
− fxk,−1/2 [nk0 + (1−Dk

1 )(nk1 − nk0)],

Lki = fx
k,+
i+1/2[n

k
i +Dk

i (n
k
i − nki−1)]− fxk,−i+1/2[n

k
i + (1 −Dk

i+1)(n
k
i+1 − nki )]

−fxk,+i−1/2[n
k
i + (1− P ki−1)(n

k
i−1 − nki )] + fx

k,−
i−1/2[n

k
i + P ki (nki − nki+1)],71



where Dk
i = 1

2Φ(ski+1/2), P ki = Dk
i /s

k
i+1/2, and 0 ≤ Dk

i , P
k
i < 1. Again we applyextrapolation formulae (9), but written for n, to eliminate external solutions nk−1 and

nkN+1.Theorem 2. Let nki ≥ 0, i = 0, . . . , N . If τk ≤ h/(4γ‖f k̊
x
‖), ‖f k̊

x
‖ = max

0≤i≤N−1
|fxki+1/2|,then there exist solution nk+1

i ≥ 0, i = 0, . . . , N of DP 1 for Method II.2.3 Method IIIIn order to 
onstru
t un
onditionally positive approximation we rewrite the �ux inthe �rst equation of (1) in the non-divergent form and then, for ea
h i = 1, ..., N − 1we 
he
k the sign of the expressions representing the se
ond-order a

urate approxi-mations to the �rst and se
ond spatial derivatives of the obtained in the previous timestep approximate solutions fki , and depending on them 
hoose appropriate approxima-tions for n and ∂n
∂x . The boundary 
onditions are treated similarly. This non-standarduse of values at di�erent time levels allows us to obtain the un
onditionally positiveexpli
it formulae for nk+1

i , i.e. L0 = nk+1
0 , Li = nk+1

i , i = 1, . . . , N − 1 and Fidepends on the sign of fxxki = (fki+1 − 2fki + fki−1)/h
2 and fxki given by (4)

F0 =






nk1
1 + γh

dn
fx
k
0

, if fxk0 ≥ 0,

nk1 −
γh

dn
fx
k
0n

k
0 , if fxk0 < 0,

Fi=





dn

h2 n
k
i+1 + 1

τk
nki +

(
dn

h2 + γ
hfx

k
i

)
nki−1

1
τk

+ 2dn

h2 + γ
hfx

k
i + γfxx

k
i

, if fxki ≥ 0 and fxxki ≥ 0,

(
dn

h2 − γ
hfx

k
i

)
nki+1 + 1

τk
nki + dn

h2 n
k
i−1

1
τk

+ 2dn

h2 − γ
hfx

k
i + γfxx

k
i

, if fxki < 0 and fxxki ≥ 0,

dn

h2 n
k
i+1 +

(
1
τk
− γfxxki

)
nki +

(
dn

h2 + γ
hfx

k
i

)
nki−1

1
τk

+ 2dn

h2 + γ
hfx

k
i

, if fxki ≥ 0 and fxxki < 0,

(
dn

h2 − γ
hfxx

k
i

)
nki+1 +

(
1
τk
− γfxxki

)
nki + dn

h2 n
k
i−1

1
τk

+ 2dn

h2 − γ
hfx

k
i

, if fxki < 0 and fxxki < 0.3 Con
lusionsNumeri
al experiments 
on�rm that Methods I,II are se
ond order a

urate in spa
eand preserve the non-negativity of the numeri
al solution under the resulting timestep restri
tions. Method III is �rst order a

urate in spa
e and un
onditionallypositive, but in 
ontrast, the stability 
ondition is mu
h stronger.72



The best pre
ision is obtained by Method II and the 
onvergen
e rate is better forMethod I in 
omparison with Method II.The detail des
ription of Methods I-III 
an be found in our forth
oming papers [8, 9℄.A
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Re
eptor-Based Cellular Neural Network ModelsMaya Markova1 Dynami
al behavior of the CNN model. Des
rib-ing fun
tion approa
h.We 
onsider one-dimensional epithelial sheet of length L. We denote the 
on
entrationof ligands by w(x, t), where x and t are spa
e and time 
oordinates, with x in
reasingfrom 0 to L along the body 
olumn. The bound and free re
eptors densities aredenoted by u(, t) and v(x, t) respe
tively. For simli
ity we assume that all bindingpro
esses are governed by the law of mass a
tion without saturation e�e
ts. Themodel is des
ribed by the following dynami
al system:
∂

∂t
u = f1(u, v, w) (1)

∂

∂t
v = f2(u, v, w)

∂

∂t
w = d

∂2

∂x2
w + f3(u, v, w),where u, v, w : [0, 1]×R+ → R+, fun
tions fi, i = 1, 2, 3 are nonnegative for nonneg-ative arguments and they have the following form:

f1 = −a1u+ g1(u, v)− buw + cv,

f2 = −a2v + buw − cv,
f3 = −a3w − buw + g3(u, v) + cv,

ai > 0, i = 1, 2, 3, b, c > 0. We will suppose that the fun
tions gi, i = 1, 3 are ofquadrati
 form, i.e. gi(u, v) = giu
2. The model has biologi
al interpretation for su
hfun
tions [7℄. a1 is the rate of de
ay of free re
eptors, a2 is the rate of de
ay ofbound re
eptors and a3 is the rate of de
ay of ligands, fun
tion g1 de�nes the rate ofprodu
tion of new free re
eptors, fun
tion g3 de�nes the rate of produ
tion of ligands,

cv is the rate of disso
iation of bound re
eptors, b is the rate os binding of ligandsand free re
eptors and d is di�usion 
oe�
ient for ligands.Most of the models of morphogenesis are rea
tion-di�usion models assuming the ex-isten
e of di�using substan
es [5,6℄. Sin
e some of the mole
ules, whi
h take part inthe morphogeneti
 pro
esses, e.g. re
eptors or 
ells, do not di�use, it is ne
essaryto 
onsider systems of rea
tion-di�usion equations 
oupled with ordinary di�eren-tial equations. All 
onsidered re
eptor-based models 
onsist of two subsystems of74



rea
tion-di�usion equations and ordinary di�erential equations 
oupled via the non-linear kineti
s fun
tions. In general, equations of our models 
an be represented inthe form:
u1
t = f1(u

1, u2),

u2
t = D+∆u2 + f2(u

1, u2),

∂nu
2 = 0 in ∂Ω,

u1(0, x) = u1
0(x),

u2(0, x) = u2
0(x),where Ω ⊂ RN is a bounded region and D+ is a diagonal matrix with positive
oe�
ients. u1 : Ω ×R+ → Rr, u2 : Ω × R+ → Rm−r, where r is the number ofordinary di�erential equations, andm−r is the number of rea
tion-di�usion equations.

f1 and f2 are smooth mappings, f1 : Rm → Rr, f2 : Rm → Rm−r.As we mentioned above there are several ways to approximate the Lapla
ian operatorin dis
rete spa
e by a CNN synapti
 law with an appropriate A-template [2℄. In our
ase we will take one-dimensional dis
retized Lapla
ian template:
A : (1,−2, 1).Therefore the CNN representation for our re
eptor-based model (1) will be the fol-lowing:

duj
dt

= −a1uj + g1u
2
j − bujwj + cvj (2)

dvj
dt

= −a2vj + bujwj − cvj
dwj
dt

= −a3wj + d(wj−1 − 2wj + wj+1)−

− bujwj + g3u
2
j + cvj ,

1 ≤ j ≤ N . The above equation is a
tualy ordinary di�erential equation whi
h isidenti�ed as the state euqation of an autonomous CNN made of N 
ells. For theoutput of our CNN model we will take the standard sigmoid fun
tion [2℄.In this se
tion we will introdu
e an approximative method for studying the dynami
sof CNN model (2), based on a spe
ial Fourier transform. The idea of using Fourierexpansion for �nding the solutions of PDEs is well known in physi
s. It is used topredi
t what spatial frequen
es or modes will dominate in nonlinear PDEs. In CNNliterature this approa
h, has been developed for analyzing the dynami
s of CNNs withsymmetri
 templates [3,4℄.In this paper we investigate the dynami
 behavior of a CNN model (2) by use ofHarmoni
 Balan
e Method well known in 
ontrol theory and in the study of ele
troni
os
illators [5℄ as des
ribing fun
tion method. The method is based on the fa
t that75



all 
ells in CNN are identi
al [2℄, and therefore by introdu
ing a suitable doubletransform, the network 
an be redu
ed to a s
alar Lur's s
heme [7℄.We shall study the dynami
s and the stability properties of (2) by using the des
ribingfun
tion method [5,7℄. Applying the double Fourier transform:
F (s, z) =

k=∞∑

k=−∞
z−k

∫ ∞

−∞
fk(t)exp(−st)dt,to the CNN equation (2) we obtain:

sU = −a1U + g1U
2 − bUW + cV (3)

sV = −a2V + bUW − cV
sW = −a3W + d(z−1W − 2W + zW ) +

+ g3U
2
bUW + cV.Without loss of generality we 
an denote N(U, V,W ) = giU

2 − bUW + cV and thenwe obtain from (3):
U =

1

s+ a1
N (4)

