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PREFACE

The Bulgarian Section of SIAM (BGSIAM) was formed in 2007 with the purpose
to promote and support the application of mathematics to science, engineering and
technology in Republic of Bulgaria. The goals of BGSIAM follow the general goals of
SIAM:

• To advance the application of mathematics and computational science to engi-
neering, industry, science, and society;

• To promote research that will lead to effective new mathematical and compu-
tational methods and techniques for science, engineering, industry, and society;

• To provide media for the exchange of information and ideas among mathemati-
cians, engineers, and scientists.

During BGSIAM’20 conference a wide range of problems concerning recent achieve-
ments in the field of industrial and applied mathematics will be presented and dis-
cussed. The meeting provides a forum for exchange of ideas between scientists, who
develop and study mathematical methods and algorithms, and researchers, who apply
them for solving real life problems.

The strongest research groups in Bulgaria in the field of industrial and applied math-
ematics, advanced computing, mathematical modelling and applications will be pre-
sented at the meeting according to the accepted extended abstracts. Many of the
participants are young scientists and PhD students.

LIST OF INVITED SPEAKERS:

• Oleg Iliev (Fraunhofer Institute for Industrial Mathematics, Kaiserslautern,
Germany)
“Pore scale simulation of reactive flow for industrial and environmental prob-
lems”

• Geno Nikolov (Sofia University, “St. Kliment Ohridski”, Bulgaria)
“Markov type inequalities and extreme zeros of orthogonal polynomials ”

• Michail Todorov (Technical University of Sofia, Bulgaria)
“Vector Schrodinger equation: Nonlinearity, Multidimensionality, Integrability.
What to Prefer?”

The present volume contains extended abstracts of the presentations (Part A) and
list of participants (Part B).



Ivan Georgiev
Chair of BGSIAM Section

Hristo Kostadinov
Vice-Chair of BGSIAM Section

Elena Lilkova
Secretary of BGSIAM Section

Sofia, December 2020
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Part A

Extended abstracts1

1Arranged alphabetically according to the family name of the first author.





Sensitivity of the nonlinear matrix equation
Xp = A + M(B + X−1)−1M ∗

Vera Angelova

In this paper, we consider the nonlinear matrix equation

F (X,Q) := Xp −A−M(B +X−1)−1M∗ = 0, (1)

for a positive integer p ≥ 1 and a collection of data n × n matrices Q := (A,B,M),
where A and B are Hermitian positive semidefinite matrices and M - an arbitrary
matrix. For p ≥ 2, when A and B are positive semidefinite matrices, equation (1)
has a unique positive definite solution X. For the case p = 1, equation (1) is the well
known in control theory, stochastic filtering, dynamic programming and ladder net-
work symmetric discrete-time algebraic Riccati equation X = MX(I+BX)−1M∗+A
and when B = 0, it becomes the Stein equation, arising in signal processing, system
and control theory. The sensitivity and the conditioning of the symmetric discrete-
time algebraic Riccati equation and the Stein equation have been studied and local
and nonlocal perturbation bounds have been proposed in the literature, as well. We
are interested in the sensitivity of the solution X to equation (1) to perturbations in
the data. The sensitivity analysis of equation (1) intertwines the challenges of the
properties of the symplectic Hamiltonian f(X) = A+M(B +X−1)−1M∗ with those
of the matrix power function g(X) = Xp.
In this paper, applying the local and the nonlocal perturbation analysis, based on the
techniques of Fréchet derivatives, the method of Lyapunov majorants and Schauder
fixed point principle, local and nonlocal perturbation bounds are derived. The local
bounds are first order perturbation bounds for the error in the solution X to (1),
formulated on the base of absolute and relative condition numbers of the equation
and valid only asymptotically for sufficiently small perturbations in the data. Un-
fortunately the allowable size of the perturbations depends on the properties of the
given problem and no one can a priori determine it in order to assure rigorism of the
local bound. The nonlocal perturbation bound involves the local bound, as well as
terms of second and higher order of the perturbations in the data included in a given
a priori prescribed domain that guarantees the existence of an unique solution to the
perturbed equation in a neighborhood of the unperturbed solution. This leads the
disadvantages of the nonlocal bound to be more pessimistic than the local bound and
to may not exist, when the condition of its existence is violated. Numerical examples
illustrate the effectiveness of the perturbation bounds proposed.

Acknowledgments. This work is accomplished with the partial support by the
Grant BG PLANTNET “Establishment of national information network genbank —
Plant genetic resources”.
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Adjoint State Optimization Algorithm for
Prediction of Honeybee Population Losses

Atanas Z. Atanasov, Slavi G. Georgiev

The first common record of a ubiquitous massive loss of honeybee colones date from
the winter of 2006–2007. Some apiaries have lost about 90% of their colonies and this
phenomenon is observed in USA, Europe and other destinations. There were another
events concerning honeybee losses in the far and near history at different places, but
in the early 2007, there were beekeepers who experienced 80− 100% losses. Such an
extraordinary event, besides its environmental and economic impact, attracts a lot of
scientific interest and is a topic of a vast body of research.
There are conditions described by the absence of adult bees, but particular losses
in the winters of 2007, 2008 and other recent years share similar symptoms and the
causal syndrome is called ‘Colony Collapse Disorder’ (CCD). It is characterized by
three distinguishable traits: 1) a rapid loss of adult bees in colonies while no dead
bodies are found in and around the hive; 2) the presence of the queen and the capped
brood; 3) the presence of a food stores which, as well as the hive, are not robbed by
pests or scavengers for an extended period of time.
The task of protecting bee colonies is becoming increasingly important for the world
around us. Albert Einstein said that mankind would survive four years after extinction
of the bees. There are no crops without pollination; animals will die of hunger – and
the people with them.
Now we will describe a model of CCD in a honeybee colony. We follow the basic
honeybee population model proposed by [1], rewritten as

dN

dt
= L

N

ω +N
−mF, dF

dt
= αN − (α+ σ +m)F + σ

F 2

N
(2)

with initial condition N(t0) = N0, F (t0) = F 0.
H is the number of bees working in the hive and F – the number of bees who work
outside the hive hereafter referred to as foragers. All adult worker bees could be
classified either as hive bees or as foragers, and that there is no overlap between these
two behavioral classes, hence the total number of adult worker bees in the colony is
N = H + F . We let ppp = (p1, p2, p3, p4), p1 := m, p2 := α, p3 := σ, p4 := ω,
ppp ∈ Sadm =

{
ppp ∈ R4 : 0 < pi < P i, i = 1, 2, 3, 4

}
.

Hereinafter all solutions {N(t;ppp), F (t;ppp)}, ppp ∈ Sadm are defined on the interval t0 ≤
t ≤ T . When the parameters m, α, σ and ω are known, the problem (2) is well-posed
and it is called a direct problem.
We study the inverse problem of reconstructing the parameter ppp ∈ Sadm by means of
the observed behaviour N(tk;ppp) = Yk, k = 1, . . . ,KN , F (tk;ppp) = Zk, k = 1, . . . , FN
of the dynamical system (2). Then, the inverse problem of the parameter reconstruc-
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tion can be formulated in a variational setting as follows:

minppp∈Sadm
Φ(ppp), Φ(ppp) = Φ(m,α, σ, ω) = ΦN (ppp) + ΦK(ppp),

ΦN (ppp) =

KN∑
k=1

(
N(tk;ppp)− Yk

)2
, ΦF (ppp) =

KF∑
k=1

(
F (tk;ppp)− Zk

)2
.

The formulated inverse problem is solved by an adjoint equation gradient method,
see e. g [2]. Namely, we that the gradient J ′ ≡ (J ′m, J

′
α, J

′
σ, J

′
ω) is given by (3)

J ′m(ppp) =

∫ T

0

(ϕN + ϕF )Fdt, J ′α =

∫ T

0

ϕFFdt,

J ′σ(ppp) =

∫ T

0

(
F − F 2

N

)
ϕFdt, J ′ω(ppp) = L

∫ T

0

NϕN
(ω +N)2

dt,

(3)

where the functions ϕN , ϕF are the solution to the adjoint final value problem

dϕN
dt

=
ω

(ω +N)2
ϕN −

(
α− σ F

2

N2

)
ϕF + 2

KN∑
k=1

(N(t;ppp)− Y (t)) δ(t− tk),

dϕF
dt

= mϕN +

(
α+ σ + ω − 2σ

F

N

)
ϕF + 2

KF∑
k=1

(F (t;ppp)− Z(t)) δ(t− tk),

where δ(·) is the Dirac-delta function, and

ϕN (T ) = 0, ϕF (T ) = 0.

The numerical analysis suggests the farmer the role of accelerated forager recruitment
in employing hives during a colony collapse.
Acknowledgments. The study of the first author is supported by contract 2020-
FNI-01, funded by the Research Fund of the University of Ruse. This research is
supported by Bulgarian National Science Fund under Project KP-06-PN 46-7 “Design
and research of fundamental technologies and methods for precision apiculture”.

References

[1] Khoury, D.S., Myerscough, M.R., Barron, A.B.: A quantitative model of honey
bee colony population dynamics. PLoS ONE 6(4), e18491 (2011)

[2] Marchuk, G.I., Agoshkov, V.I., Shutyaev, V.P.: Adjoint Equations and Perturba-
tion Algorithms in Nonlinear Problems. CRC Press, Boca Raton (1996)
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ETCCDI Precipitation-based Climate Indices in the
CMIP5 Future Climate Projections over Southeast

Europe

Hristo Chervenkov and Kiril Slavov

Today there is overall consensus about the paramount importance of the problem
of the climate change. It will impact markedly the ecosystems, all branches of the
international economy, and the quality of life. In climate change research, scenarios
describe plausible trajectories of climate conditions and other aspects of the future.
Emissions scenarios are descriptions of potential future emissions to the atmosphere of
substances that affect the Earth’s radiation balance, such as greenhouse gases (GHG)
and aerosols. Along with information on other related conditions such as land use
and land cover, emissions scenarios provide inputs to climate models. Coupled atmo-
sphere-ocean general circulation models (CAOGCMs) allow the simulated climate to
adjust to changes in climate forcing, such as increasing GHG. The Coupled Model
Intercomparison Project (CMIP) is a standard experimental protocol for studying
the output of CAOGCMs. The main aim of the fifth phase of CMIP, CMIP5, is to
study the climate and climate change in the past, present and future, using a set of
simulations in various spatial and temporal scales. The CMIP5 experiment uses new
emission scenarios called representative concentration pathways (RCP) to assess the
interactions between the human activities on the one hand and the environment on
the other hand, and their evolution. The RCPs are mitigation scenarios that assume
policy actions will be taken to achieve certain emission targets. Four RCPs have
been formulated: RCP2.6, RCP4.5, RCP6.0 and RCP8.5 which are named after the
possible range of ’radiative forcing’ values at the end of the 21st century, relative to
pre-industrial values — +2.6, +4.5, +6.0 and +8.5Wm-2.
In the recent decades many studies are dedicated on the climate projections over
Europe and the Mediterranean basin. Despite the overall agreement for general re-
duction of the precipitation amount in the middle and at the end of the 21th century,
there are still many differences in the magnitude of the expected changes, annual and
seasonal variability and spatial distributions. Central and Eastern Europe is a region
where precipitation changes remain still uncertain.
The main aim of the present study is to perform overall assessment of the precipitation
climate over Southeast Europe via the projected changes of top 5 precipitation-based
climate indices (CIs): Annual count of days when the daily precipitation amount (PA)
is greater or equal than 10 mm, Maximum length of dry spell, Monthly maximum
consecutive 5-day PA, Annual total PA greater than the 95th percentile, calculated
over the reference period 1961–1990 and Annual total PA in wet days, which are noted
R10MM, CDD, RX5DAY, R95p and PRCPTOT correspondingly. The CIs are com-
puted from the output of selected CMIP5 CAOGCMs. The assessment, performed
on annual basis, is continuation of sets of previous our works and is regional study.
Today there is overall consensus that the multi-model ensembles are an indispens-
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able tool for future climate projection and the quantification of its uncertainty. The
equally weighted multi-model mean (MMM) is most often used as a “best” estimate
for variable averages, as evidenced by its ubiquity in the 5th Assessment Report of the
Intergovernmental Panel on Climate Change. Although the number of the considered
models in our study is only four, the ensemble MMM is plausible way for common
estimation and thus it is shown on Fig. 1. The study confirms, first of all, the com-
plexity of the expected precipitation-related changes. It is revealed general drying
tendency toward the end of the 21st century, which is quantified with increase of the
indicator consecutive dry days and reduction of the annual precipitation sum. This

