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The Geometry of polynomials study the geometric relations, on the complex plane C, be-
tween the zeros of a complex polynomial p(z) and the zeros (called also critical points) of its
derivative p’(z). The fundamental fact in this feeld, see [1, p. 69 - 78], is:

Theorem 1 (Gauss-Lucas) The convex hull K (p) of a polynomial p(z) contain the the zeros
of its derivative p' (z).

To every polynomial
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correspond a multiaffine, symmetric polynomial in n complex variables:
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are the elementary symmetric polynomials of degree k, with So(z1, ..., z,) := 1. Obviously,

p(z) = P(z,...,z). One say that P(z1, ..., 2,) is the symmetrization of p(z).

The n-tuple {z1, ..., 2, } is called a solution of p(z) if P(z1,...,2,) = 0.

To study extreme problems in the Geometry of polynomials, we introduce, the following
notion, see [2], [3], [4], [5].

Definition 1 A closed subset Q of C* = C | oc is called a locus holder of p(z) if Q) contains
at least one point from every solution of p(z). A minimal by inclusion locus holder Q) is called
alocus of p(2).

It was shown in [2] that every locus holder contains a locus. If « is a zero of p(z) and Q2
is a locus of p(z), then o € £, since {o, v, ..., a} is a solution of p(z). It is also shown,
see [2], that every locus holder of p(z) contains all zeros of all its derivatives p(*)(z); s =
1,2,...,n — 1. A restatement of the classical theorem of Grace, see [1, p. 107], says that
every circular domain containing the zeros of p(z) is a locus holder of p(z). In fact, every
locus of p(z) allows one to formulate an extreme version of Grace’s theorem, see [3].

A corollary of the Grace theorem, see [1, p. 126], is:

Theorem 2 (Grace-Heawood) Let p(z) be a polynomial of degree n > 2. If zy # 2o and
p(z1) = p(22), then the disk Dy,(z1, 22) with center ¢ = 2522 and radius r = @ cot T
contains at least one zero of p'(z).



In fact D,, (21, 22) is a locus holder of a polynomial x,,_1(z) of degree n — 1, depending only
on the points z; and zs, but not from the poliynomial p(z). To sharpen the theorem of Grace-
Heawood, we have to find a locus holder of k,,_1(z) with smaller area then this of the disk
D, (21, 22), see [5]. The disk D, (21, 22) is only a locus holder of «,,_1(z), but not a locus.
The problem to find the sharpest analogue of the Grace-Heawood theorem was formulated
by Lubomir Tchakaloff, see [6], more than 80 years ago.

There are many extreme problems in the Geometry of polynomials, which may be solved by
finding a locus of a polynomial.

It is possible to find a locus holder of a given polynomial by analytical methods. But un-
til now, we do not know an analitical method to find the locus with the smallest area of a
polynomial of degree n > 4.

The lecture is devoted to some ideas for constructing numerical algorithms for calculating the
locus of a polynomial with smallest area. Observe that every polynomial has a such locus,
but the problem of its uniqueness is steel open.
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