V =
1

s+ a2
N

W =
1

s+ a3 − d(z−1 − 2− z)N.In the double Fourier transform we suppose that s = iω0, and z = exp(iΩ0), where
ω0 is a temporal frequen
y, Ω0 is a spatial frequen
y.A

ording to the des
ribing fun
tion method, H(s, z) = s+a1

s+a3−d(z−1−2+z) is the trans-form fun
tion, whi
h 
an be presented in terms of ω0 and Ω0, i.e. H(s, z) = HΩ0(ω0).We are looking for possible periodi
 state solutions of system (3) of the form:
XΩ0(ω0) = Xm0sin(ω0t+ jΩ0), (5)where X = (U, V,W ). A

ording to the des
ribing fun
tion method we take the �rstharmoni
s, i.e. j = 0⇒

XΩ0(ω0) = Xm0sinω0t,On the other side if we substitute s = iω0 and z = exp(iΩ0) in the transfer fun
tion
H(s, z) we obtain:

HΩ0(ω0) =
iω0 + a1

iω0 + a3 − d(2cosΩ0 − 2)
. (6)A

ording to (6) the following 
onstraints hold:

ℜ(HΩ0(ω0)) =
Xm0

Ym0

(7)
ℑ(HΩ0(ω0)) = 0.76



Hen
e, we obtain the following 
onstraints:
ω0 =

1

a3 − a1 + d(2cosΩ0 − 2)
(8)

Xm0 =
4

π
[Xm0Arcsin(

1

Xm0

) +

√
1− 1

X2
m0

].Suppose that our CNN model (2) is a �nite 
ir
ular array of N 
ells. For this 
ase wehave �nite set of frequen
es:
Ω0 =

2πk

N
, 0 ≤ k ≤ N − 1. (9)Thus (7), (8) and (9) give us ne
essary set of equations for �nding the unknowns

Xm0 , ω0, Ω0. As we mentioned above we are looking for a periodi
 wave solution of(3), therefore Xm0 will determine approximate amplitude of the wave, and T0 = 2π
ω0will determine the wave speed.Proposition 1. CNN model (2) of the re
eptor-based system (16) with 
ir
ular arrayof N 
ells has periodi
 state solutions xj(t) with a �nite set of spatial frequen
es

Ω0 = 2πk
N , 0 ≤ k ≤ N − 1.Remark 1. For the Turing-type instability [9℄, the fun
tions des
ribing produ
tionof free re
eptors (f.r.) must depend on the density of f.r. and this dependen
e mustbe a power fun
tion of the order α + 1, where α > 0. Hen
e, Turing type patterns
an o

ur if g1(u) = g1u

α+1, α > 0. This fun
tion 
an depend also on the density ofbound re
eptors (b.r.), but also it is 
riti
al here that it depends on the density of f.r.For numeri
al simulations the simplest fun
tion ful�lling the above 
ondition is used,namely g1(u) = g1u
2. To model the produ
tion rate of ligands (l.) g3 we also takea fun
tion of the 
on
entration of free re
eptors. In numeri
al simulations a fun
tionsimilar to g1 is used g3(u) = g3u

2.2 Simulations and dis
ussionsThe following bifura
tion diagrams are obtained for fun
tions u, v, w.We showed that Turing-type patterns 
an be obtained in a re
eptor-based CNN model.The Turing-type me
hanism [9℄ is one of the simplest theories for the biologi
al patternformation. In models with su
h me
hanism patterns 
an arise spontaneously. Theparameters must be tightly 
ontrolled to obtain the instability at the desired pointin parameter spa
e. From the simulations it appears that the model (2) 
annotexhibit a wave bifur
ation. We 
arry out our simulations for the following set ofparameters: a1 = 0.2, a2 = 0.02, a3 = 0.2, b = 0.7, g1 = 1.466, g3 = 2, c = 0.02672.In summary, we showed that for the simplest re
eptor-based model 
onsisting of 3equations, Turing-type patterns 
an arise only if there is a self-enhan
ement of free77
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vre
eptors. The �nal pattern strongly depends on the initial perturbation. There aretwo kinds of Turing-type patterns: 1).stationary patterns - in su
h 
ase long-timesolutions are stationary and spatially heterogeneous stru
tures; 2). wave patterns- itis a super
riti
al Hopf bifur
ation from a homogeneous solution to a stable periodi
and non
onstant solution and the result is a pattern whi
h os
illates in time.78
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The United Solution Set to 3D Linear System withSymmetri
 Interval MatrixEvgenija D. Popova1 Introdu
tionConsider the linear algebrai
 system
A(p) · x = b(p), p = (p1, . . . , pm)⊤, (1)

aij(p) := aij,0 +

m∑

µ=1

aij,µpµ, bi(p) := bi,0 +

m∑

ν=1

bi,µpµ, (2)
aij,µ, bi,µ ∈ R, µ = 0, . . . ,m, i, j = 1, . . . , n.The parameters pµ, µ = 1, . . . ,m are un
ertain and varying within given intervals

p ∈ [p] = ([p]1, . . . , [p]m)⊤. (3)A set of solutions to (1)�(3), 
alled united parametri
 solution set, is
Σp = Σ (A(p), b(p), [p]) := {x ∈ R

n | ∃p ∈ [p], A(p)x = b(p)} . (4)Chara
terizing the solution set (4) by inequalities not involving the interval parame-ters is a fundamental problem useful for visualizing the solution set, exploring its prop-erties and for 
omputing 
omponentwise boundaries. Apart from quanti�er elimina-tion, the only known general way of des
ribing the parametri
 solution set is a lengthyand non-unique Fourier-Motzkin-type parameter elimination pro
ess presented in [1℄.The spe
ial 
ases of symmetri
 and skew-symmetri
 solution sets
Σsym := {x ∈ R

n | Ax = b, A = A⊤, A ∈ [A], b ∈ [b]}, (A = −A⊤ for Σskew)are studied most exhaustively, see [1, 2℄ and the referen
es given therein. Following adi�erent approa
h than the Fourier-Motzkin-type parameter elimination, M. Hladíkprovided in [2℄ expli
it des
riptions of the symmetri
 and skew-symmetri
 solutionsets whi
h have the smallest, known by now, number of 
hara
terizing inequalities.Basing on an improved Fourier-Motzkin-type parameter elimination pro
ess [3, The-orem 3.1℄ and some su�
ient 
onditions (proven therein) for dete
ting super�uous
hara
terizing inequalities, here we study the parameter elimination pro
ess and itsproperties for linear parametri
 systems involving 3× 3 symmetri
 matrix. The 
on-sideration answers the open question, see [1℄, about the uniqueness of the parameterelimination pro
ess for the symmetri
 solution set. The obtained expli
it des
riptionof the 3D symmetri
 solution set involves two times less number of 
hara
terizinginequalities than that reported in [2℄. 80



Let Rn,Rn×m be the set of real ve
tors with n 
omponents and the set of real n×mmatri
es, respe
tively. A real 
ompa
t interval is [a] = [a−, a+] := {a ∈ R | a− ≤
a ≤ a+}. By IR

n, IRn×m we denote the sets of interval n-ve
tors and interval n×mmatri
es, respe
tively. De�ne mid-point ȧ := (a−+a+)/2 and radius â := (a+−a−)/2.These fun
tionals are applied to interval ve
tors and matri
es 
omponentwise.De�nition 1. A parameter pµ, 1 ≤ µ ≤ m, is of 1st 
lass if it o

urs in only oneequation of the system (1).De�nition 2. A parameter pµ, 1 ≤ µ ≤ m, is of 2nd 
lass if it is involved in morethan one equation of the system (1).The elimination of 2nd 
lass parameters from two inequality pairs is studied in [3℄.Theorem 1 ([3℄). For two arbitrary inequality pairs (α) and (β)
f0,λ(x) +

m+s∑

µ=1

fµ,λ(x)pµ ≤ 0 ≤ f0,λ(x) +

m+s∑

µ=1

fµ,λ(x)pµ, λ ∈ {α, β},involving m+s interval parameters pµ su
h that fµ,λ(x) 6≡ 0 for all λ ∈ {α, β}, µ ∈M ,
Card(M) = m and fµ,λ(x) 6≡ 0 for exa
tly one λ ∈ {α, β}, µ ∈ S, Card(S) = s, theelimination of all parameters yields the inequalities

∣∣∣∣∣f0,λ(x) +

m+s∑

µ=1

fµ,λ(x)ṗµ

∣∣∣∣∣ ≤
m+s∑

µ=1

|fµ,λ(x)|p̂µ, λ ∈ {α, β} (5)
∣∣∣∣∣∣
∆0,i(x) +

m+s∑

µ=1,µ6=i
∆µ,i(x)ṗµ

∣∣∣∣∣∣
≤

m+s∑

µ=1,µ6=i
|∆µ,i(x)|p̂µ, i ∈M, (6)where ∆u,v(x) := fu,α(x)fv,β(x)− fu,β(x)fv,α(x).The proof of Theorem 1 was 
onstru
tive showing whi
h 
ombination of inequalitiesis super�uous/redundant1 and with respe
t to whi
h 
ross inequality.Corollary 1 (
onstru
tive). For two inequality pairs (α), (β) involving the parameter

p1 in both inequality pairs and the parameter p2 in only one, the elimination of p1generates the 
ross inequality (α, β) involving p2. Then, in the elimination of p2

α× (α, β) is super�uous to the inequality (β) if p2 is involved in (α)

β × (α, β) is super�uous to the inequality (α) if p2 is involved in (β).The above 
ross inequalities are redundant to (β), resp. (α), if more than one 2nd
lass or 1st 
lass parameter have been eliminated before the elimination of p2.1A 
ross inequality whi
h is equivalent to another 
ross inequality is 
alled super�uous, while a
ross inequality whi
h does not 
ontribute to the boundary of the solution set is 
alled redundant.81