Figure 1: Ensemble MMM for the reference period on the first row; MMMs for
RCP2.6, RCP4.5, RCP6.0 and RCP8.5 on the second, third, fourth and fifth row
correspondingly. The units for R10MM and CDD are days; for RX5DAY, R95p and
PRCPTOT - mm.
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tendency, however, is accompanied by steady increases of the indicator very wet days.
The last suggest that dry spells in the region, which are prerequisite for droughts,
will become longer, but that precipitation may be more extreme when it occurs.
The results of this and similar studies could be methodologically reliable scientific
basis of various impact studies and the development of adaptation strategies.
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Stability Analysis of a Mathematical Model for
Phenol and Cresol Mixture Degradation with

Interaction Kinetics

Neli Dimitrova, Plamena Zlateva

Nowadays, organic chemical mixtures are among the most persistent environmental
pollutants. Different aromatic compounds such as phenol, cresols, nitrophenols, ben-
zene, etc. coexist as complex mixtures in wastewaters from petroleum refineries, coal
mining and other industrial chemical sources. Biological degradation has recently be-
come a viable green technology for remediation of organic pollutants in comparisson
to other chemical and physical methods.
We propose a mathematical model for phenol and p-cresol mixture degradation in
a continuously stirred bioreactor. The model is described by the following three
nonlinear ordinary differential equations

dX(t)

dt
= (µ(Sph, Scr)−D)X(t)

dSph(t)

dt
= −kph µ(Sph, Scr)X(t) +D(S0

ph − Sph(t)) (4)

dScr(t)

dt
= −kcr µ(Sph, Scr)X(t) +D(S0

cr − Scr(t)),

where X is biomass concentration, Sph is phenol concentration, S0
ph is influent phenol

concentration, Scr is p-cresol concentration, S0
cr is influent p-cresol concentration, D

is dilution rate, and µ(Sph, Scr) is the biomass specific growth rate, presented by

µ(Sph, Scr) =
µmax(ph)Sph

ks(ph) + Sph +
S2
ph

ki(ph)
+ Icr/phScr

+
µmax(cr)Scr

ks(cr) + Scr +
S2
cr

ki(cr)
+ Iph/crSph

.

All coefficients in the model and in the expression of µ(·) are assumed to be positive.
The novel idea in the model design is the kinetic function µ(Sph, Scr), known as sum
kinetics with interaction parameters (SKIP) and involving inhibition effects. The
interaction parameters Icr/ph and Iph/cr indicate the degree to which substrate p-
cresol affects the biodegradation of substrate phenol, and substrate phenol affects the
biodegradation of substrate p-cresol, respectively.
We determine the equilibrium points of the model and study their local asymptotic
stability and bifurcations with respect to the practically important parameter D. It
is shown that there exists values of D, 0 < D1 < D2 < D3, such that the following
assertions are valid.

(a) The wash-out equilibrium E0 = (0, S0
ph, S

0
cr) (with X = 0) exists for all D > 0;

E0 is locally asymptotically unstable if D ∈ (0, D2), and E0 is locally asymp-
totically stable if D > D2.
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(b) There are two interior (with positive components) equilibrium points,

E1 = (X(1), S
(1)
ph , S

(1)
cr ) and E2 = (X(2), S

(2)
ph , S

(2)
cr ) with S(2)

cr > S(1)
cr ,

such that E1 exists for D ∈ (D1, D3) and is locally asymptotically unstable, E2

exists if D ∈ (D1, D2) and is locally asymptotically stable.

(c) The interior equilibria E1 and E2 undergo a saddle-node bifurcation at D = D1.

(b) The interior equilibrium E2 and the wash-out equilibrium E0 undergo a trans-
critical bifurcation at D = D2.

The next theorem shows that the dynamic system (4) exhibits the standard properties
that we would expect from a bioreactor model.

Theorem 1. Assume that X(0) ≥ 0, Sph(0) ≥ 0, Scr(0)) ≥ 0 hold true.

(i) If X(0) = 0 then all model solutions tend to the equilibrium point E0 =
(0, S0

ph, S
0
cr).

(ii) If X(0) > 0 then X(t) > 0, Sph(t) > 0, Scr(t) > 0 for all t > 0.

(iii) All solutions are uniformly bounded for all t ≥ 0 and thus exist for all t ≥ 0.

We also establish the global stabilizability of the model dynamics towards the locally
stable interior equilibrium point E3 under some natural assumptions. The dynamic
behavior of the solutions is demonstrated on numerical examples.

Acknowledgements. This study has been partially supported by the National Sci-
entific Program “Information and Communication Technologies for a Single Digi-
tal Market in Science, Education and Security (ICTinSES)”, contract No DO1–
205/23.11.2018, financed by the Ministry of Education and Science in Bulgaria. The
work of the first author has been partially supported by grant No BG05M2OP001-
1.001-0003, financed by the Science and Education for Smart Growth Operational
Program (2014–2020) in Bulgaria and co-financed by the European Union through
the European Structural and Investment Funds.
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Time series analysis of data from the fluid glazing
experiment

Krasimir Geogriev, Nikolay K. Vitanov, M. Stoyanova

We study time series from the fluid glazing experiment performed in Sofia [1]. The
time series are for different parameters of connected to the fluid flow in the exper-
iment such as temperature, heat flow, etc. The analysis is made on the basis of
the methodology of linear and nonlinear time series analysis [2] - [6]. We discuss
the power spectra and autocorrelations connected with measured signals and apply
the methodology of Principal Complonent Ananlys, Singular Values Decomposition
and Time-Delay Phase Space Construction in order to extract additional information
about the behavior of the fluid part of the experiment. The obtained results will form
the basis for application of additional methodology from the arsenal of the nonlinear
time series analysis and for simulation of the corresponding fluid flows.

References

[1] InDeWaG (Industrial Development of WaterFlow Glazing Systems) project http :
//www.indewag.eu

[2] H. Kantz, T. Schreiber. Nonlinear Time Series Analysis, Cambridge University
Press, Cambridge, 1997.

[3] P. J. Brockwell, R. A. Davis. Time Series: Theory and Methods, Springer, 1998.

[4] H. Kantz, D. Holstein, M. Ragwitz, N. K. Vitanov. Markov Chain Model for
Turbulent Wind Speed Data. Physica A, 342, 315 – 321 (2004).

[5] N. K. Vitanov, N. P. Hoffmann, B. Wernitz. Nonlinear Time Series Analysis of
Vibration Data from a Friction Brake: SSA, PCA, and MFDFA. Chaos, Solitons
& Fractals, 69, 90 – 99 (2014).

[6] N. K. Vitanov, K. Sakai, Z. I. Dimitrova. SSA, PCA, TDPSC, ACFA: Useful
Combination of Methods for Analysis of Short and Nonstationary Time Series.
Chaos, Solitons & Fractals, 37, 187 – 202 (2008).
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Computational Homogenization for Determination
of Elastic Material Properties of Closed Cell Foams

Ivan Georgiev, Roumen Iankov, Elena Kolosova, Michail
Chebakov, Maria Datcheva

The foams are porous materials with open or closed cell structure. Metal foams,
for example, are widely used in many industrial applications such as energy absorp-
tion structures, noise barrier structures, lightweight highly effective constructions and
many other applications.
In the present paper, a 3D numerical homogenization strategy is proposed for determi-
nation of elastic material properties of closed cell foams. The performed homogeniza-
tion procedure employs micro-computed tomography (micro-CT) and instrumented
indentation testing data (IIT).
The results from the micro-CT testing are used to determinate the following charac-
teristics of the considered foam material — the volume fractions of the pores and the
solid phases, the average size of the pores, the pore size distribution in a represen-
tative volume element (RVE). Using the micro-CT data, a 3D geometrical model of
the closed–cell foam’s RVE is created and this geometrical model is used to generate
the respective finite element model. For simplicity, the pores are considered to have a
spherical form as it is depicted in Fig. 2. In order to apply the homogenization tech-
nique, in the finite element model of the closed–cell foam’s RVE, the proper periodic
boundary conditions are imposed. The obtained following the homogenization proce-
dure six boundary value problems with periodic boundary conditions are solved using
the finite element code ANSYS. The employed material model in the homogenization
is the linear elastic model. The elastic properties of the solid phase are determined
based on IIT data from testing of small volumes of the foam material. The determined
elastic characteristics are analysed against data from literature in order to reveal the
applicability of the followed in this study homogenization procedure.

Acknowledgement
The reported study was performed within the bilateral project funded by the Russian Foun-
dation for Basic Research, research project No 19-58-18011 Bulg a and by the Bulgarian
National Science Fund, research project No KP-06-Russia-1. The first author gratefully ac-
knowledges the financial support of the Bulgarian National Science Fund under Grant No.
KP-06-H27-6. We also acknowledge the provided access to the infrastructure of the Labora-
tory for 3D Digitalization and Microstructure Analysis and of the Laboratory for Nanostruc-
ture Characterization, financially supported by the Science and Education for Smart Growth
Operational Program (2014-2020) and the European Structural and Investment fund through
Grant No BG05M2OP001-1.001-0003 and BG05M2OP001-1.001-0008.
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Figure 2: RVE with random particle distribution and spherical pores.
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Coefficient Identification for SEIR Model and
Economic Forecasting in the Propagation of

COVID–19

Slavi G. Georgiev, Lubin G. Vulkov

The COVID–19 pandemic is the global health crisis of the 21th century. It was registered
in humans in Wuhan, China by December 2019. This coronavirus causes a severe acute
respiratory syndrome which could become potentially fatal. By the end of November 2020,
there were more than 60 million confirmed cases of infected people and more than 1.4 million
reported death cases globally.
The COVID–19 outbreak motivates the need to extend the application and development of
different epidemic models. The coefficient identification of SIR epidemic models has seen
recent success in providing a COVID–19 analysis [3]. In [1, 2], a time-dependent SEIR model
is explored for mathematical and computer modeling of COVID–19 transmission dynamics
in Bulgaria.
The Susceptible–Infected–Recovered (SIR) model is the most famous mathematical model
for the spread of an infectious disease. Its formalism is the base of all current modeling
of the dynamics and evolution infectious diseases, see e. g. [3]. The models are useful in
understanding the basic principles of the COVID–19 [3].
Here, we work with the Susceptible–Exposed–Infected–Removed (SEIR) model

dS

dt
= −βSI, dE

dt
= βSI − αE, dI

dt
= αE − γI, dR

dt
= γI. (5)

We solve the system (5) at the initial conditions

S(0) = S0, E(0) = E0, I(0) = I0, R(0) = R0, (6)

where S0, E0, I0 and R0 are non-negative constants. We will assume that the coefficients β,
α are positive constants. Also, we assume that the infectious individuals leave the I(t) class
with rate γ and they move directly into the R(t) class, removed population:

• Susceptible people S(t), who are prone to contact the virus;

• Exposed population E(t), who are infectious but asymptomatic;

• Infected individuals I(t), which are currently sick;

• Removed people R(t), who have already recovered or deceased from COVID–19.

Letting S(t) = es(t), I(t) = − 1

β

ds

dt
(t), R(t) = R0 −

γ

β
(s(t)− s0),

E(t) = E0 + I0 + S0 +R0 − I(t)− S(t)−R(t),

the mathematical model (5),(6) is simplified in the form of a system of two ODEs:

ds

dt
= −βI, dI

dt
= −(α+ γ)I − αes +

α

β
γs− C0

β
, 0 < t < T, (7)

where C0 = αγ lnS0 − αβ(S0 + E0 + I0) with initial conditions s(0) = s0, I(0) = I0.
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We will solve the inverse problem for determination of the unknown parameter vector ppp =
(p1, p2, p3) ≡ (α, β, γ) at the measured values of the functions s, I:

s(tk;ppp) = Yk, k = 1, . . . ,Ks, I(tk;ppp) = Zk, k = 1, . . . ,KI .