Corollary 2 (
onstru
tive). For two inequality pairs (α), (β) involving the parame-ters p1, p2 in both inequality pairs, the elimination of p1 generates the 
ross inequal-ity2 (α1, β1) involving p2. Then the elimination of p2 generates three more 
rossinequality pairs: (α1, β1)2, α1,2 × (α1, β1)2, β1,2 × (α1, β1)2. The 
ross inequalitypairs α1,2(α1, β1)2/f1α(x) and β1,2(α1, β1)2/f1β(x) (where f1α(x), f1β(x) are the 
o-e�
ient fun
tions of p1 in the inequalities (α), resp. (β)) are equivalent and thereforeone of them is super�uous with respe
t to the other. The 
ross inequality pair (α1, β1)2is either super�uous or redundant to α1,2(α1, β1)2/f1α(x), resp. β1,2(α1, β1)2/f1β(x)whi
h yields only one a
tive 
ross inequality (6) in the elimination of p2 instead of 3.2 Parameter Elimination in 3D Symmetri
 SystemConsider the the following slight generalization of the 
lassi
al linear system withsymmetri
 matrix, 
onsidered in [1, 2℄.
A(p)x = b(p), where (7)

A(p) := A+B(q), A = (aij)− diag(aii) ∈ R
n×n, A = A⊤ (8)

B(q) = B(0) +

s∑

ν=1

B(ν)qν ∈ R
n×n, b(q) = b(0) +

s∑

ν=1

b(ν)qν ∈ R
n×1, (9)

q = (q1, . . . , qs) := (a11, . . . , ann, qn+1, . . . , qs), (10)every qν , ν = 1, . . . , s, is involved in exa
tly one equation of the system and
p = (p1, . . . , pm) := (a12, . . . , an−1,n, q1, . . . , qs), p ∈ ([p1], . . . , [pm]), (11)where m = n(n− 1)/2 + s. The system (7)�(11) 
an 
ontain in the diagonal elementsof the matrix and in the right-hand side ve
tor numeri
al values and an arbitrarybut �xed number of 1st 
lass parameters qν . We 
all this system quasi-symmetri
and sear
h for a des
ription of its solution set by the improved Fourier-Motzkin-typeelimination of parameters.Consider a 3×3 quasi-symmetri
 system and assume that all 1st 
lass parameters areeliminated from the trivial set of inequality pairs 
hara
terizing the solution set. Sin
eall 1st 
lass parameters behave the same way, without loss of generality we assumethat ea
h equation involves only one 1st 
lass parameter qi whose 
oe�
ient ve
toris gi(x), i = 1, . . . , n. Let N = {1, 2, 3} be the index set of the three 
hara
terizinginequality pairs. For any i ∈ N and Ni = {1, . . . , n} \ {i}, the inequality pair (ei) is

fi0(x) + gi(x)q̇i ∓ |gi(x)|q̂i +
∑

j∈Ni

xjaij ≤ 0 ≤ · · · , (ei)where fi0(x) = Ai•0x−bi0 and � · · · � denotes the whole expression in the left inequalitywith the bottom sign of ∓. For arbitrary α, β, γ ∈ N we perform the elimination2The subs
ript in the notation of the 
ross inequalities denotes whi
h parameter is eliminated.82



aαβ , aαγ , aβγ . The elimination of aαβ generates the following 
ross inequality pair
fα0xα − fβ0xβ + gαxαq̇α − gβxβ q̇β ∓ |gαxα|q̂α ∓ |gβxβ |q̂β

+
∑

j∈Nα\{β}
xαxjaαj −

∑

j∈Nβ\{α}
xβxjaβj ≤ 0 ≤ · · · (e(α,β))and updates the initial 
hara
terizing inequalities (eα), (eβ) by 
ombining the latterwith the end-point inequalities for the parameter aαβ .The parameter aαγ is involved in the updated inequality (eα) and the inequalities

(eγ), (e(α,β)). So, in the elimination of aαγ we have to 
onsider all 
ross inequalitiesbetween these three inequality pairs. The 
ross between (eα), (eγ) gives
fα0xα − fγ0xγ + gαxαq̇α − gγxγ q̇γ ∓ |gαxα|q̂α ∓ |gγxγ |q̂γ + xαxβ ȧαβ ∓ |xαxβ |âαβ

+
∑

j∈Nα\{β,γ}
xαxjaαj −

∑

j∈Nγ\{α}
xγxjaγj ≤ 0 ≤ · · · . (e(α,γ))The 
ross between (eα), (e(α,β)) is redundant to (eβ) by the 
onstru
tive Corollary 1.Eliminating aαγ , the 
ross between (eγ), (e(α,β)) gives

fγ0xγ − fα0xα + fβ0xβ + gγxγ q̇γ − gαxαq̇α + gβxβ q̇β ∓ |gγxγ |q̂γ ∓ |gαxα|q̂α ∓ |gβxβ |q̂β
+

∑

j∈Nγ\{α}
xjxγaγj −

∑

j∈Nα\{β,γ}
xαxjaαj +

∑

j∈Nβ\{α}
xβxjaβj ≤ 0 ≤ · · · (eγα(α,β))The parameter aβγ is involved in the inequalities (eβ), (eγ), (e(α,β)), (e(α,γ)), (eγα(α,β)).In the elimination of aβγ we have to 
onsider all 
ross inequalities between these �veinequality pairs updated by 
ombining them with the end-point inequalities for aαβand aαγ . The 
ross between (eβ), (eγ) gives

fβ0xβ − fγ0xγ + gβxβ q̇β ∓ |gβxβ |q̂β − gγxγ q̇γ ∓ |gγxγ |q̂γ + xαxβaβα ∓ |xαxβ |aβα
−xαxγ ȧγα ∓ |xαxγ |âγα +

∑

j∈Nβ\{α,γ}
xβxjaβj −

∑

j∈Nγ\{α,β}
xγxjaγj ≤ 0 ≤ · · · . (e(β,γ))The 
ross between (eβ), (e(α,β)) is redundant to (eα) by the 
onstru
tive Corollary 1.Eliminating aβγ , the 
ross between the updated (eγ), (e(α,β)) gives

−fγ0xγ − fα0xα + fβ0xβ − gγxγ q̇γ − gαxαq̇α + gβxβ q̇β (eγβ(αβ))
∓|gγxγ |q̂γ ∓ |gαxα|q̂α ∓ |gβxβ |q̂β − 2xαxγ ȧγα ∓ 2|xαxγ |âγα

−
∑

j∈Nγ\{α,β}
xγxjaγj −

∑

j∈Nα\{β,γ}
xαxjaαj +

∑

j∈Nβ\{α,γ}
xβxjaβj ≤ 0 ≤ · · · .Eliminating aβγ , the 
ross between the updated (eβ), (e(α,γ)) gives

−fβ0xβ − fα0xα + fγ0xγ − gβxβ q̇β − gαxαq̇α + gγxγ q̇γ

∓|gβxβ |q̂β ∓ |gαxα|q̂α ∓ |gγxγ |q̂γ − 2xαxβ ȧαβ ∓ 2|xαxβ |âαβ (eβγ(αγ))
−

∑

j∈Nβ\{α,γ}
xβxjaβj −

∑

j∈Nα\{β,γ}
xαxjaαj +

∑

j∈Nγ\{α,β}
xγxjaγj ≤ 0 ≤ · · · .83



The 
ross between the updated (eγ), (e(α,γ)) is redundant to (eα) by Corollary 1.Eliminating aβγ , the 
ross between the updated (eβ), (eγα(α,β)) gives
fβ0xβ − fγ0xγ + fα0xα + gβxβ q̇β − gγxγ q̇γ + gαxαq̇α

∓3|gβxβ |q̂β ∓ |gγxγ |q̂γ ∓ |gαxα|q̂α + 2xαxβ ȧαβ ∓ 2|xαxβ |âαβ
+

∑

j∈Nβ\{α,γ}
xβxjaβj −

∑

j∈Nγ\{α,β}
xjxγaγj +

∑

j∈Nα\{β,γ}
xαxjaαj ≤ 0 ≤ · · · .This inequality pair is super�uous to (−1)(eβγ(α,γ)) if there are no 1st 
lass parame-ters, or redundant to the latter otherwise (due to the extra positive term 2|gβxβ |q̂β).Analogously, eliminating aβγ , we prove that the following 
ross inequalities are su-per�uous (if there are no 1st 
lass parameters) or redundant (otherwise). The 
rossinequality pair between (eγ), (eγα(α,β)) is super�uous/redundant to (−1)(eγβ(α,β))by Corollary 2. The 
ross inequality pair between the updated (e(α,β)), (e(α,γ)) issuper�uous/redundant to (−1)(e(β,γ)). The 
ross inequality pair between (e(α,β)),