The purpose of the inverse problem is to reconstruct these parameters from the observation
data and based on that to evaluate the economic losses caused from COVID–19.
Very often, the point observation inverse problems are solved via the minimization of appro-
priate functionals. We will minimize the least-square functional

J(ppp) = J(α, β, γ) = Js(ppp) + JI(ppp) =

Ks∑
k=1

(s(tk;ppp)− Yk)2 +

KI∑
k=1

(I(tk;ppp)− Zk)2 .

The formulated inverse problem for (7) could be solved by gradient methods.
The gradient J ′ppp ≡ (J ′α, J

′
β , J

′
γ) of the functional J(ppp) is given by

J ′α(ppp)=

∫ T

0

(
I + es − γ

β
s

)
ϕIdt, J

′
β(ppp)=

∫ T

0

(
Iϕs +

αγs− C0

β2
ϕI

)
dt, J ′γ(ppp)=

∫ T

0

(
I − α

β
s

)
ϕIdt,

where the functions ϕs = ϕs(t), ϕI = ϕI(t) are the unique solutions to the adjoint final-value
problem

dϕs
dt

=

(
αes − αγ

β

)
ϕI + 2

Ks∑
k=1

(s(t;ppp)− Y (t)) δ(t− tk), ϕs(T ) = 0,

dϕI
dt

= βϕs + (α+ γ)ϕI + 2

KI∑
k=1

(I(t;ppp)− Z(t)) δ(t− tk), ϕI(T ) = 0.

Computational experiments with synthetic and real demonstrate the capabilities of the nu-
merical approach.
Acknowledgments. The authors are supported by the Bulgarian National Science Fund
under Project DN 12/4 “Advanced analytical and numerical methods for nonlinear differen-
tial equations with applications in finance and environmental pollution”, 2017.
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Recovering the Time-Dependent Volatility in
European Options from Local and Nonlocal Price

Measurements

Slavi G. Georgiev, Lubin G. Vulkov

Volatility is widely used in the risk management, portfolio hedging and option pricing, mea-
suring the amount the randomness since volatility is the only unobservable parameter from
the financial market, which, in general, could be estimated from the observed market op-
tion prices. So, the calibration of the volatility from observed market data seems to be of
high interest, see e. g. [1]. What is more, both theoretical and empirical studies suggest
that the volatility is far from constant but have strongly pronounced dependence on the
remaining time to maturity, known as volatility term structure. An approximation of the
time-dependent volatility σ(τ) we will seek by minimizing the objective functional

F (σ) =

∫ T

0

(C(S, τ ;σ)− C?(τ))
2
, (8)

where S is the price of the underlying asset, C(S, τ ;σ) is the computed price and C?(τ) is
the measured one.
We propose the following algorithm:

1. Specify an initial approximation σ(0)(τ).

2. Assume that the approximate solution σ(k)(τ) is known, and follow the steps to de-
termine σ(k+1)(τ).

3. Solve the direct problem Black–Scholes equation:

∂C(k)

∂τ
− 1

2

(
σ(k)(τ)

)2 ∂2C(k)

∂S2
− (r(τ)− d(S, τ))S

∂C(k)

∂S
+ r(τ)C(k) = 0

with the respective boundary conditions

∂C(k)

∂τ
(0, τ) + r(τ)C(k)(0, τ) = 0

and
C(k)(Smax, τ) = Smaxe

−
∫ τ
0 d(Smax,t)dt −Ke−

∫ τ
0 r(t)dt.

4. Solve the adjoint problem to the Black–Scholes equation:

∂ϕ(k)

∂τ
= −1

2

(
σ(k)(τ)

)2 ∂2ϕ(k)

∂S2
− (r(τ)− d(S, τ))S

∂ϕ(k)

∂S
+ r(τ)ϕ(k)

− 2

(∫ Smax

0

C(k)
τ (S, τ)dS − C?(τ)

)
with terminal and boundary conditions

ϕ(k)(S, T ) = 0 and ϕ(k)(0, τ) = 0, ϕ(k)(Smax, τ) = 0.
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5. Determine the gradient of the functional F :

F ′
(
σ(k)(τ)

)
=

∫ Smax

0

C(k)
τ (S, τ)ϕ(k)(S, τ)dS.

6. Find σ(k+1)(τ) = σ(k)(τ)−αF ′
(
σ(k)(τ)

)
. Here α is a descent parameter which could

be specified empirically.

7. To demonstrate the stability of the algorithm, perturbed data are introduced as follows:

C?δ (τ) = C?(τ)(1 + δξ),

where ξ is a random variable with a continuous distribution on the interval [−1, 1],
δ > 0 is the error tolerance.

Note that the proposed optimization algorithm could be also used if the initial information
(8) is available only at some times τj , j = 1, . . . ,K:∫ T

0

C(S, τj ;σ)dS = C?(τj), j = 1, . . . ,K.

In this case, only the adjoint statement would change to

∂ϕ(k)

∂τ
= −1

2

(
σ(k)(τ)

)2 ∂2ϕ(k)

∂S2
− (r(τ)− d(S, τ))S

∂ϕ(k)

∂S
+ r(τ)ϕ(k) = 0, τ 6= τj ,[

ϕ(k)
]
τ=τj

= −2
(
C(k)(S, τj)− C?(τj)

)
, S ∈ (0, Smax), j = 1, . . . ,K

with the same terminal and boundary conditions

ϕ(k)(S, T ) = 0 and ϕ(k)(0, τ) = 0, ϕ(k)(Smax, τ) = 0.

In the same way we could process the 2D equation

∂V

∂τ
− 1

2
σ2(τ)

(
σ2

1S
2
1
∂2V

∂S2
1

− 2ρσ1σ2S1S2
∂2V

∂S1∂S2
+ σ2

2S
2
2
∂2V

∂S2
2

)
−
(
r(τ)− d1(S, τ)

)
S1

∂V

∂S1
−
(
r(τ)− d2(S, τ)

)
S2

∂V

∂S2
+ r(τ)V = 0.

The numerical experiments with synthetic and real data confirm that the proposed algorithm
is capable of calculating the volatility level in an robust way.
Acknowledgments. The authors are supported by the Bulgarian National Science Fund
under Project DN 12/4 “Advanced analytical and numerical methods for nonlinear differen-
tial equations with applications in finance and environmental pollution”, 2017.
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Numerical solvers based on weighted URA-averages

Stanislav Harizanov, Svetozar Margenov, Pencho Marinov

This talk is devoted to proposing and investigating efficient, yet numerically stable, numerical
solvers for the algebraic problem

u = (Aα + qI)−1 f ,

where A ∈ RN×N is a large-scale, sparse SPD matrix, q ≥ 0, α ∈ (0, 1), and f ∈ RN. For
the matrix fractional power Aα the spectral definition is used:

Aα = WDαWT , W = [ΨT
1 ,Ψ

T
2 , ...,Ψ

T
N], D = diag(λ1, . . . , λN),

where {(λi,Ψi)}Ni=1 are the eigenvalues/eigenvectors of A. Such a problem appears for
example in finite element or finite difference discretization of fractional-in-space diffusion-
reaction elliptic problems.
Unlike A, the matrix Aα is dense and it is impractical and even unrealistic (in terms of both
computer memory and execution time) to explicitly use it. The alternative is to approximate
the action of (Aα + qI)−1 on f via a linear combination of positive diagonal shifts (A + diI)−1,
i = 1, . . . , k of A. Thus, one needs to solve k independent sparse linear systems instead of a
dense one. In our previous works, it has been established that such a problem is related to
univariate approximations of the function

gq(z(t)) = gq(t;α) :=
z

1 + qz
=

tα

1 + qtα
, t ∈ [κ(A)−1, 1]

within the class of (k, k)-rational functions, i.e., of the form Pk(t)/Qk(t), with Pk(t) and
Qk(t) polynomials of degree k and Qk(t) is monic. By κ(A) = λN/λ1 we have denoted
the condition number of the matrix. When no a priori knowledge on κ(A) is given, it is
theoretically best to approximate in the closed interval t ∈ [0, 1], and let us denote the
corresponding element of best uniform approximation (BURA) by rq(t). For small α and
large q the derivation of rq(t) is numerically instable process, especially when k increases.
Therefore, based on the following identity, we have studied the URA alternatives r̄q1,q2 ,
defined as

tα

1 + qtα
=

tα

1+q1tα

1 + q2
tα

1+q1tα

, q1, q2 ≥ 0, q = q1 + q2, =⇒ r̄q1,q2 :=
rq1(t)

1 + q2rq1(t)
.

In this talk we further expand the family of potential approximants and consider weighted
averages of two URA elements

r̃q := ω1r̄q1,q2 + ω2r̄q′1,q′2 , ω1, ω2 ≥ 0, ω1 + ω2 = 1; q1 + q2 = q′1 + q′2 = q.

This leads to solving 2k sparse linear systems, instead of k, but the process is much more
numerically stable and computationally reliable without increasing the order of the approx-
imation error.
Acknowledgment: The partial support through the Bulgarian NSF Grant DN 12/1 is
highly acknowledged.
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Parallelizing multiple precision Taylor series
method for integrating the Lorenz system

I. Hristov, R. Hristova, S. Dimova, P. Armyanov, N.
Shegunov, I. Puzynin, T. Puzynina, Z. Sharipov, Z. Tukhliev

Computing mathematically reliable long-term trajectories of a chaotic dynamical system
is not a trivial task due to the sensitive dependence on the initial conditions. However,
the advances in numerical methods and computer technologies in recent years allow us to
overcome these difficulties and give us new opportunities to explore the chaos. A key work
in this direction is the paper of Shijun Liao [1]. He considers a new numerical procedure
called ”Clean Numerical Simulation” (CNS) to obtain verified numerical solutions of chaotic
dynamical systems. The procedure is based on the multiple precision Taylor series method.
A hybrid MPI+OpenMP strategy for parallelizing multiple precision Taylor series method,
which implements CNS, is proposed, realized and tested. To parallelize the algorithm we
combine MPI and OpenMP parallel technologies together with GMP library (GNU miltiple
precision libary) and the tiny MPIGMP library. The details of the parallelization are ex-
plained on the paradigmatic model of the Lorenz system. We succeed to compute a reliable
trajectory for the Lorenz attractor in the rather long time interval - [0,7000]. The solution
was verified by comparing the results for 2700-th order Taylor series method and precision ∼
3374 decimal digits and those with 2800-th order and precision ∼ 3510 decimal digits. With
192 CPU cores the 2800-th order computation lasted ∼ 145 hours with speedup ∼ 105.
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Pore scale simulation of reactive flow for industrial
and environmental problems

Oleg Iliev, Torben Prill, Pavel Toktaliev, Pavel Gavrilenko,
Robert Greiner, Martin Votsmeier

Reactive flows in porous media are important processes in many industrial and environmen-
tal applications. The reactive transport in porous media is influenced by the pore scale
interplay between convection, diffusion and reaction, coupled with the heterogeneity of the
pore space (e.g., pore size distribution and connectivity) and chemical heterogeneity.