(eγα(α,β)) is super�uous/redundant to (eγβ(α,β)) by Corollary 2. The 
ross inequalitypair between (e(α,γ)), (eγα(α,β)) is super�uous/redundant to (eβγ(α,γ)).Thus, for a 3-dimensional quasi-symmetri
 linear system (7)�(11), we proved aboveby Corollaries 1, 2 and by a dire
t evaluation that the improved Fourier-Motzkin-typeparameter elimination of aαβ , aαγ , aβγ yields 6 a
tive 
hara
terizing 
ross inequalities
e(α,β), e(α,γ), eγα(α,β), e(β,γ), eβγ(α,γ), eγβ(α,β),and 6 super�uous/redundant 
ross inequalities. The a
tive 
hara
terizing 
ross in-equalities are two times less than those reported in [2℄. Sin
e α, β, γ are taken arbi-trary from the set {1, 2, 3}, for di�erent orders of parameter elimination the a
tive
hara
terizing 
ross inequalities are the same (up to the order of their generation).Ex
hanging the order of inequalities or the order of parameter elimination we have

e(α,β) = −e(β,α) (12)
eγα(α,β) =

{
eβα(α,γ) if α < γ

−eβα(γ,α) if α > γ
(13)

eγβ(α,β)
(12)
= (−1)eγβ(β,α)

(13)
=

{
(−1)eαβ(β,γ) if β < γ

eαβ(γ,β) if β > γ.
(14)
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Table 5: Elimination s
hema for the 2nd 
lass parameters in a 3D system with sym-metri
 matrix. Rows, labeled in the se
ond 
olumn, represent the 
hara
terizinginequality pairs. The o

urren
e of the parameters is represented 
olumn-wise: �v�denotes the o

urren
e of a non-eliminated parameter in the 
orresponding inequal-ity, �!� denotes the o

urren
e of an eliminated parameter, dashes denote la
k of a
orresponding parameter.ineqs a12 a13 a23(1) v v �(2) v � vel.par.: (3) � v v super�uous ineqs
a12 (1,2) � v v
a13 (1,3) ! � v

31(1, 2) � � v
13(1, 2) by Corollary 1

a23 (2,3) ! ! �
32(1, 2) � ! �

32(1, 3) by Corollary 1
32 × 31(1, 2) by Corollary 2
23(1, 2) by Corollary 1

23(1, 3) ! � �
23 × 31(1, 2)

(13)≡ 23 × 21(1, 3) red. to 23(1, 3)
(1, 2)3 × (1, 3) ≡ 32 × 31(1, 2) red. to 32(1, 2)
(1, 2)3 × 31(1, 2) by Corollary 2A
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Edge of 
haos in rea
tion- di�usion CNN modelsVi
toria Rashkova1 Nature and appli
ation of the rea
tion-di�usionequationRea
tion- di�usion type equations are widely used to des
ribe phenomena in di�erent�elds, as biology- Fisher model, FitzHugh- Nagumo nerve 
onve
tion model, Ve
tor-disease model, 
hemistry- Brusselator model, physi
s- Sine Gordon model, et
. Mod-ulation equations play an essential role in the des
ription of systems whi
h exhibitpatterns of nearly periodi
 nature. We shall study the Newel- Whitehead equation ofthe form:
∂u

∂t
=
∂2u

∂x2
+ au− bu3 (1)Spatial and spatio- temporal patterns o

ur widely in physi
s, 
hemistry and biology.In many 
ases, they seem to be generated spontaneously. These phenomena havemotivated a great deal of mathemati
al modeling and the analysis of the resultantsystems has led to a greater understanding of the underplaying me
hanisms. Partialdi�erential equations of di�usion type have long several as models for regulatory feed-ba
ks and pattern formation. Su
h systems 
ause some di�
ulty sin
e both existen
eand behavior of the solutions are di�
ult to establish. For this purpose we apply theCellular Neural Networks (CNN) approa
h for studying the Newell- Whitehead mod-els represented by equation (1). The dynami
s of this model will be studied by usingthe des
ribing fun
tion te
hnique. It is known that some autonomous CNNs representan ex
ellent approximation to nonlinear partial di�erential equations (PDEs). Theintrinsi
 spa
e distributed topology makes the CNN able to produ
e real- time solu-tions of nonlinear PDEs. Consider the following well- known PDEs, generally referredto us in the literature as a rea
tion- di�usion equation:

∂u

∂t
= f(u) +D∇2u (2)where u ∈ RN , f ∈ RN , D is a matrix with the di�usion 
oe�
ient, and ∇2u isLapla
ian operator in R2. There are several ways to approximate the Lapla
ianoperator in dis
rete spa
e by a CNN synapti
 law with an appropriate A- template.Consider CNN layer su
h that the state voltage of a CNN 
ell uj(t) at a grid point j isasso
iated with u(jh, t), h = ∆x. Therefore, an one- dimensional Lapla
ian templatewill be in the following form A1 = (1,−2, 1) and the CNN model in this 
ase is:

duj
dt

= (uj−1 − 2uj + uj+1) + auj − bu3
j , j = 1, ..., n, n = M.M (3)86



We will introdu
e an approximative method for studying the dynami
s of CNN model(3), based on a spe
ial Fourier transform. The idea of using Fourier expansion for�nding the solution of PDFs is used to predi
t what spatial frequen
ies or models willdominate in nonlinear PDEs. In CNN literature this approa
h, has been developedfor analyzing the dynami
s of CNNs with symmetri
 templates.2 CNN model of rea
tion-di�usion for Newell -Whitehead equationWe shall study the dynami
s and the stability properties of (3) by using the des
ribingfun
tion method. Applying the double Fourier transform:
F (s, z) =

k=∞∑

k=−∞
z−k

∫ ∞

−∞
fk(t) exp(−st)dtTo the CNN equation (1) we obtain:

sU = (z−1U − 2U + zU) + aU − bU3 (4)We denote N(U) = aU − bU3 and then from (3) we obtain
U(s, z) =

1

s− (z−1 − 2 + z)
N(U(s, z)) (5)In the double Fourier transform we suppose that s = iω0 and z = exp(iΩ0) where ω0 isa temporal frequen
y, Ω0 is a spatial frequen
y. A

ording to the des
ribing fun
tionmethod, H(s, z) = 1

s−(z−1−2+z) is the transform fun
tion, whi
h 
an be presentedin term of ω0,Ω0 as H(s, z) = HΩ0(ω0). We are looking for possible periodi
 statesolutions of the system of the form:
UΩ0(ω0) = Um0 sin(ω0t+ jΩ0) (6)Then we 
an approximate the output in the same way:
VΩ0(ω0) = Vm0 sin(ω0t+ jΩ0) (7)A

ording to the des
ribing fun
tion method we take the �rst harmoni
s, i.e. j = 0

UΩ0(ω0) = Um0 sinω0t (8)
VΩ0(ω0) = Vm0 sinω0tWe 
an �nd the amplitude Vm0 of the output:

Vm0 =
1

π

∫ π

−π
N(Um0 sinψ) sinψdψ = aUm0 −

3

4
bU3

m0
(9)87



If we substitute s = iω0 and z = exp(iΩ0) in the transfer fun
tion H(s, z) we obtain:
HΩ0(ω0) =

1

iω0 − 2 cosΩ0 + 2
(10)A

ording to (10) the following 
onstraint hold:

ℜ(HΩ0(ω0)) =
Um0

Vm0

(11)
ℑ(HΩ0(ω0)) = 0Suppose that our CNN model (3) is a �nite 
ir
ular array of N 
ells. For this 
ase wehave �nite set of frequen
ies:

Ω0 =
2πk

N
, 0 ≤ k ≤ N − 1 (12)Thus (10),(11) and (12) give us equations ne
essary set of equations for �nding theunknowns Um0 , ω0,Ω0. As we mentioned above we are looking for a periodi
 wavesolution of (4), therefore Um0 will determine approximate amplitude, of the wave and

T0 = 2π
ω0
.will determine the wave speed.Proposition 1. CNN model (3) of the Newell- Whitehead equation (1) with 
ir
ulararray of N 
ells has periodi
 solutions xj(t) with a �nite set of spatial frequen
ies(12).Let us know 
onsider the nonlinear term of our CNN model in the form

g(c, u) = c− au+ bu3We shall study the dynami
s of g(c, 0) for di�erent values of the parameter c in orderto show the bifur
ation diagram of our CNN model. For c = 0, equation it has stableorbit stru
ture. The �ow 
ontinues to have stable orbit stru
ture for small values ofthe parameter, that is for −c1 < c < c1 where c = 2
3a
√

a
3b is the lo
al minimum and

−c1 is the lo
al maximum value of g(c, 0) for di�erent values of the parameter c inorder to show the bifur
ation diagram of our CNN model. For c = −c1 or c = c1 theequation is at a bifur
ation point. For the parameter values c < −c1 and c > c1 theequation again has stable orbit stru
ture. The bifur
ation diagram is given in Fig.1.If we start the system with a very large negative value of c, after a long time thesystem will be very near the stable equilibrium state on the right leg of the 
ubi
.Now, let us 
ontinuously in
rease the value of the parameter c. Sin
e the system wasnear the stable state when we began to very c it will stay near this stable state forsmall variations in c. In fa
t, as we in
rease the parameter c the system will followthe stable equilibrium on the right until c = c1. At this point the system will jump toa di�erent equilibrium state on the left leg of the 
ube. As we 
ontinue to in
rease theparameter c, the system will follow the state equilibria on the left. Now, if we startde
reasing the parameter c form a very large positive value, the system will followthe equilibria on the left leg of the 
ubi
 until c = −c1, at whi
h point it will jumpto the right leg. The important observation about this experiment is that the system88