A 3D pore-scale mathematical model describes convection and diffusion in the pores together
with heterogeneous (surface) or homogeneous (volumetric) reactions. Some media can be
considered as two scale (micro scale and macro scale) ones, where the size of the resolved
pores defines the micro scale, and the size of the porous domain as effective (averaged,
homogenized) media defines the macro scale. Example are functionalized materials (e.g.,
those used in water purification). Other media can be considers as three scale ones. In
addition to the two scales defined above, one considers also nano scale. Examples are, e.g.,
catalytic filters, air and water filters exploiting granulated active carbon particles, etc. In
this case the catalyst (washcoat) particles and the active carbon particles are nano porous.
Resolving simultaneously all three scales is not feasible on the existing computers, therefore
a common approach is to build computational domains with resolved microscale pores, and
to consider the nanoporous materials as effective (averaged) porous media.
To perform the pore-scale simulations for the above described problems, Fraunhofer ITWM
has developed PoreChem, [1, 2], a software package dedicated to the simulation of reactive
flow in the case of heterogeneous or homogeneous reactions. It enables the simulation of
reactive flows in resolved porous media in a reasonable time. The software can compute the
flow of a fluid in the pore space, as well as the diffusive and advective transport of solute
species. The flow is computed by solving the Navier-Stokes-Brinkman system of equations
with a finite volume discretization on a regular voxel grid. The geometries are usually coming
from CT imaging technique, virtually generated images are also considered. The reactive
transport is simulated by solving the reaction-diffusion-advection equation using the same
space discretization. Different reaction kinetics, parametrized by reaction isotherms can be
taken into account. The fast voxel based solver enables calculations directly on µCT-Images.
Transient phenomena can be simulated, as well as steady state ones.
Pore scale simulations for two industrial problems will be presentated in this talk. Most
attention will be paid on simulation for catalytic filters (in particular, diesel pariculate filter,
DPF) [3]. The computational domain comes from a CT image of a piece of a manufactured
filter. The role of the pore connectivity (manifested in channeling effects) and of the chemical
heterogeneity (caused by the non-uniform distribution of the washcoat particles) will be
discussed in details. Simulations with a generated, more homogeneous image, will also be
presented. Further on, simulations for surface activated nonwoven filtering material will be
also demonstrated.
Finally, some conclusions will be drawn, open questions will be formulated, and the forth-
coming developments will be shortly announced.
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Suggesting a new approach for management of the
cytokine storm using computer modeling and

simulations

N. Ilieva, P. Petkov, M. Rangelov, N. Todorova, E. Lilkova,
and L. Litov

Cytokine storm [1] is a state of overreaction of the innate immune system, characterised
by a release of excessive amounts of pro-inflammatory cytokines. This condition can be
triggered by a number of viral and bacterial infections, among them the ones caused by
certain influenza strains and corona viruses, but is also associated with some autoimmune
diseases. In the ongoing COVID-19 pandemic the cytokine storm, being the reason for acute
respiratory distress syndrom (ARDS), accounts for about 70% of the deaths [2]. Thus, in
order to devise therapeutic strategies to counteract SARS-CoV-2 infection it is crucial to
develop a comprehensive understanding of how the virus hijacks the host and inactivates its
immune response at the initial stage, how this relates to the delayed (over)reaction of the
immune system and how this overreaction can be tamed. This knowledge is indispensable
for developing new drugs, alongside with repurposing existing ones.
The two most important cytokines in the development of the cytokine storm are interleukin
6 (IL-6) and interferon-gamma (IFNγ). The former is involved in the regulation of B- and
T-cells and the latter plays a key role in formation and modulation of the adaptive and
innate immune response, though its over-expression is related to some autoimmune diseases
(multiple sclerosis, myasthenia gravis, autoimmune uveitis etc.).
By means of molecular modelling and computer simulations we investigate the inhibitory
action on the activity of IL-6 and IFNγ of fractionated heparin (low-molecular-weight hep-
arin, LMWH). We show that LMWH oligosaccharides bind to IFNγ with high affinity at
positions preventing cytokine’s binding to its extracellular receptor (Fig. 3) and that way –
the initiation of the IFNγ signalling pathway [3].

Figure 3: Pairwise contacts within 0.6 nm between IFNγ and the four LMWH
molecules.

LMWH also engages with IL-6, forming a stable complex (Fig. 4) and blocking the bind-
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ing sites required for the formation of the essential biologically active complex IL-6/IL-
6Rα/gp130.

Figure 4: The complex between IL-6 and the LMWH molecule in two representations:
IL-6 depicted in yellow, heparin in red (left panel); SAS representation of IL-6 with
the standard colour coding, heparin coloured by atom type (right panel).

Our results reveal the inhibitory potential of LMWH oligosaccharides on key molecules in the
development of the cytokine storm – IL-6 and IFNγ – and encourage further investigations
on their applicability as an anti-inflammatory agent in the therapy and prevention of this
potentially life-threatening condition.
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Stationary flow of a substance in a channel with two
branches

Tsvetelina I. Ivanova, Nikolay K. Vitanov

A mathematical model that describes the flow of a substance in a part of a network consisting
of nodes that form a channel with two branches is formulated. It is based on difference
equations which are studied in the stationary regime of motion of the substance: motion
along the nodes of the network is present, but the quantity of substance in each cell remains
constant over time. A class of probability distributions of the quantities of substance along
the nodes of the network is obtained. Different cases of this class depending on the values
of the model parameters are illustrated, including distributions along a single channel with
periodic model coefficients.
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Numerical Determination of Reaction Coefficient in
a Degenerate Stationary Problem of Air Pollution

Juri D. Kandilarov, Lubin G. Vulkov

The study of the dispersion of pollutants in the atmosphere is of extreme importance, because
of the large number of industrial facilities and the effects of their emissions on the health of
populations living in affected areas [3].
In this paper, we examine the estimation of reaction parameters appearing in stationary
model for atmospheric flows, by using concentration measurements of tracer by a known
source. The problem is assumed to be two-dimensional and is formulated by an advection-
diffusion equation with a degenerate diffusion coefficient for the dispersion of the tracer in
the atmosphere. It originates from the Monin-Obukhov atmosphere theory [3].
Direct problem. Our primary motivation comes from the two-dimensional stationary
advection-diffusion equation

u
∂c

∂x
+ (w − wg)

∂c

∂z
− a ∂

2c

∂x2
− ∂

∂z

(
b
∂c

∂z

)
+ k(x, z)c = f(x, z), (9)

(x, z) ∈ (0, X)×(0, Z). The transport of air-borne pollutant in the atmosphere (and in water)
at some simplification can be described by this equation [2, 3] where c is the concentration
of pollutants, (u,w) are the components of the wind velocity, wg = const. > 0 is the falling
velocity of the pollutants by gravity, f is the power of source, k(x, z) is the transformation
coefficient of the pollutants and a, b are the horizontal and vertical diffusion coefficients.
For the transversal eddy-diffusivity the expression is often used

b(z, t) = z(Z − z)
(

1− 22
z

L

)
, (10)

where L < 0 is the Monin-Obukhov length, see e.g. [3]. To solve numerically the direct
problem due to the degeneracy we use the method of Song Wang [4].
Inverse problem. For the inverse problem of interest here, the function k(x, z) is regarded
as unknown. Such function will be estimated by using measurements of the concentration
c(x, z) taken at the locations (xi, zi), i = 1, ..., I

c(xi, zi) = c∗i , (xi, zi) ∈ D, i = 1, ..., I (11)

As in the most applications, we reformulate the inverse problem (9)-(11) in the form of
minimization of the square error functional

J(k(x, z)) =
1

2

I∑
i=1

(c(xi, zi)− c∗i )2 (12)

The conjugate gradient method, with an adjoint problem is used for the minimization of
the objective functional. Such minimization procedure requires the solution of auxiliary
problems, known as sensitivity and adjoint problems, see [1]:

u
∂4c
∂x

+ (w − wg)
∂∆c

∂z
− a∂

2∆c

∂x2
− ∂

∂z

(
b
∂∆c

∂z

)
+ k(x, z)∆c+ ∆kc = 0, (13)
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Jλ[k(x, z)] =
1

2

∫∫
D

I∑
i=1

(c(xi, zi; k)− c∗i )2δ(x− xi, z − zi)dxdz (14)

+

∫∫
D

[
u
∂c

∂x
+ (w − wg)

∂c

∂z
− a ∂

2c

∂x2
− ∂

∂z

(
b
∂c

∂z

)
+ k(x, z)c− f(x, z)

]
λ(x, z)dxdz,

where δ(.) is the Dirac-delta function. The adjoint problem for the Lagrangian multiplier λ
is

−u∂λ
∂x
− (w − wg)

∂λ

∂z
− a∂

2λ

∂x2
− ∂

∂z

(
b
∂c

∂z

)
+ k(x, z)λ = −

I∑
i=1

(c(xi, zi; k)− c∗i )2 (15)

Now we find the gradient of Jλ[k] with respect to k(x, z):

∇J [k(x, z)] = λ(x, z)c(x, z). (16)

The iterative procedure of conjugate gradient method is written as follows:

ks+1(x, z) = ks(x, z)− αsds(x, z), s = 0, 1, ..., (17)

where ds(x, z) is the direction of descent, α is the search step size, and s is the number of
iterations:

d0(x, z) = ∇J [k(x, z)], ds(x, z) = ∇Js[k(x, z)] + βs∇Js−1[k(x, z)], s = 1, 2, ... , (18)

where βs is the conjugation coefficient:

β0 = 0, βs =

∫∫
D
Js[k(x, z)]2dxdz∫∫

D
Js−1[k(x, z)]2dxdz

, s = 1, 2, ... . (19)

αs =

∑I
i=1(c(xi, zi)− c∗i )∆cs[cs(xi, zi)]∑I

i=1(∆cs(xi, zi))2
(20)

where cs(xi, zi) and ∆cs(xi, zi) are the solutions of the direct and the inverse problems, re-
spectively, at s-th iteration obtained by setting k(x, z) = ks(x, z) and ∆k(x, z) = ∆s(x, z) =
ds(x, z).
Then the computational algorithm in eight steps is obtained.
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Fast Positivity Preserving Numerical Method for
Time-Fractional Regime-Switching Option Pricing

Problem

Miglena Koleva, Lubin Vulkov

We consider the following backward (t→ T − t) regime-switching problem [5]

∂αV k

∂tα
= Lk(V )−

m∑
j=1
k 6=j

λkj(V
k − V j), S ≥ 0, t ∈ (0, T ], k = 1, 2, . . . ,m, (21)

Lk(V ) :=
1

2

(
σk(t, S)S

)2 ∂2V k

∂S2
+ rkS

∂V k

∂S
− rkV k,

V k(t, S) = V kr (t) ≥ 0, S →∞, t ∈ (0, T ], (22)

V k(0, S) = Vo(S) ≥ 0, S ≥ 0, (23)

where ∂αV k

∂tα
is the Caputo fractional derivative of order 0 < α < 1 and Γ(·) is Gamma

function. The unknown solution V k(t, S) in (21)- (23) is the value of European option at
time 0 ≤ t ≤ T for underlying asset S ≥ 0 in regime k for a given payoff Vo(S) at the
expiry date T , rk and σk, k = 1, 2, . . . ,m are set of discrete risk-free interest rates and and
volatilities, respectively.
In the case of one regime (m = 1) and α = 1, we obtain classical Black-Scholes equation.
While, if we consider m = 1 and 0 < α < 1 the problem (21)- (23) is time-fractional
Black-Scholes equation. If m > 1 and α = 1, we derive regime-switching option pricing
models.
Regime-switching models, α = 1 are one of the extensions of the classical Black-Scholes
equation to adopt more realistic description for asset price dynamics [2]. Such models are
widely investigated in the literature.
Recently, with discovery of the fractional structure of financial market, in order to extend
the financial theory, the fractional Black-Scholes equations are considered by many authors
[1, 3].
In contrast, the results for fractional order option pricing regime-switching models are scare
in the literature.
Numerical method for regime-switching model involving tempered fractional order partial
derivatives governing the price of American options whose underlying asset follows a geom-
etry Lévy process is developed in [4].
The Caputo time-fractional PDE when the dynamic of underlying asset price follows a
regime-switching model in which the risky underlying asset depends on a continuous-time
hidden Markov chain process is considered in [5]. Authors construct exact solution for
particular cases of one and two regimes using the invariant subspace method.
In this paper, we consider a more general model [5] for which the closed form solution is not
derived. Therefore, we construct numerical method. To the best of our knowledge there are
no numerical results for such model in the literature.
The main difficulties of the model can be summarized as follows. From the properties of the
Caputo derivative, the time-fractional system has a natural weak singularity at t = 0 [6],
also the Black-Scholes operator degenerates at S = 0 and the initial function is not smooth.
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Another complication in the numerical solving the model problem is in the treatment of
the memory integral arising from the discretization of Caputo time derivative. The solution
process involves, at any given time step, the history of all computed solutions at each previous
time levels. Therefore, we need to store and operate on the entire history of the numerical
solution.
On the present work we establish maximum principle for the differential problem (21)- (23),
0 < α < 1, m > 1. Then, we construct positivity preserving fast numerical method for solv-
ing the time-fractional regime-switching model problem. To accelerate the computational
efficiency we develop two-grid method, based on iteration method for solving the linear sys-
tem of algebraic equations. Using the two-grid method we separate the coupled problem
into single subproblems. To cope with singularity and non-smooth effect of the payoff we
use graded mesh in time and adapted mesh in space.