Figure 1: Bifur
ation diagram for the fun
tion g(c, u)experien
e a jump at two di�erent values of the parameter.There has been many studies on traveling wave solutions of spatially dis
rete or bothspatially and time dis
rete systems. In our 
ase we shall study the existen
e andstru
ture of traveling wave solutions of autonomous Cellular Neural Networks. Thereare two possibilities of the stru
ture of the traveling wave solutions- in one dimensional
xi = Φ(i− ct) (13)or two dimensional 
ase respe
tively.

xij(t) = Φ(i cos θ + j sin θ − ct) (14)where θ ∈ ℜ is given, Φ : R1 → R1. is a 
ontinuous fun
tion and c is unknown realnumber. Denote s = i cos θ + j sin θ − ct or (s = i− ct). Then Φ(s) and c satisfy theequation of the form:
−cΦ′(s) = G(Φ(s+ r0),Φ(s+ r1), ...,Φ(s+ rn)) (15)here r0, ri are real numbers for i = 1 to N. If the above equation depends on the pastand future, i.e. if
rmin ≡ min{ri}Ni=0 < 0 < rmax ≡ max{ri}Ni=0 (16)then it is 
alled mixed type. If rmin = 0 or rmax = 0 then it is 
alled advan
eor delay type respe
tively. The above equation is 
alled bistable if it has spatiallyhomogeneous solutions Φ(s) ≡ x−, x0 and x+ and satisfying x− < x0 < x+. Supposethat the equation is bistable and that it has a unique monotone solution satisfyingthe boundary 
onditions:

lim
x→−∞

φ(s) = x−and lim
x→∞

φ(s) = x+89



Our obje
tive is to study the stru
ture of traveling wave solutions of Newell- White-head CNNmodel. Let us 
onsider our CNN equation (3). The traveling wave solutionswill be presented in the following form:
uj(t) = u(η), 1 ≤ j ≤ n (17)where η = −jg, h > 0 is a parameter. Note that η is the 
oordinate moving along thearray with a velo
ity equal to c = 1

h . Substituting (17) in (3) we obtain
u̇ = u(η − h)− 2u(η) + u(η + h) +N(u) (18)where the dot denote di�erentiation with respe
t to η,N(u) = au(η) − bu3(η). Thetwo di�erent terms [u(η − h) − u(η)] − [u(η + h)] 
an be repla
ed approximately bythe �rst derivatives − u̇h and u̇

h respe
tively. Hen
e, we obtain:
u̇ =

1

1 + 2c
N(u) (19)Clearly u = 0 and u ≡ ±

√
a
b are solutions of the stationary problem. So thereare three equilibria E0 = (0, 0) and E1 = (

√
a
b , 0), E2 = (−

√
a
b , 0). The followingtheorem for the traveling waves of the Newell- Whitehead CNN model (3) hold:Theorem 1. For the Newell- Whitehead CNN model (3), there exist c > 0, su
h thatthere is a(i) hetero
lini
 orbit 
onne
ting the equilibria E0 and E1 the traveling wave u(η) isstri
tly monotoni
ally in
reasing;(ii) hetero
lini
 orbit 
onne
ting the E0 and E2 the traveling wave u(η) is stri
tlymonotoni
ally de
reasingThere are exa
t solutions of the Newell- Whitehead equation (1) for a > 0 and b > 0

ω(x, t) = ±
√
a

b

C1 exp(1
2

√
2ax)− C2 exp(− 1

2

√
2ax))

C1 exp(1
2

√
2ax) + C2 exp(− 1

2

√
2ax) + C3 exp(− 3

2at)

ω(x, t) = ±
√
a

b
[

2C1 exp(
√

2ax) + C2exp(
1
2

√
2ax− 3

2at)

C1 exp(
√

2ax) + C2 exp(1
2

√
2ax− 3

2at) + C3

− 1]where C1, C2 and C3 are arbitrary 
onstants. The following simulations of our CNNmodel are made for di�erent values of 
ell parameters.Referen
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Appli
ations of topologi
al games in Optimizationand Nonlinear AnalysisJulian P. Revalski1 Introdu
tionIt seems that the �rst in�nite positional game with perfe
t information appeared in1936 in the well-known S
ottish Book [10℄ whi
h was 
reated by the mathemati
algroup of the Lvov University (at that time in Poland). Among the names of this groupwere those of Bana
h, Mazur, Steinhaus, Ulam and others. The game was formulatedby Mazur in one of the problems in the S
ottish book and an (unpublished) answerof the question, related to the game and posed by Mazur, was given by Bana
h.This is why it has be
ome later known under the name Bana
h-Mazur game. Inthe period after the Se
ond World War di�erent other type of su
h games appeared,mostly played in topologi
al spa
es, whi
h were thoroughly studied from di�erentpoints of view (see e.g. the survey [9℄). For a long period this study was mostlyself-oriented. Sin
e the 70's and 80's the appli
ations of topologi
al games to other�elds of mathemati
s have started to grow, su
h as fun
tional analysis, geometry ofBana
h spa
es, topology and nonlinear analysis. The aim of this presentation is tooutline two su
h appli
ations: the �rst one is related to the validity of variationalprin
iples in optimization and the se
ond one to geometry of Bana
h spa
es and theexisten
e of solutions to 
ertain di�erential equations.2 Bana
h-Mazur type games and variational prin
i-ples in OptimizationLet X be a 
ompletely regular topologi
al spa
e and f : X → R ∪ {+∞} be anextended real-valued fun
tion whi
h is lower semi
ontinuous, bounded from belowand proper. The latter means that the fun
tion f has at least one �nite value, i.e.the set dom(f) := {x ∈ X : f(x) < +∞}, whi
h is the e�e
tive domain of f ,is nonempty. Let further (Y, ‖ · ‖) be a Bana
h spa
e of bounded and 
ontinuousfun
tions in X . If the set E(f) := {g ∈ Y : f + g attains its in�mum in X} is densein Y we say that we have a variational prin
iple for the fun
tion f with perturbationsfrom Y . The interest to have su
h a prin
iple lies in the fa
t that, even if the fun
tion
f does not attain its in�mum in X , we 
an perturb it with, as small perturbation aswe want, in su
h a way that the perturbed fun
tion attains its in�mum in X . If theset E(f) is residual in Y (that is, its 
omplement in Y is of the �rst Baire 
ategoryin Y ) then we say that we have generi
 variational prin
iple for f with perturbationsfrom Y �in this latter 
ase the set E(f) is substantially bigger from topologi
al pointof view than of being merely dense in Y . Su
h (or similar) setting is the 
ase in several92



well-known variational prin
iples su
h as those of Ekeland, Borwein-Preiss, Deville-Godefroy-Zizler, Stegall and others�see e.g. the monograph [3℄. These prin
iples havenumerous appli
ations in various bran
hes of mathemati
s.We will 
onsider below the 
ase when the spa
e Y is the family of all bounded and
ontinuous fun
tions C(X) in X equipped with its usual sup-norm. It turns out thatin this 
ase, the validity of generi
 variational prin
iples as above is related to theBana
h-Mazur game and its variants. Two players, named α and β, play a game in
X , by 
hoosing, at ea
h step n ≥ 1, alternatively nonempty open sets Un for β (whostarts the game) and Vn for α so that Un+1 ⊂ Vn ⊂ Un for every n ≥ 1. The obtainedsequen
e {Un, Vn} is 
alled a play. The player α wins this play if ∩nUn = ∩nVnis nonempty. Otherwise β wins the play. This is one of the most known variantsof the Bana
h-Mazur game and is denoted by BM(X). A strategy s for the player
α is a rule whi
h to any possible �nite sequen
e of the type (U1, V1, . . . , Un) whi
h
onsists of possible moves of the players in the game, assigns a nonempty open set
Vn := s(U1, V1, . . . , Un). The play {Un, Vn} is 
alled an s-play if any set Vn in thisplay is obtained a

ording to s. The strategy s is 
alled winning for α if she wins any
s-play in the game BM(X). One de�nes a (wining) strategy for the player β in ananalogous way.The following fa
t is the �rst one relating the validity of generi
 variational prin
ipleswith the existen
e of winning strategies in this game.Theorem 2.1. ([6℄) If f : X → R is a 
ontinuous bounded fun
tion, then the set
E(f) = {g ∈ C(X) : f + g attains its minimum in X} is residual in C(X) if and onlyif the player α has a winning strategy in the Bana
h-Mazur game BM(X).If we want to have a generi
 variational prin
iple for a lower semi
ontinuous fun
tion
f we have to involve a variant of the Bana
h-Mazur game: in this game, again twoplayers whi
h we will denote by Σ and Ω play a game in X by alternatively 
hoosingnonempty sets An for Σ, who starts the game, and Bn for Ω in su
h way thatAn+1 ⊂
Bn ⊂ An for any n ≥ 1 and, in addition, Bn must be relatively open in An forevery n ≥ 1. The player Ω wins the play {An, Bn} if ∩nAn = ∩nBn is nonempty(here A means the 
losure of a set A in X). Otherwise, Σ wins this play. Thisgame, whi
h is denoted by G(X) was 
onsidered for the �rst time by Mi
hael [8℄ forthe study of 
ompleteness properties of metri
 spa
es. One sees that in this variantthe player Σ has mu
h more freedom in her 
hoi
es 
ompared with the player β inthe 
lassi
al variant of the Bana
h-Mazur game. The player Ω however 
ontinues tobe obliged to play relatively open sets in her opponent 
hoi
es. The de�nitions of(winning) strategies for the players Σ and Ω in this game are similar to those in theBana
h-Mazur game given above.With the above notions in hand we have the following generi
 variational prin
iple:Theorem 2.2. ([2, 7℄) Let f : X → R ∪ {+∞} be a proper lower semi
ontinuousfun
tion whi
h is bounded from below in X. Let the player Ω has a winning strategyin the game G(X). Then the set {g ∈ C(X) : f + g attains its in�mum in X} isresidual in C(X). 93



Two remarks are in order here: First, it should be mentioned that in the above 
ase theexisten
e of a winning strategy for the player Ω in the game G(X) is only a su�
ient
ondition for the validity of the generi
 variational prin
iple. There are examplesshowing that this 
ondition is not ne
essary (
f., [2℄). Se
ond, if one wants that theperturbations f + g, g ∈ E(f), not only attain their in�mum in X , but somethingstronger is true, su
h as, uniqueness of the minimum, or the so-
alled well-posednessof f + g, then spe
ial winning strategies have to exist in the above games�see e.g.[2, 6, 7℄.3 Point-hyperplane game with appli
ations to geom-etry of Bana
h spa
es and Eikonal equationsThe game that we will dis
uss in this se
tion is related to the following 
lassi
alproperty known as the Denjoy-Clarkson property: if u : R → R is an everywheredi�erentiable fun
tion in R then, for any open set U ⊂ R the set {x : u′(x) ∈ U}is either empty or of positive Lebesgue measure. C.E. Weil [11℄ raised the questionwhether this property remains valid for the gradient of an everywhere di�erentiablefun
tion of several variables and this question is known as the Weil gradient problem.The question was answered in negative by Bu
zoli
h [1℄ who 
onstru
ted an every-where di�erentiable fun
tion u : R
2 → R su
h that ∇u(0) = 0 but ‖∇u(x)‖ ≥ 1 foralmost all points x ∈ R2 (and thus, u fails to satisfy Denjoy-Clarkson property in theopen unit ball of R2).The 
onstru
tion of the fun
tion u is not easy and a signi�
ant simpli�
ation wasproposed by Malý and Zelený [5℄ by use of the following in�nite game in R2: twoplayers, Player I and Player II, play a game in R

2 as follows: Player I starts by
hoosing a point a0 in the open unit ball of R2 and Player II answers by 
hoosinga line L0 passing through a0; then Player I 
ontinues by 
hoosing a point a1 on L0whi
h stays in the open unit ball of R
2 and Player II answers by 
hoosing a line

L1 that passes through a1, and so on. The Player II wins if the sequen
e (an)n is
onvergent in R2, otherwise Player I wins. This game is 
alled point-line game. The(winning) strategies for the players are de�ned similarly to the 
orresponding notionsin the Bana
h-Mazur games.Malý and Zelený proved [5℄ that the Player II has a winning strategy in the point-linegame. And this is what one needs to simplify the Bu
zoli
h proof. It should be notedthat the proof of the existen
e of a winning strategy is not evident.This game has a natural generalization in more dimensions whi
h was proposed andstudied by Deville and Matheron in [4℄: Let X be a (real) Bana
h spa
e and BX beits open unit ball. Players I and II play a game in X as follows: Player I 
hooses apoint a0 ∈ BX and Player II answers by a 
losed hyperplane H0 so that a0 ∈ H0; thenPlayer I 
ontinues by a point a1 ∈ H0∩BX and Player II answer is a 
losed hyperplane
H1 
ontaining a1; and so on. Player II wins if the sequen
es (an)n 
onverges in X .Otherwise Player I wins. The game is 
alled point-hyperplane game. If, in the aboves
heme, one repla
es the 
losed hyperplanes Hn by 
losed (open) half-spa
es Fn so94



that ea
h an lies on the boundary (or in the interior) of Fn, with the same winning
onditions, the game is 
alled point-
losed sli
e game (resp. point-open sli
e game).The (winning) strategies in these games are de�ned in a similar as above way.These generalizations are useful in the 
hara
terization of an important geometri
propertiy, the Radon-Nikodym property (RNP). This property in a Bana
h spa
e
X is equivalent to the validity of Radon-Nikodym theorem about representations ofabsolutely 
ontinuous measures and 
an be given the following geometri
 form: TheBana
h spa
e X has RNP if for any ε > 0 there is an open half-spa
e F so that thesli
e F∩BX has norm-diameter less than ε. The Radon-Nikodym property has turnedout to be very useful in Bana
h spa
e geometry (in operator theory, di�erentiabilityof 
onvex fun
tions, et
.).The RNP 
an be 
hara
terized by the existen
e of winning strategies in the abovegames in the following way:Theorem 3.1. (Deville-Matheron [4℄) Let X be a Bana
h spa
e. The following 
on-ditions are equivalent:(a) X has RNP;(b) Player II has a winning strategy in the point-hyperplane game;(
) Player II has a winnings strategy in the point-
losed (open) sli
e game.Let us mention that in the above de�nitions of (winning) strategies for the players,at ea
h step, the strategy depends on the whole history of the game before this step(i.e., depends on all 
hoi
es of the players before the 
orresponding step). If thereis a strategy that depends only on the previous move of the opponent player, su
ha strategy is 
alled ta
ti
. The following result shows a situation when we have theexisten
e of a winning ta
ti
 for one of the players in the above games.Theorem 3.2. (Deville-Matheron [4℄) If X is a superre�exive Bana
h spa
e thanPlayer II has a winning ta
ti
 in the point-
losed sli
e game.Finally, Deville and Matheron used the existen
e of a winning strategy for the PlayerII in the above games in order to prove the following existen
e of solutions to anEikonal equation in �nite dimensions, whi
h is also another 
ounterexample for theDenjoy-Clarkson property in Rn, n ≥ 2. Namely, the following theorem holds:Theorem 3.3. ("Exoti
" solutions of Eikonal equations: Deville-Matheron [4℄) Let
Ω be an open subset of Rn, n ≥ 2, x0 ∈ Ω and ‖ · ‖ be any norm in Rn. Then thereexists a 1-Lips
hitz fun
tion u : Ω→ R so that:(a) u is bounded and everywhere di�erentiable on Ω;(b) ∇u(x0) = 0;(
) ‖∇u(x)‖ = 1 almost everywhere in Rn;(d) u|∂Ω ≡ 0. 95
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Numeri
al Implementation of Fourier-transformMethod for Generalized Wave EquationsM. D. Todorov, C. I. Christov1 Problem FormulationConsider the Boussinesq equation in two spatial dimensions (so 
alled BoussinesqParadigm Equation)
utt = ∆(u− αu2 + β1utt − β2∆u) (1)where u = u(x, y, t) is the surfa
e elevation, t is the time, β1, β2 > 0 are two dispersion
oe�
ients and α is an amplitude parameter. The initial 
onditions 
an be preparedby a single soliton (
omputed numeri
ally and semi-analyti
ally) or as a superpositionof two solitons (see, for example [2℄, [1℄, [3℄ and [4℄). The possible ways to solvenumeri
ally the above problem 
an be summarized in three groups: (i) by using asemi-impli
it di�eren
e s
heme; (ii) by using a fully impli
it di�eren
e s
heme; (iii)by using pseudospe
tral methods. In this paper we fo
us our attentions to the lastones.2 Fourier Integral-Transform MethodInstead of using a multigrid solver (see, for example [5℄) we 
an use a 2D Fouriertransform. Applying it to the original equation (1) we get a se
ond order OrdinaryDi�erential Equation (ODE) with respe
t the time in the 
on�gurational spa
e

[1 + 4πβ1(ξ
2 + η2)]ûtt

= −4π2(ξ2 + η2)
[
1 + 4β2π

2(ξ2 + η2)
]
û+ 4π2α(ξ2 + η2)N̂ (2)where û(ξ, η, t) := F [u] and N̂(ξ, η, t) := F [u2]. Solving the last ODE is straightfor-ward and requires very few operations per time step for given N̂ but the lion's share ofthe 
omputational resour
es are 
onsumed by the 
omputation of the 
ontribution ofthe nonlinear term. An impli
it s
heme would require inverting the matrix that resultsfrom the dis
rete approximation of the 
onvolution integral representing the Fouriertransform of the nonlinear term u2. The 
on
ept of the pseudospe
tral method is touse inverse Fourier transform to represent the sought fun
tion in the 
on�gurationalspa
e and to 
ompute the square there, and then to �return" to the spe
tral spa
evia the Fourier transform. The straightforward appli
ation of the pseudo-spe
tralmethod leads to an inherently expli
it s
heme, and in many 
ase the latter us fullyenough. Yet, for 
omputations at very large times, one needs a fully 
onservativeenergy-
onserving s
heme. The latter is the obje
t of the present note. We use the
on
ept of �internal iterations" as introdu
ed in [6℄.97



3 Numeri
al Implementation of the Pseudo-spe
tralMethodWe introdu
e a uniform grid (ξm, ηn) in the Fourier spa
e and dis
retize the Fourierintegral. Suppose that we know ûk, ûk−1,..., û0. Then the next (n+ 1)-st time stageis 
omputed from the following three-stage di�eren
e s
heme
[1 + 4πβ1(ξ

2
m + η2

n)]
ûk,l+1
mn − 2ûkmn + ûk−1

mn

τ2

= −2π2(ξ2m + η2
n)[1 + 4β2π

2(ξ2m + η2
n)](ûk,l+1

mn + ûk−1
mn )