This work is supported by the Bulgarian National Science Fund under Project DN 12/4
”Advanced analytical and numerical methods for nonlinear differential equations with ap-
plications in finance and environmental pollution”, 2017.
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Some problems of one-dimensional non-stationary
linear-viscoelastic wave propagation

Korovaytseva E.A., Pshenichnov S.G., Zhelyazov T., Datcheva
M.

Materials exhibiting hereditary properties are widely used in construction, aerospace indus-
try, mechanical engineering, and are also objects of study in geophysics, seismology, biology,
medicine and other fields. During exploitation, or in emergency situations, structures made of
such materials can be subjected to various kinds of dynamic effects, including non-stationary
ones. One of the important directions in the study of wave processes in viscoelastic bodies
is analytical study based on the construction of solutions for initial and boundary value
problems in linear viscoelasticity. Such studies have more than value in themselves and their
results can be used for verification for numerical methods, be an integral part of complex
computational procedures, and also be used in planning experiments and solving problems
related to dynamic stability, destruction, optimization, etc.
In the past few decades, works of a number of authors have been devoted to the construc-
tion of solutions of linear viscoelastic dynamic problems and to the study of transient wave
processes in viscoelastic materials and structures. Let us highlight some basic research
approaches in this area. One of them uses the extension of Voltaire’s principle to linear vis-
coelastic dynamic problems. However, due to the great mathematical difficulties, the class
of the studied problems employing this approach is significantly limited in terms of imposed
conditions on the properties of the material. Another approach to solve viscoelastic dynamic
problems involves a special kind of integral convolution of the solution of the corresponding
elastic dynamic problem with the solution of some auxiliary one-dimensional dynamic prob-
lem in which the hereditary kernels of the linear-viscoelastic material participate. One of the
most common procedures for constructing solutions of non-stationary dynamic problems in
linear viscoelasticity is the application of the Laplace transform with consequent inversion.
Due to the complexity of the inversion operation, it is often performed asymptotically and
therefore over a limited range of time or with significant restrictions on the material prop-
erties. A numerical-analytical method is known which lies in expanding the solution of the
non-stationary viscoelasticity problem in a series in terms of eigenmodes of free vibrations
of the corresponding elastic body (modal expansion method). However, its effectiveness is
significantly reduced when Poisson’s ratio is not constant. There is an approach in which
the solution of the initial and boundary value problem is represented in a form of spec-
tral expansions in biorthogonal systems of eigenfunctions of mutually conjugate pencils of
differential operators. In the past few years, attention has been paid to the study of dy-
namics of thin-walled viscoelastic structures, including those in shock interaction, within the
framework of models with fractional derivatives and other fractional-order operators. In this
case, algebra of operators of fractional order is used, as well as the ray method. Methods
for studying dynamic problems in viscoelasticity for auxetic materials, i.e. materials with
negative Poisson’s ratio, are also developed.
However, despite advances in the study of transient wave processes in viscoelastic media
by analytical methods, many questions remain unresolved. Even for one-dimensional non-
stationary dynamic problems, the results in some cases were obtained in a limited time
range, or at low viscosity. In other cases, a number of significant restrictions are imposed on
hereditary kernels, which greatly narrows the field of applicability of the results. Sometimes
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decisions are presented in a form that is difficult to analyze. It is not sufficiently studied how
the transition process is affected by the belonging of viscoelastic kernels to one or another
class of functions and which parameters of the kernels are most clearly manifested in this
case.
The aim of this work is to construct solutions of dynamic problems concerning one-dimen-
sional transient wave processes in a homogeneous layer and in a homogeneous cylinder with a
coaxial rigid inclusion. And also, to study, based on the constructed solutions, the processes
of wave propagation in the considered constructions with specific initial data.
We consider an infinite layer with two plane-parallel boundary surfaces. One of the surfaces
of the layer is rigidly embedded, and the other, starting from a certain moment, is subjected
to the influence of a dynamic external load, evenly distributed over this surface. On the
other hand, the considered cylinder is of an infinite length and contains a coaxial cylindrical
rigid inclusion. Moreover, its outer surface is exposed to either normal or tangential dynamic
load, evenly distributed over the surface.
For the considered initial and boundary value problems, the Laplace transform is applied and
the solutions are found in transforms. Some general properties of the Laplace transforms
in problems of this kind were investigated in earlier works by one of the authors (S.G.
Pshenichnov). These properties made it possible to effectively apply the methods of contour
integration and present the solutions in originals either in the form of series in residues
at the poles of the images, or in a form containing an integral along the positive part of
the imaginary axis. Some special cases are considered when the solution is signifficantly
simplified.
The constructed in the present work solutions made it possible to study transient wave
processes in a wide range of variation in the initial data. Based on the corresponding solutions
for the cylinder with rigid inclusion it is revealed the dependence of maximum dynamic stress
concentration at the boundary of the rigid inclusion on the ratio of the inclusion radius to
the cylinder radius.
The presented results are showing the influence of the parameters of the hereditary kernels
of the material on the nature of transient wave processes. It is demonstrated how hereditary
kernels of different types (singular or regular), under appropriate conditions, can influence
the wave processes in a similar way.
Acknowledgments: The reported study was performed within the bilateral project funded
by the Russian Foundation for Basic Research (RFBR), project number 20-58-18002 and by
the Bulgarian National Science Fund, project number KP-06-PRUSSIA-136.
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Curve Fitting Motivated Differential Evolution
Mutation

Georgi Kostadinov, Petar Tomov, Iliyan Zankinski

Introduction

Differential Evolution is one of the most effective meta-heuristics for global optimization in
continuous multidimensional spaces. It is in the class of the Genetic Algorithms and orga-
nizes the search for sub-optimal solutions in a population. Inspired by the ideas in natural
evolution, it has three common operators - selection, crossover, and mutation. During se-
lection, better-fitted individuals from the population are selected to reproduce hoping that
the offspring will be even better. The crossover is applied to achieve an exploration of the
multidimensional space of the solutions. On the other side of recombination is the muta-
tion which is used for exploitation of the multidimensional solutions space. This researcher
proposes a partial curve fitting for mutation improvement.

Partial Curve Fitting in Multidimensional Space

Curve fitting is a well-known approach in the fields of interpolation, approximation, and
forecasting. The most popular form of curve fitting is linear regression where a single line
is drawn at a minimum distance from a set of points. Generalized linear regression is an
approach to map nonlinear curves in the calculations done for linear regression. With modern
computers generalized linear regression is successfully replaced with nonlinear regression
models. The most popular nonlinear models are logarithmic, exponential, and polynomial.

In a multidimensional space, where y = f(~x) and ~x is a vector, set of function y = fi(xi) can
be defined. Functions fi are not interesting by themselves. The way in which curve fitting
can be applied over these functions is the interesting part. By applying nonlinear regression
best fitting curve from the set of logarithmic, exponential, and polynomial is selected to
approximate each function fi.

Proposition for Differential Evolution Mutation

The classic form of mutation uses a difference vector calculated from randomly selected
individuals. In the proposed modification an approximate function (obtained by nonlinear
regression) is used for each fi. The difference vector is checked element by element and each
value that not corresponds with the gradient of the approximating function is inverted. By
such an extension of the mutation partial derivative helps for the better approaching the
global optimum(s).

Conclusions

This research proposes curve fitting motivated modification of the mutation operator in
Differential Evolution. The proposed mutation shows promising improvements in the opti-
mization convergence compared with the classical way of mutation.

Acknowledgments This work was inspired and supported by private funding of Velbazhd
Software LLC.
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Bounds for BER of Integer Coded Hexagonal QAM
in AWGN Channel

Hristo Kostadinov, Nikolai Manev

We investigate the performance of coded modulation scheme based on the application of
integer codes to hexagonal quadrature amplitude modulation (QAM). An upper and a low
bound for bit error probability (BER) in the case of AWGN channel are derived. These
bounds are very close so it makes the calculation of the exact value of BER unnecessary in
practice.
We investigate the performance of coded modulation scheme based on the application of
integer codes to hexagonal quadrature amplitude modulation (QAM). An upper and a low
bound for bit error probability (BER) in the case of AWGN channel are derived. These
bounds are very close so it makes the calculation of the exact value of BER unnecessary in
practice.

1 Introduction

The term coded modulation means a combination of a scheme of coding and modulation
techniques. Nowadays, in modern digital communication systems, high-order modulation is
preferred for high-speed data transmission. One of the most popular modulation in commer-
cial communication systems is square quadrature amplitude modulation (SQAM). SQAM
scheme is easy to be implemented and has a good performance with simple detection.
Recently, the hexagonal quadrature amplitude modulation (HQAM) was proposed. A com-
parison of the two constellation, SQAM and HQAM, shows that HQAM is more power
efficient than SQAM and preserves low detection complexity. In [1, 2] was derived the gen-
eral formula calculating the average energy per symbol of the HQAM. Also, in the same
work was analysed the bit error rate (BER) of the HQAM over AWGN channel, without
using any coding techniques.
Integer codes are codes defined over finite rings of integers. Their advantage over the tradi-
tional block codes, is that we can correct errors of a given type, which means that for a given
channel and modulator we can choose the type of the errors (which are the most common)
and after that construct integer code capable of correcting those errors. The application of
integer codes in different modulation schemes, especially in QAM, are discussed in [3, 4, 5, 6].
In this work bounds for the BER of SQAM and HQAM over AWGN channel will be shown.
Examples of 16, 64, 256-HQAM coded by integer code shall be presented.
Before finding tight bounds of BER for HQAM, we have investigated BER of SQAM. The
reason is, that for SQAM we have the exact expression of BER.
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Computational study of the aggregation behaviour
of antimicrobial peptides

E. Lilkova, N. Ilieva, P. Petkov, L. Litov

Antimicrobial peptides (AMPs) are naturally occurring molecules, that are released by al-
most all forms of life as part of the innate immune response of the host. They are small,
structurally diverse proteins of a mainly cationic and amphiphilic nature. AMPs display
antimicrobial activity against a broad spectrum of both Gram-positive and Gram-negative
bacteria, fungi, parasites, and even some viruses. Notably, so far bacteria have not suc-
ceeded to develop efficient resistance against their action, which makes AMPs a promising
therapeutic alternative to the conventional small molecule antibiotics.
The proper understanding of the antimicrobial action of AMPs is still an open problem in
modern science. It is generally accepted, that their bactericidal activity results from their
interaction with the target bacterial membrane. There are several models, that try to explain
this interaction, however, multiple aspects of it are still controversial, including which is the
biologically active secondary structure of the particular AMP, how do the they adopt it and
what is the AMPs behavior in bodily liquids prior to attacking the target membrane.
Here, we employ different computational molecular modelling approaches and simulations
to investigate the solution behavior several different AMPs of a particular class — linear
AMPs. The studied peptides have different secondary structures – α-helical (magainin 2 [1],
bombinin H2 [2]), unstructured (indolicidin [3]) as well as a number of newly isolated pep-
tides from the mucus of the garden snail Cornu Aspersum) of yet unresolved experimentally
structure [4]. By means of molecular dynamics (MD) simulations we demonstrate that linear
AMPs tend to self-associate in clusters in solution, prior to their interaction with the target
membrane, and this process also drives their convergence into the biological fold.
Our results demonstrate that the secondary structure of monomeric linear α-helical AMPs
in solution is not stable [1, 2] and they usually adopt a conformation, that is not the most
favorable for exerting their biological activity. Nonetheless, it should be noted that naturally
AMPs are not released as monomers in solution, but are part of multicomponent secretory
fluids (mucus), exhibiting certain biological activity. When in solution with multiple AMP
monomers, the peptides quickly start to self assemble in clusters [2, 3]. This aggregation
process drives a significant portion of the peptide chains to permanently transition their
biologically active conformation prior to attacking the bacterial membrane, by providing the
necessary amphypathic environment mimicking the membrane–solvent interface [2](Fig. 5a).
Our hypothesis, that self-assembly and aggregation-driven folding are the mechanism by
which AMPs reach the target membrane in a functional folded state, was also tested on
ten newly discovered AMPs [4]. Mono- and multicomponent solutions were prepared and
studied using MD simulations. Again, the AMPs quickly self assemble into clusters, which
size and properties depend on the composition of the solution, but the aggregates consist of
a non-polar hydrophobic core, covered with charged or polar residues (Fig. 5b). Aggregation
allows for increase in the number of inter-peptide hydrogen bond, which promotes formation
of new and stabilizes already formed secondary structure elements.