+
4

3
π2α(ξ2m + η2

n)DF
[
(D−1

F [ûk,lmn])
2 +D−1

F [ûk,lmn]D−1
F [ûk−1

mn ] + (D−1
F [ûk−1

mn ])2
]
, (3)where τ is the time step, and DF [·] denotes the dis
rete Fourier transform, and D−1
F [·]is the inverse, respe
tively. The 
on
ept of internal iterations requires that at ea
htime stage the linear s
heme Eq. (3) starts with uk,lmn = ukmn, l = 0 and is repeatedwith in
reasing the number l until 
onvergen
e is rea
hed for some l + 1 = L. Thenit is set up that uk+1

mn := uk,Lmn. Then, following [6℄, we show that the s
heme is fullynonlinear and fully impli
it and 
onserves the energy within the toleran
e level setfor the 
onvergen
e of the internal iterations (
an be 
hosen 
lose the the round-o� error of the 
omputer). Note that the inverse Fourier transform gives a dis
retefun
tion ukij := D−1
F [ûkmn], where i and j are the indi
es of a spe
i�
 grid point in the
on�gurational spa
e.4 Numeri
al Tests and ValidationsWe treat two 1D wave equations. In order to approximate the Fourier integrals weuse spe
ialized Filon's quadrature [8℄ on a uniform mesh

∫ x∞

−x∞

u(x)eiξxdx ≈
(

1

iξ
+

1− e−iξh

ξ2h

)
vM −

(
1

iξ
+

e−iξh − 1

ξ2h

)
v0

+
4

ξ2h
sin2 ξh

2

M−1∑

m=1

vm,with v ≡ u(x)eiξx, spatial step h and �a
tual� in�nities [−x∞, x∞].The advantage of above quadrature 
onsists in both � for ξh ≤ 1 it be
omes a gen-eralized trapezoidal formula with O(h2) error and when ξh > 1 the order of error isas O(Mξ−3uxx) [7℄, [9℄. Having in mind the lo
alized nature of the sought solutionsit is obvious that limx→±∞ uxx = 0 and the de
ay of the quadrature error for ξ ≫ 1and given x∞ in the problems in question is obeyed.98



4.1 Cau
hy problem for 1D string equationLet us 
onsider the well-known Cau
hy problem
utt = c2uxx, c = const > 0, −∞ < x <∞, t > 0 (4)

u(x, 0) = f(x), ut(x, 0) = g(x) (5)with exa
t solution given by D'Alembert's formula
u(x, t) =

1

2
[f(x− ct) + f(x+ ct)] +

1

2c

∫ x+ct

x−ct
gdθ.The image of the problem (4)-(5) in the 
on�gurational spa
e (again Cau
hy problemwith respe
t an ODE with algebrai
 right hand side) reads

ûtt = −c2ξ2û, û(ξ, 0) = f̂(ξ) ût(ξ, 0) = ĝ(ξ) (6)and exa
t solution û(ξ, t) = f̂(ξ) cos cξt+ ĝ(ξ)
cξ sin cξt where F−1[û] = u(x, t).Following the idea in (3), we build a standard three-stage expli
it di�eren
e s
hemefor (6)

ûk+1
m − 2ûkm + ûk−1

m

τ2
= −c

2ξ2

2
(ûk+1
m + ûk−1

m ) (7)setting the phase velo
ity c = 1, and (i) f(x) = e−(x−X)2, g(x) = 2(x−X)e−(x−X)2 ,
X stands for the initial position of the 
enter of the solitary wave; (ii) the fun
tions
f(x) and g(x) in the initial 
onditions are se
h-like (see the next subse
tion). Let usnote that the s
heme is stable, when ch/τ ≤ 1.4.2 Regularized Long Wave EquationIf β1 = 0 the Boussinesq equation redu
es to the so-
alled Regularized Long WaveEquation (RLWE)

utt = (u− αu2 + βutt)xx (8)and possesses the following exa
t solitary-wave solution (see [6℄):
w = −3

2

c2 − 1

α
sech2

(
x− ct

2c

√
c2 − 1

β

)
. (9)Here c is the phase velo
ity, α is the parameter of the nonlinearity, and β is thedispersion parameter. For the me
hani
al meaning of Eq. (8) we refer the reader to[6℄. To begin the time stepping, we set

u(x, 0) = w(x, 0) and u(x, τ) = wt(x, 0)τ + w(x, 0) (10)and transform the latter to spe
tral spa
e, thus providing the two initial 
onditionsfor the 1D version of the s
heme (3). 99



5 Results and Con
lusionsWe show and dis
uss two groups of results 
on
erning the 1D linear string equa-tion and the 1D nonlinear RLWE. Figure 1 demonstrates the ex
ellent 
omparisonbetween the D'Alembert solution (dashed lines) and the numeri
al solution by thepseudospe
tral method (solid lines). Two running waves with Gaussian shape startfrom the 
oordinate origin X = 0 and go un
hanged to the left and to the right withphase velo
ities cl = −cr = 1. The 
on
lusion is that the linear wave equations 
an be
0.5
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-15 -10 -5  0  5  10  15Figure 1: Comparison of the numeri
al solution with the D'Alembert formula.dis
retized and solved numeri
ally in the spe
tral spa
e and only after the solution isobtained at ea
h time stage, the inverse Fourier transformation 
an be used to restorethe solution in the 
on�guration spa
e. As rule, the mapped di�erential equationsare simpler 
ompared to the original ones.In Figure 2 the wave shapes are the same but the initial 
ondition is a superpositionof two running waves starting from di�erent positions −Xl = Xr = 3.5 again withphase velo
ities cl = −cr = 1 whi
h 
ollide between them elasti
ally.
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-15 -10 -5  0  5  10  15Figure 2: Superposition and elasti
 intera
tion of two Gaussian pulses.The se
ond part of investigation 
on
erns 1D nonlinear dispersive generalized waveequations using RLWE as a featuring example. In the following �gures the obtainednumeri
al solutions with the des
ribed here algorithm are presented. To test thereliability of the method we 
ompare the obtained results with these obtained by a�nite di�eren
e method in [6℄. 100



In Figures 3 and 4 the head-on 
ollisions for super
riti
al phase speeds that are stillbelow the threshold of the blow-up are presented. The �rst �gure presents a 
asewhere the nonlinearity is weaker, while in the se
ond of these �gures, the nonlinearityis 
onsiderable. In both 
ases, the solitons retain their individualities after the 
ollisionand no signi�
ant radiation is observed despite the fa
t that RLWE is not a fullyintegrable 
ase. The only sign of inelasti
ity is the phase shift experien
ed by the
olliding waves. For the sake of saving spa
e it is not presented here.
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 intera
tion in RLWE for slightly super
riti
al phase velo
ities,

cl = −cr = 1.05, α = −3, β = 1.
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-20 -10  0  10  20Figure 4: The intera
tion in RLWE near to the threshold of nonlinear blow-up, cl = −cr =

1.5, α = −3, β = 1.In the end, we present in Figure 5 a 
ase known to lead to a blow-up of the solution.
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-20 -10  0  10  20Figure 5: The blow-up in RLWE for large super
riti
al phase velo
ities, cl = −cr = 2,
α = −3, β = 1.In all 
onsidered 
ases an ex
ellent 
omparison with [6℄ is observed.101



6 Con
lusionWe have demonstrated that the pseudospe
tral methods and in parti
ular Fouriertransform 
an be e�
ient both for numeri
al treatment of linear and nonlinear waveequations. For the 2D and 3D equations one needs to apply 2D and 3D Fouriertransforms and to follow the pro
edures des
ribed above.above.A
knowledgement. This investigation is supported �nan
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On the Numeri
al Investigation of UnsteadySolutions for the 2D Boussinesq Paradigm Equationin a Moving Frame Coordinate SystemDaniela Vasileva, Christo I. ChristovIntrodu
tion. One of the most important features of the generalized wave equations
ontaining nonlinearity and dispersion, is that they possess solutions of type of permanentwaves as shown in the original Boussinesq work [1℄. In 1D, a plethora of deep mathemati
alresults have been obtained for solitons, but it is of 
ru
ial importan
e to investigate also the2D 
ase, be
ause of the di�erent phenomenology and the pra
ti
al importan
e. The a

uratederivation of the Boussinesq system 
ombined with an approximation, that redu
es the fullmodel to a single equation, leads to the Boussinesq Paradigm Equation (BPE) [2℄:
utt = ∆ [u − F (u) + β1utt − β2∆u] , F (u) := αu2, (1)where u is the surfa
e elevation of the wave, β1, β2 > 0 are two dispersion 
oe�
ients, and

α > 0 is an amplitude parameter. The main di�eren
e of (1) from the original BoussinesqEquation is the presen
e of a term proportional to β1 6= 0 
alled �rotational inertia�.It has been re
ently shown that the 2D BPE admits stationary translating lo
alized solu-tions [3, 4, 5℄, whi
h 
an be obtained approximately using �nite di�eren
es, perturbationte
hnique, or Galerkin spe
tral method. Results about their time behaviour and stru
turalstability are presented in [6, 7, 8℄, and here we 
ontinue their investigation using a movingframe 
oordinate system. It allows us to keep the lo
alized stru
ture in the 
enter of the
oordinate system, redu
ing the e�e
ts of re�e
tion from the boundary.Numeri
al method for solving BPE.We introdu
e the following new depen-dent fun
tion
v(x, y, t) := u − β1∆u (2a)and substituting it in Eq. (1) we get the following equation for v

vtt =
β2

β1

∆v +
β1 − β2

β2
1

(u − v) − ∆F (u).We set z := y − ct, where c is the velo
ity of the stationary propagating soliton and obtainthe following equation for w(x, z, t) := v(x, z + ct, t)

wtt − 2cwtz + c2wzz =
β2

β1

∆w +
β1 − β2

β2
1

(u − w) − α∆F (u). (2b)Thus we obtain a system 
onsisting of an equation for u, Eq. (2a), and an equation for w:Eq. (2b).The following impli
it time stepping 
an be designed for the system (2)
wn+1

ij − 2wn
ij + wn−1

ij

τ 2
− c

V z[wn+1

ij − wn−1

ij ]