Acknowledgements This work is partially supported by by the Bulgarian Science Fund
(Grant KP-06-OPR 03-10/2018) and by the Bulgarian Ministry of Education and Science
(Grant D01-323/18.12.2019) under the National Research Programme “Innovative Low-
Toxic Bioactive Systems for Precision Medicine (BioActiveMed)” approved by DCM #
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(a) (b)

Figure 5: (a) Bombinin H2 aggregate. Peptides in linear all-α-helical state are colored
in red. (b) Multicomponent aggregate of peptides p5 and p7 [4]. Hydrophobic residues
are colored in white, polar in green, basic in blue and acidic in red.

658/14.09.2018. Computational resources were provided by the BioSim HPC Cluster at
the Faculty of Physics at Sofia University “St. Kl. Ohridski”, Sofia (Bulgaria) and by
CI TASK (Centre of Informatics – Tricity Academic Supercomputer & networK), Gdansk
(Poland).
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Markov type inequalities and extreme zeros of
orthogonal polynomials

Geno Nikolov

By Pn and PC
n we denote the set of real and complex algebraic polynomials of degree not

exceeding n. The inequalities of the form

‖p′‖ ≤ cn‖p‖, p ∈ Pn or p ∈ PC
n , (24)

which hold for various norms, are called Markov–, or Markov–Bernstein–type inequalities.
Andrey Andreevich Markov (1889) settled the classical case of real polynomials and the uni-
form norm in [−1, 1]. Precisely, he showed that in this case the Chebyshev polynomial of the
first kind, Tn(x) = cosn arccosx, x ∈ [−1, 1], is the only (up to a constant factor) extremal
polynomial and the best, that is, the smallest possible constant cn is equal to T ′n(1) = n2.
Vladimir Andreevich Markov (1892) extended inequality (24) to higher order derivatives,
showing that the extremality of the Chebyshev polynomials persists in this case, too. For
the intriguing story of the inequality of the Markov brothers and some of its proofs we refer
to the survey

A. Yu. Shadrin, Twelve proofs of the Markov inequality, In: Approximation Theory: a
volume dedicated to Borislav Bojanov, Prof. Marin Drinov Academic Publishing House,
Sofia, 2004, pp. 233–298.

For more than 130 years inequalities of Markov type proved to play an important role in
Approximation Theory, they have been a challenge for many outstanding mathematicians
and subject to various generalizations.

A natural goal is to try finding the sharp Markov constant

cn = sup{‖p′‖/‖p‖ : p ∈ Pn, p 6= 0} .

However, this turns out to be a rather difficult task, and so far only in a few cases it has
been determined explicitly. Further reasonable objectives are to:

1. Find tight two-sided bounds for the sharp Markov constant

cn < cn < cn .

2. Determine the correct order γ of the sharp Markov constant,

cn = O(nγ) , n→∞ .

3. Find the asymptotic Markov constant c = lim
n→∞

cn
nγ

.

When one considers the norm in a Hilbert space, the sharp Markov constant cn admits a
simple characterization: it is the largest singular value of a certain matrix. Despite this fact,
even in L2–norms induced by the weight functions of Jacobi (wα,β(x) = (1 − x)α(1 + x)β ,

x ∈ [−1, 1], α, β > −1), Laguerre (wα(x) = xα e−x, x ∈ (0,∞)) and Hermite wH(x) = e−x
2

,
x ∈ (−∞,∞)), the sharp Markov constants is known only in in the Hermite case (which is
a trivial one) and in the classical Laguerre case w(x) = e−x (P. Turán (1960)).

The talk is centered around the Markov inequalities in the L2 norms induced by the Laguerre
and Gegenbauer weight functions, and includes:
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• A brief account on the known results on the Markov inequalities with the Laguerre
and Gegenbauer weight functions;

• Techniques for derivation of two-sided estimates for the sharp Markov constants in
L2-norms;

• Recent results on the the Markov inequalities with the Laguerre and Gegenbauer
weight functions. Our two-sided estimates identify the sharp Markov constant, roughly,
within a factor of

√
6 < 2.5 in the Laguerre case, and a factor of 2 in the Gegenbauer

case;

• A class of extremal problems in a Hilbert space. A relation between the sharp Markov
constant with the Laguerre and Gegenbauer weight function and the extreme zeros of
orthogonal polynomials;

• The Euler-Rayleygh method as a tool for derivation of two-sided estimates for the
extreme zeros of orthogonal polynomials, and thereby of the sharp Markov constants;

• A discrete weighted Markov-Bernstein inequality and the extreme zeros of orthgonal
polynomials.

The results are obtained in collaboration with Alexei Shadrin (Cambridge University, UK),
Dimitar K. Dimitrov (State University of Sao Paolo, Brazil), my colleague Rumen Uluchev
(Sofia University) and my former PhD student Dragomir Aleksov.
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Closing Topograhic Survey Polygons with Inexact
Angle Measurements

Tzvetan Ostromsky

A topograhic polygon is a geometric figure, consisting of points (stations) and connecting
vectors, used to determine with maximum precision the shape of certain geographical object
on the map. The polygon is ”closed” if its initial and last points are the same or their exact
position on the map is known in advance, otherwise it is ”open”. In general, the word ”tra-
verse” means ”passing across”. In surveying, this word is mainly used to denote the process
of determining the lengths and directions of consecutive edges in the surveyed topograhic
polygon. In dependence with the surveying instruments and method used, there are vari-
ous kinds of traversing (chain traversing (by chain angle), compass traversing , theodolite
traversing, etc.)
Here we consider closed compass polygons, in which the vector directions are measured by a
compass. Such polygons are often used to survey some underground or hidden objects, not
easy to access (tunnels, mine galleries, caves, canyons, etc.). If the object is flat, then only
the distance and the azimuth is measured for each vector (2D case). Otherwise, in general
(3D case), the slope of each vector should be measured too.
If all the measurements in a closed traverse are exact, then the sum of all vectors of the
survey must be zero. In practice, however, this does not happen. Due to various reasons,
as for instance, the limited precision of the measurement instruments, this sum (called here
”displacement error /vector”) is not zero in general (causing a problem to place precisely
all stations on the map). In order to resolve this problem, several adjustment methods
have been developed, having respectively their advantages and disadvantages. Each method
adjusts in some proper way (following certain assumptions) the traverse measurements taken
in order to get rid of the displacement error. The final goal is to close exactly the polygon
(which is required in some critical practical applications).
One “classical” solution of the polygon closing problem, which is rather straightforward and
easy to implement, is the so-called Graphic method. The Graphic method causes each vector
of the polygon to be adjusted by a part of the displacement error, proportional to its length.
This procedure changes both the lengths and the angles of the polygon vectors. Another,
more complicated method is the Bowditch’s method. It is based on the assumption that
the errors in linear measurements are proportional to their lenght and that the errors in
angular measurements are inversely proportional to the square root of the length of the line.
Bowditch’s method is mostly used to balance a traverse where linear and angular measure-
ments are of equal precision. Transit method is yet another approach to the problem, which
may be advantageous where angular measurements are more precise that the linear measure-
ments. In many practical situations, however, this is not the case. The new affordable laser
meters made it easy to increase rapidly the precision of distance measurements, while this
is not the case for the azimuth measurements (additionally, some system errors occur some-
times in the latter). Therefore our approach to the above problem is more conservative to
the distance measurements than to the angles (esp. azimuth measurements). In other words,
our task in the solution of the above general problem will be to find a way to close traversing
surveys by adjustment of angular measurements only (without changing the distances). A
solution of that task is proposed in this talk.
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Framing the structural space in entropy and
hierarchy

Iliyan Petrov

Introduction. The complexity of systems and the evolution in their structures are among
the most challenging areas in scientific research. The quantitative assessment and quali-
tative classification of structures require objective and balanced methods for analyzing the
large volumes of information related with the dynamics of resource distributions and events
probabilities.
1. Indicators for system complexity. The complexity of systems is measured in the concepts
of entropy and hierarchy by specific composite indicators. At the first level, the input data
about the relative weights pw of system’s components are ”transformed” by some basic
functions: ε(pw) - for entropy, and, ι(pw) - for hierarchy. The second level is universal
as approach for any basic function - it summarizes the output results from first level for
obtaining an aggregated assessment about the whole system.
Information theory and Shannon Entropy (SE) assess system complexity in the context
of variety and diversity with the Shannon-Wiener Index (SWI): εS(pw) = −pw logb(pw)
[1]. High values of ΣNw=1εS(pw) reflect configurations with large number of elements and
distributions with small relative weights. SWI produces similar hyperbolic concave profiles
for all logarithm basis values ”b > 1” . Logically, lower values of ”b” inflate more the volume
of information at micro and macro level. All profiles have a maximum at pw = 0.37 - a fact
that creates ambiguity in interpretation for relative weights bellow and above that maximum.
Hierarchy (concentration) assesses complexity in terms of order and domination based on ac-
cumulation of resources among smaller number of components - therefore the basic functions
monotonically and non-linearly increase in the interval pw ∈ [0, 1].
In Herfindal-Hirschman Index (HHI) the quadratic function ι(pw) = p2

w produces exponential
profile, which underestimates small and overestimates large components [2].
To improve the quality of research we developed an original concept for assessing order and
domination in system structures with a model called ”Petrov Hierarchy Indicator (PHI)” [3]:
ιP (pw) = pw

1+
[
(ΣJj=1logRj (pw)/J)

]c ; where: pw - relative weight of the wthsystem component;

Rj - referral weights ; J - number of referral weights; c - interaction intensity. PHI allows to
define whole families of monotonically increasing functions with S-curves while experiments
lead to select a ”golden section” with following values:
J = 2;R1 = 0.001, R2 = 0.25; c = 2; ⇒ ιP (log:0.001;0.25)=

pw
1+[(log0.001pw+log0.25pw/2]2

.