τ
+

c2

2
Λzz[wn+1

ij + wn−1

ij ]

=
β2

2β1

Λ
ˆ

wn+1

ij + wn−1

ij

˜

+
β1 − β2

2β2
1

[un+1

ij − wn+1

ij + un−1

ij − wn−1

ij ]

− ΛG(un+1

ij , un−1

ij ), (3a)
un+1

ij − β1Λun+1

ij = wn+1

ij , i = 0, . . . , Nx + 1, j = 0, . . . , Ny + 1. (3b)103



Here τ is the time in
rement, G(un+1

ij , un−1

ij ) =
ˆ

(un+1

ij )2 + un+1

ij un−1

ij + (un−1

ij )2
˜

/3, Λ =
Λxx + Λzz stands for the di�eren
e approximation of the Lapla
e operator ∆ on a non-uniform grid, for example

Λxxφij =
2φi−1j

hx
i−1(h

x
i + hx

i−1)
−

2φij

hx
i hx

i−1

+
2φi+1j

hx
i (hx

i + hx
i−1)

=
∂2φ

∂x2

˛

˛

˛

ij
+ O(|hx

i − hx
i−1|),and V z is a 
entral di�eren
e approximation of ∂

∂z

Vzφij =
hz

j−1φij+1

hz
j (h

z
j + hz

j−1)
−

hz
i φij−1

hz
j−1(h

z
j + hz

j−1)
−

(hz
j − hz

j−1)φij

hz
i hz

j−1

=
∂φ

∂z

˛

˛

˛

ij
+ O(|hz

j − hz
j−1|).Another way to approximate wzt for c > 0 is by the following "upwind" approximation

wzt =
wn+1

ij+1 − wn+1

ij − wn
ij+1 + wn

ij

2τhz
j

+
wn

ij − wn
ij−1 − wn−1

ij + wn−1

ij−1

2τhz
j−1

+ O(|hz
j − hz

j−1| + τ 2).The values of the sought fun
tions at the (n − 1)-st and n-th time stages are 
onsidered asknown when 
omputing the (n + 1)-st stage. The nonlinear term G is linearized using whatwe 
all internal iterations (translating the Pi
ard's idea to the 
ase of di�erential equations),i.e., we perform su

essive iterations for u and w on the (n+1)-st stage, starting with initial
onditions from the already 
omputed n-th stage.The following non-uniform grid is used in the x−dire
tion
xi = sinh[ĥx(i − nx)], xNx+1−i = −xi, i = nx + 1, . . . , Nx + 1, xnx = 0,where Nx is an odd number, nx = (Nx + 1)/2, ĥx = Dx/Nx, and Dx is sele
ted in a mannerto have large enough 
omputational region. The grid in the z−dire
tion is de�ned in thesame way.Be
ause of the lo
alization of the wave pro�le, the boundary 
onditions 
an be set equal tozero, when the size of the 
omputational domain is large enough. The initial 
onditions are
reated using the best-�t approximation provided in [5℄. The 
oupled system of equations(3) is solved by the Bi-Conjugate Gradient Stabilized Method with ILU pre
onditioner [9℄.Numeri
al experiments. Denote by us(x, y; c) the best-�t approximation of thestationary translating (with speed c) lo
alized solutions, obtained in [5℄

us(x, z; c) = f(x, z) + c2 [(1 − β1)ga(x, z) + β1gb(x, z)]

+ c2 [(1 − β1)h1(x, z) + β1h2(x, z)] cos [2 arctan(z/x)] ,where the formulas for the fun
tions f, ga, gb may be found in [5℄. For t = 0, the �rst initial
ondition is obvious: u(x, z, 0) = us(x, z; c), and the se
ond initial 
ondition may be 
hosenas u(x, z,−τ ) = us(x, z; c).In the next examples solutions for β1 = 3, β2 = 1, α = 1 are presented.Example 1. The �rst example is for a phase speed c = 0.27. The basi
 grid has 161 × 161points in the region [−20, 20]2, τ = 0.1. The results are for 
omputations in �xed 
oordinates,for the moving frame 
oordinate system with upwind approximation of wtz , for the movingframe 
oordinate system with 
entral di�eren
es approximation of wtz, for �ner grid with
321 × 321 points and τ = 0.05, and for a larger 
omputational region with 641 × 641 pointsin [−200, 200]2, τ = 0.1. The behaviour of the solution is almost the same in all 
ases.104
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Figure 1: Evolution of the solution for c = 0.27, the maximum u(0, zmax), and thetraje
tory of the maximum.For t < 10 the solution stays near the 
enter of the moving 
oordinate system and behaveslike a soliton, i.e., preserves its shape, although its maximum slightly de
reases. For largertimes the solution transforms into a diverging propagating wave. As the stru
ture is movingthe weaves are not 
on
entri
 � just like when we throw a stone in a pond at an angle. Theevolution of the solution, as well as values of the maximum of the solution umax and thetraje
tory of the maximum zmax (ymax for �xed 
oordinates) are shown in Fig.1.Example 2. In Fig.2 results for c = 0.28 are presented. For t < 10 the solution stays nearthe 
enter of the moving frame 
oordinate system and behaves like a soliton, i.e., preservesits shape, although its maximum slightly varies. For larger times the solution turns to growand blows-up for t ≈ 20. The results for the �xed and moving frame 
oordinate system arevery similar.The results from the Experiments 1 and 2 show that the me
hanism for having a balan
ebetween the nonlinearity and dispersion is present, but the solution is not robust (evenwhen it is stable as a time stepping pro
ess) and eventually takes the path to the attra
torpresented by the propagating wave. 105
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Figure 2: Evolution of the solution for c = 0.28, the maximum u(0, zmax), and thetraje
tory of the maximum.Example 3. In order to show that the la
k of robustness is a intrinsi
ally 2D e�e
t ratherthan due to the imperfe
tions of the s
heme, we use the exa
t solution for the 1D 
ase [2℄ asinitial data:
u(x, z, 0) := usech(x) = (1 − c2)

1.5

α
se
h2

`

0.5x
p

(1 − c2)/(β2 − β1c2)
´

.The boundary 
onditions on z = −20 and z = 20 are u(x,±20, t) := usech(x). The maximumof the di�eren
e between the numeri
al and the exa
t solution ∆u := max |u−usech| and theorder of 
onvergen
e l are shown in Table 1. As it is seen, the results 
on�rm both thesolitoni
 behaviour of the 1D solution and the se
ond order 
onvergen
e of the di�eren
es
heme (3). The 
entral di�eren
e and upwind approximations of utz lead to pra
ti
ally thesame values in the numeri
al solution. The 
omparison between the moving frame and �xedgrid 
omputations shows that the latter produ
es larger errors on non-uniform grids, butsmaller errors on uniform grids.Con
lusion. A di�eren
e s
heme in a moving frame 
oordinate system is designedfor the investigation of the time evolution of the lo
alized solutions of the 2D Boussinesq106



Table 1: Convergen
e in spa
e and time for c = 0.27

t = 4 t = 8 t = 12

τ Nx+1 ∆u l ∆u l ∆u lmoving frame, non-uniform grid0.1 160 1.36e-3 5.04e-3 1.70e-20.05 320 3.56e-4 1.93 1.32e-3 1.93 4.44e-3 1.94�xed grid0.1 160 1.81e-3 6.78e-3 2.42e-20.05 320 4.69e-4 1.95 1.75e-3 1.95 6.21e-3 1.96moving frame, uniform grid0.1 160 1.05e-2 3.36e-2 1.13e-10.05 320 2.66e-3 1.98 8.41e-3 2.00 2.74e-2 2.04�xed uniform grid0.1 160 1.00e-2 2.82e-2 8.61e-20.05 320 2.56e-3 1.97 7.18e-3 1.97 2.15e-2 2.00Paradigm Equation (BPE). The grid is non-uniform and the trun
ation error is se
ond orderin spa
e and time. The results obtained for the time evolution of supposedly stationarypropagating waves for di�erent phase speeds are very similar to those in [7, 8℄ � for phasespeeds 0 6= c ≤ 0.27, the initially lo
alized wave disperses in the form of ring-wave expandingto in�nity. Respe
tively, for c ≥ 0.28 the initial evolution resembles a stationary propagation,but after some period of time a blow-up of the solution takes pla
e. The results are in goodagreement with [6℄, where a similar (c = 0.3) threshold is established for the appearan
e ofthe blow-up.The moving frame 
oordinate system helps us to keep the lo
alized stru
ture in the 
enterof the 
oordinate system, where the grid is mu
h �ner. It also redu
es the e�e
ts of there�e
tion from the boundaries, and thus allows us to use a smaller 
omputational box.A
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