2. Framing structural space in entropy and hierarchy. For enhancing the analysis of
complexity and evolution systems structures we introduce objective original approaches for
framing information space based on the symmetry and asymmetry for distribution of re-
sources with two new parameters - ”Transition Step ∆p(TS)”, and ”Distribution Step -
∆p(DS)”. For hierarchy full symmetry/equality of relative weights of elements means min-
imum hierarchy/concentration, while for entropy - maximum diversity.
a) Symmetry (equality) of components defines the concept for the production of absolute

maximum levels of entropy and corresponding absolute minimum levels hierarchy in a sce-
nario described as ”Active competition with equalization within all populations”.
b) Asymmetry (inequality) of components produces of working levels with minimum entropy

and corresponding maximum hierarchy described as a scenario called ”Week competition with
single domination in all populations”.
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Complexity indicators
∫ 1

0
Basic Symmetry Asymmetry Space

Transition step ∆p(TS) 0.01 0.01 0.01 0.01
Distribution step ∆p(DS) - 0.01 0.001 -
Petrov Hierarchy 0.467 0.798 (min) 0.963(max) 0.165
ιP (log:0.001;0.25)

Herfindahl Hierarchy ιH 0.333 0.448(min) 0.905(max) 0.457
Shanon Entropy εS(log2) 0.361 0.16(max-norm) 0.07(min-norm) 0.09

c) Working space of structural information. The combination of symmetric and asymmetric
transition paths enclose an area whose quadrature can be easily calculated as a difference
between the information integrals of Maximal and Minimal Entropy or Hierarchy. This
area can be considered as the ”Working Structural Space” where may happen the evolution
system complexity in real conditions. Within that space, we can trace different projection
paths for mean (arithmetic, geometric, etc.) entropy or hierarchy in system configurations.
3. Comparing information integrals of entropy and hierarchy on micro and macro levels.
a) Information quadrature at micro level for basic functions. Being continuous in the entire
interval for pw ∈ [0, 1], all discussed transform functions can be differentiated and defining
their quadrature by symbolic integration is a possible with a maximum level of accuracy.
b) Information quadrature at macro level for maximums and minimums of entropy and
hierarchy are calculated with high level approximation according Riemann’s approach [4].
The table here-below displays the integrals values for the 4 most important aspects: basic
functions; minimum hierarchy and maximum entropy based on symmetry; maximal hierarchy
and minimum entropy based on asymmetry; and, the ”structural working space”.
Discussion and conclusions. The mathematical analysis of discussed indicators by comparing
their integrals at micro and macro levels provides very strong evidences that Petrov Hierarchy
is significantly superior than traditional indicators (Herfindahl Concentration and Shannon
Entropy). The well balanced and flexible Petrov Hierarchy provides new possibilities for
comprehensive analysis of systems’ complexity in larger number of areas.
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A comparative survey on Neural Rendering

Kalin Presnakov, Stanislav Harizanov

Generative adversarial networks (GANs) show remarkable results in image synthesis, though
they don’t allow for explicit output control. Neural rendering is a new interdisciplinary field
which combines methods from deep learning, computer graphics and computer vision —
classical rendering approaches of computer graphics are used alongside with approaches based
on deep generative models with the purpose of controlled synthesis of novel images. Unlike
classical GANs which take as an input samples from a noise prior the methods of neural
rendering enable usage of input images or other conditional scene-dependent input. The
output is a photo-realistic image that is conditioned on the input. The field is an emerging
one and as a consequence the applications are diverse and the methods somewhat scattered.
Deep models that are used are usually conditional GANs (cGANs), but also variational
autoencoders (VAE) or other encoder-decoder based models. Neural rendering techniques
differ on their level of explicit/implicit control, input, output, usage of classical graphical
modules, multimodality of the output, generality. Our aim is to present a comparative
literature survey with an emphasis on some classes of problems that are being solved by
neural rendering. We’ll showcase some excellent results we’ve came across on applications like
semantic image synthesis, semantic image manipulation, improving the realism of synthetic
renders, approximating expensive rendering techniques like ambient occlusion, subsurface
scattering and global illumination, novel view synthesis from multi-planar images, relighting,
reenactment techniques and others. We also aim to present a background on some widespread
network architectures and other tools used in the field, input variants, loss functions and
learning strategies.

Figure 6: Semantic image synthesis by a semantic map (left). Each color in the
semantic map is denoting a type of a region in the output image (right) like sea,
sky, mountain, etc. The image was obtained by using an online tool showcasing the
GauGAN architecture by NVidia Research.

Acknowledgment: The partial support through the Bulgarian NSF Grant number DN11/9-
15.12.2017 is highly acknowledged.
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Shilnikov chaos in a Dynamical Sytem of Three
Competing Economic Sectors

Denislav Serbezov, Elena Nikolova

In this study we extend a basic dynamical model, proposed in [1], which describes competition
between the public sector and the private sector. We add a new ordinary differential equation
to the basic system, which describes dynamics of non-governmental organizations (NGOs)
sector, assuming that the NGOs sector competes also with the aforementioned two sectors.
For our convenience we reduce the number of system parameters and analize dynamical
properties of the equilibrium points of the three–dimensional system for selected values of
its parameters. On the basis of this analysis we identify two equilibrium points of the system
which evolution corresponds to development of chaos of Shilnikov kind [2]. We find that a
such chaos in the three–sector interaction system occurs for the case, in which the private
sector dominates on the progress of the public sector and NGOs sector vanishes. We illustrate
numerically the development of a chaotic system attractor with increasing the value of an
appropriate control parameter.
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Comparison of four classification methods on
high-dimensional small-sample-size synthetic NGS

data

Felitsiya Shakola, Valeriya Simeonova, Ivan Ivanov

A large number of applications spanning various fields, such as gene expression analysis,
computer vision, finance, and weather prediction, has been developed to extract insight
from high-dimension small-sample-size data sets. The latter present great challenge for
conventional statistical analysis and current machine learning methods [1].
One of the main goals of translational bioinformatics is the use of high-throughput mea-
surements for the development of classifiers that can identify different phenotypes that are
manifested as a result of the interaction of the organism’s genotype and environmental fac-
tors [2]. From this perspective, classification analysis is a type of supervised learning that
extracts models describing classes that are relevant to a phenotype of interest. These models,
called classifiers, predict the belonging of a data point to categorical (discrete) classes. An
example is a classifier categorizing cells as tumour or normal. RNA-Seq data is produced
by next generation sequencing (NGS). Specifically, small fragments of messenger RNA pro-
duced as a result of gene expression are sequenced. Those RNA fragments are cleaved at
random, converted to DNA sequences, and the results are summarized as reads [3]. After
obtaining the reads they are mapped against a reference genome to determine the levels of
gene expression. The number of reads mapped to a gene in the reference genome is a discrete
measure of gene expression levels.
The genomic data sets are high-dimensional — with 20,000 or more features, while the num-
ber of tested samples/patients is often restricted to a few hundred or less, due to high per
sample cost or rarity of phenotype. This means that the training and testing processes of
the classification have to be performed on the same data set, where standard deviation,
variance, and lack of correlation with the true error can seriously impair error estimation.
Synthetic data generation models are used in this case to model the behaviour of real gene
expression. It is accepted in the scientific community that the multivariate Gaussian distri-
bution is optimal for modelling the expression of messenger RNA [4, 5, 6]. Starting with this
hypothesis, synthetic RNA-Seq data are generated, by applying a specific nonlinear Poisson
transformation to the expression of messenger RNA model [7]. These synthetic data sets
provide the opportunity to study the classification accuracy and to compare the performance
of various classification rules.
Our work examines the influence of different model parameters for the generation of synthetic
RNA-Seq data on several classification rules. The variation of parameters for the data
generation includes: the amount of global markers, representing genes related to a state or
a disease, i.e. biomarker genes; dispersions of the gene expression levels; and the correlation
between expression levels and class membership. We comparted the performance of four
classification rules, linear discriminant analysis (LDA), k-nearest neighbours (KNN), support
vector machine (SVM), and artificial neural networks (ANN) on synthetic data sets of 50,
150 and 300 samples based on 300 features/genes. We used portions of the generated data
for training of the classifiers and the remaining samples for testing of the error rates.
The estimation of the classification accuracy is assessed using two strategies. The first in-
volves the classification confusion matrix and quantities related to it: true positive rate
(TPR), true negative rate (TNR), positive predictive value (PPV), error rate (ER), and the
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respective receiver operating characteristic (ROC) curves for the classifiers. The second ac-
curacy assessment approach uses the bolstered error estimation (bresub) [8]. This approach
is particularly useful in the case of small number of available samples. The bresub error
estimation results are compared to the classification accuracy information provided by the
confusion matrices.
Importantly, with the increase of the number of training samples, the number true biomarker
genes, and strength of their mutualistic relationships as measured by the corresponding
covariance matrix, the accuracy of the classification increases. Our comparative results
show that SVM is the most accurate classifier in the majority of the considered simulated
data scenarios. However, LDA’s accuracy is the highest in most of the cases with a relatively
small number of training samples. These results suggest that LDA could be recommended
as an accurate and at the same simple classification rule for real biological data with a small
number of available samples; thus, avoiding potential overfitting issues in such cases.
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On to Parallel MLMC for Stationary Single Phase
Flow Problem

Nikolay Shegunov, Oleg Iliev

Many problems that incorporate uncertainty often require solving a Stochastic Partial Dif-
ferential Equation. Fast and efficient methods for solving such equations are of particular
interest for Computational Fluid Dynamics(CFD) and more precisely for problems involving
porous media flows. It is believed that with the advances of the hardware and the develop-
ment of efficient algorithms a breakthrough is possible for this class of problems. For example
one could imagine a simulation of a subsurface water flow in an area of hundreds of square
km, characterized by highly varying uncertainty permeability. The approach which can serve
as a basis for developing efficient algorithms for such problems is the Multilevel Monte Carlo
method. It is a generalization of a well known class of computational methods that relies
on repeated random sampling, namely, Monte Carlo Method. The idea of the particular
MLMC which we consider is to sample not only from the fine grid SPDE, where the solution
is demanded, but also from approximations of the SPDE on coarser grids. MLMC overcomes
the slow convergence rate of the classical MC method, thanks to the multilevel sampling.
However, the parallelization of MLMC becomes much more involved then the parallelization
of the classical MC approach, because the problem for finding optimal processor distribu-
tion in the most general form is NP complete [1]. In this paper we consider a stationary
single phase flow through random porous medium as model problem and explore different
scheduling strategies. Although a simple model, this problem is well established test case
in the field because shows well the computational challenges of such models. The construc-
tion of MLMC algorithm requires tree main steps: generation of correlated random number
generator for the permeability field, numerical scheme for discretization of the PDE for each
realization of the permeability, and coarse grain method that approximates the solution at
the coarser levels. We follow the work of [2], and use Circulant Embedding approach as a
random field generator, cell centered finite volume method for numerical discretization and
simplified renormalization as coarse graining approach.

The authors gratefully acknowledge the Gauss Centre for Supercomputing e.V. (www.gauss-
centre.eu) for funding this project by providing computing time on the GCS Supercomputer
SuperMUC at Leibniz Supercomputing Centre (www.lrz.de).
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Application of Hierarchical Semi-Separable
compression for solving 2D elastodynamic problem

of a finite-sized solid containing cavities

Slavchev, D., Margenov, S., Georgiev, I.

Wave propagation in solids containing heterogeneities like elastic or rigid inclusions or cavities
is one of the fundamental problems in mechanics. The heterogeneities act as both wave
scatterers and stress concentrators. This makes the problem of the dynamic behavior of
an elastic solid, that contains multiple cavities an important problem in many technological
fields like material science, non-destructive testing evaluation, computational geophysics and
fracture mechanics. The Boundary Integral Equation Method (BIEM) is used for solving
this problem, following [1]. We are using a MatlabR© program provided by the authors of
that paper – Parvanova, Dineva and Manolis, to generate the system of linear equations.
The BIEM of the problem is formulated as:

cijuj(x, ω) =

∫
Γ

U∗ij(x,y, ω)tj(y, ω)dΓ−
∫
Γ

T ∗ij(x,y, ω)uj(y, ω)dΓ,

where cij is the jump term determined by the geometry at the collocation point, x = (x1, x2)
and y = (y1, y2) are position vectors of the source and the field points, uj(x) is the displace-
ment and tj(x) is the traction at the boundary, U∗ij and T ∗ij are the displacement fundamental
solution and the traction fundamental solution of the governing equation.
The entire boundary is discretized by quadratic boundary elements, followed by nodal col-
location. After the boundary conditions are satisfied, the BIEM equations are transformed
into a system of linear algebraic equationss:

G · t−H · u = 0, (25)

where G and H are the final global influence matrices. Both are dense 2m × 2m matrices,
where m is the number of boundary nodes. The global vectors u and t (both of size 2m)
contain the boundary displacement and traction components, respectively. Eq. 25 can then
be rearranged into the standard linear algebraic equation form Ax = B.
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Figure 7: Sparsity of the
problem matrix.

The final system of linear equations is not completely dense,
however an 128×128 example has a sparsity of only 3.6%. See
Fig. 7. Solving dense systems of linear equations is a computa-
tionally expensive task. For example, the computational com-
plexity of the traditional Gaussian elimination is an O(n3) in
this case, n is the number of unknowns. An alternative is using
Hierarchical compression to compress the matrix into a hierar-
chical matrix, that can be expressed in much smaller space and
allows more efficient matrix operations to be carried over the
compressed matrix. Here we consider the Hierarchically Semi-
Separable compression (HSS) based algorithm implemented in
the STRUctured Matrices PACKage (STRUMPACK)[2].
The HSS compression based solver uses three steps to solve
the system of linear algebraic equations:
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1. Hierarchical Semi-Separable compression. In this step the initial matrix A is com-
pressed (approximately) in the compressed form H with:

A =

[
A11 A12

A21 A22

]
=

[
D1 Ubig

1 B1,2V
big
2

∗

Ubig
2 B2,1V

big
1

∗
D2

]
,

where the Ui, Bij and Vj are called generators. If the matrix A has suitable low-rank
off-diagonal blocks Ui will be “tall” and “skinny”, Bij will be small and square and
Vj will be “short” and “wide”. The diagonal blocks Di can be further compressed in
a similar way and so on recursively. The generator matrices on different levels can be
further expressed as:

Ubig
3 =

[
Ubig

1 0

0 Ubig
2

]
U3 and V big

3 =

[
V big

1 0

0 V big
2

]
V3,

which means that the big generators need only be computed at the lowest level of re-
cursion. The computational complexity of this step is O(nr2), where r is the maximum
rank of the off-diagonal blocks.

2. ULV-like compression. The algorithm inside STRUMPACK uses the structure of the
compressed matrix H, while the original ULV factorization uses orthogonal transfor-
mations, hence the name ULV-like. It first solves O(n− r) unknowns in reverse order
of the HSS compression. At the highest level of recursion this leaves a dense system of
O(r) unknowns that is solved with LU factorization. The computational complexity
is O(nr2).

3. Solution. In this step the factorized matrix and the right hand side are used to obtain
the final solution. The complexity of this step is O(rn)

The numerical tests are ran on the Supercomputer AVITOHOL at the Institute of Infor-
mation and Communication Technologies at the Bulgarian Academy of Sciences. We use
one node with two Intel Xeon E 2650 v2 CPUs with a total of 16 cores. We compare the
performance and accuracy of STRUMPACK and compare it with the Gaussian solver from
IntelR©’s Math Kernel Library[3].
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Universal In-memory Computing on the Edge of
Chaos

Angela Slavova and Ronald Tetzlaff

One of the key features of neural networks is the ability to compute with memory in the
case computation is disturbed and performed with localized memory storage.In this work we
shall present a special class of memristor Cellular Nonlinear/Nanoscale Networks (MCNN)
operating on the edge of chaos. In general, a spatially continuous or discrete medium made
of identical cells interacting with all cells located within a neighborhood exhibits complexity
if the homogeneous medium can give rise to a non-homogeneous state or spatio-temporal
pattern under some homogeneous initial and boundary conditions.
Throughout extensive simulations we shall present non-uniform spatial-pattern generation
and we shall study the global motion of excitable waves. Applications in EEG signal gener-
ation will be shown in order to predict the epileptic seizures.
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iSybislaw – the Bibliographic Database of World
Slavic Linguistics Publications: Structure and

Functionalities of Bulgarian Language Content

Velislava Stoykova IBL-BAS, Pawel Kowalski ISS-PAS

The paper presents the structure of the bibliographic database of world Slavic linguistics pub-
lications iSybislaw. It offers a comparison of that database with some other bibliographic
database and outlines its specific architecture and functionalities as being specialized in pre-
senting multilingual online accessible source for bibliographic data search on Slavic linguistics
research works. The functionalities of the iSybislaw module which contains Bulgarian lan-
guage source of related linguistic bibliographic works is described as a part of its multilingual
content and iSybislaw’s overal structure.
The main iSybislaw system presents an Information Retrieval searchable database which
architecture includes:
(1) hierarchical linguistic knowledge base – a conceptual knowledge base which uses linguistic
concepts (subject) classification in synonymy conceptual relations hierarchy
(ii) multilingual electronic dictionary of keywords (multilingual terms for related linguistic
concepts) in all Slavic languages – a multilingual terminological database
(iii) multilingual bibliographic database of world Slavic linguistics publications encoded ac-
cording to specific metadata scheme and standards
The Bulgarian module of iSybislaw is developed over time and contains all the three parts
in its architecture including the linguistic terminological database in Bulgarian language
and constantly updated rich bibliographic database which is representative for Bulgarian
linguistics. It combines the properties of terminological database with machine translation
functionalities and allows to process query search in Cyrillic alphabet over all iSybislaw
multilingual database according to various criteria. The Bulgarian module of iSybislaw,
mainly its electronic keyword search options, allows to be used both as a tool for searching
the related reference works in Slavic linguistics in a diachronic perspective and as a research
tool for comparative Slavic studies.
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Vector Schrodinger equation: Nonlinearity,
Multidimensionality, Integrability. What to Prefer?

Michail D. Todorov

For a system of nonlinear Schrödinger equations (SCNLSE) coupled both through linear and
nonlinear terms, we investigate numerically the head-on and taking-over collision dynamics
of polarized solitons. In the case of general elliptic polarization, analytical solutions for the
shapes of steadily propagating solitons are not available, and we develop an auxiliary numer-
ical algorithm for finding the initial shape. We use a superposition of polarized solitons as
the initial condition for investigating the soliton dynamics (sech-like as well as general form).
We consider the interactions with and without cross-modulation, with stationary shapes and
with breathers. For general nontrivial cross-modulation, a jump in the polarization angles of
the solitons takes place after the collision (polarization shock). For moderate and large val-
ues of the nonlinear coupling parameter, additional solitons are created during the collision
of the initial ones.
We also find that, depending on the initial phases of the solitons, the polarizations of the
system of solitons after the collision change, even for trivial cross-modulation. This sets the
limits of practical validity of the celebrated Manakov solution. In the majority of cases the
solitons survive the interaction, preserving approximately their phase speeds and the main
effect is the change of individual polarization but the total net polarization of the system
is conserved. However, in some intervals for the initial phase difference, the interaction is
ostensibly inelastic: either one of the solitons virtually disappears, or additional solitons are
born after the interaction.
In the case of pure linear coupling the Manakov system is enriched by a linear coupling term
with complex-valued coefficient and the individual solitons are actually either blowing or
dispersing breathers. The momentum of the individual quasi-particles (QPs) is conserved
while the masses of the individual QPs oscillate, but the sum of the masses for the two QPs
is constant. Respectively, the total energy oscillates during one period of the breathing, but
the average over the period is conserved. The individual and total polarization angles for
the two QPs oscillate with different periods before and after the interaction. This extends
to the case of breathing our earlier results about the conservation of the total polarization
for the interaction of non-breathing solitons.
The results of this work elucidate the role of the linear and nonlinear couplings, the initial
phase, and the initial polarization on the interaction dynamics of soliton systems in SCNLSE.
For moderate and large values of the nonlinear coupling parameter, additional solitons are
created during the collision of the initial ones. Depending on the initial phases of the solitons,
the polarizations of the system of solitons after the collision change, even for trivial cross-
modulation. All this sets the limits of practical validity of the celebrated Manakov solution.
The Manakov system loses its full integrability and the approach for its study is numerical.
All the numerical experiments and computer simulations are implemented by using a fully
conservative difference scheme in complex arithmetic.
Some information about the transition from Manakov model to perturbed Vector Schrodinger
equation can be obtained by the so-called Complex Toda chain (CTC). We detail an asymp-
totic description of the interaction between N solitons in adiabatic approximation. These
original equations are perturbed by gain/loss terms, periodic, polynomial, single and com-
posite well (hump) external potentials. The gain and loss are taken to balance so that the
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solutions do not blow up or decay away. The distance between the solitons, however, is taken
to be large, so that they only interact in their tails, which is the basis for the asymptotic
analysis. The inverse of this large separation is the perturbation parameter. The evolution of
the soliton parameters is governed by a discrete system related to the complex Toda Chain.
We derive the corresponding perturbed complex Toda Chain (PCTC) models for both SC-
NLSE and Manakov model. We show that the soliton interactions dynamics for the PCTC
models compares favorably to full numerical results of the original perturbed SCNLSE and
Manakov model. Unfortunately, the cross-modulation in SCNLSE sets the limits of practical
validity of the Manakov solution and corresponding CTCs.
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Sensitivity Analysis of a Large-Scale Air Pollution
Model by Using Highly Efficient Stochastic

Approaches

Venelin Todorov, Ivan Dimov, Tzvetan Ostromsky, Stoyan
Poryazov

The Unified Danish Eulerian Model (UNI-DEM) [4] is in the focus of our investigation as
one of the most advanced large-scale mathematical models that describes adequately all
physical and chemical processes. One of the most attractive features of UNI-DEM is its
advanced chemical scheme — the Condensed CBM IV [5], which consider a large number
of chemical species and numerous reactions between them, of which the ozone is one of the
most important pollutants for its central role in many practical applications of the results.
The calculations are done in a large spatial domain, which covers completely the European
region and the Mediterranean, for certain time period. Different parts of the large amount
of output data, produced by the model, were used in various practical applications, where
the reliability of this data should be properly estimated. Another reason to choose this
model as a case study here is its sophisticated chemical scheme, where all relevant chemical
processes in the atmosphere are accurately represented. The influence of emission levels over
three important air pollutants (ammonia, ozone, and ammonium sulphate and ammonium
nitrate) over big European cities with different geographical locations is considered. Studies
of relationships between input parameters and model outputs is very useful for determining
the reliability of the model.
Variance-based methods are most often used for providing sensitivity analysis. Several sensi-
tivity analysis techniques have been developed and used throughout the years [2]. In general,
these methods rely heavily on special assumptions connected to the behaviour of the model
(such as linearity, monotonicity and additivity of the relationship between input and out-
put parameters of the model). Among the quantitative methods, variance-based methods
are the most often used. The main idea of these methods is to evaluate how the variance
of an input or a group of inputs contributes to the variance of model output. Two of the
most commonly used variance-based methods were applied in our study: Sobol approach and
Fourier Amplitude Sensitivity Test (FAST). These were implemented by using Monte Carlo
algorithms.
Quasi-Monte Carlo algorithms are based on quasirandom or low discrepancy sequences which
are ”less random” than a pseudorandom number sequence, but more useful for numerical
computation of integrals in higher dimensions, because low discrepancy sequences tend to
sample space ”more uniformly” than random numbers.
Let xi = (x

(1)
i , x

(2)
i , . . . , x

(s)
i ) for i = 1, 2, . . .. The star discrepancy is given by:

D∗N = D∗N (x1, . . . ,xN ) = sup
Ω⊂Es

∣∣∣∣#{xn ∈ Ω}
N

− V (Ω)

∣∣∣∣ , (26)

where Es = [0, 1)s. Let
n = . . . a3(n), a2(n), a1(n)

be the representation of n in base b . The radical inverse sequence is given by:

n =

∞∑
i=0

ai+1(n)bi, φb(n) =

∞∑
i=0

ai+1(n)b−(i+1) (27)
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and it is fulfilled that

D∗N = O

(
logN

N

)
. (28)

The original Van der Corput sequence [3] is obtained when b = 2.
Some modifications of the Van der Corput sequence are studied in our numerical experiments.
The modifications of the Van der Corput sequence is often used to generate a ”subrandom”
sequence of points which have a better covering property than pseudorandom points.
A discussion of the systematic approach for sensitivity analysis studies in the area of air
pollution modelling has been given. The Unified Danish Eulerian Model (UNI-DEM) is used
in this particular study. We study the sensitivity of concentration variations of some of the
most dangerous air pollutants with respect to the anthropogenic emissions levels and with
respect to some chemical reactions rates.
A comprehensive experimental study of highly efficient stochastic approaches based on the
Van der Corput sequence and its modification with different bases for multidimensional inte-
gration has been done. A comparison with the Latin Hypercube Sampling (LHS) is given for
the first time. The algorithms have been successfully applied to compute global Sobol sensi-
tivity measures corresponding to the six chemical reactions rates and four different groups of
pollutants. The numerical tests will show that the stochastic algorithms under consideration
are efficient for the multidimensional integrals under consideration and especially for com-
puting small by value sensitivity indices. Clearly, the progress in the area of air pollution
modeling, is closely connected with the progress in reliable algorithms for multidimensional
integration.
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Multi-Layered Intuitionistic Fuzzy Intercriteria
Analysis on some Key Indicators Determining the

Mortality of Covid-19 in European Union

Velichka Traneva, Stoyan Tranev

The concept of intuitionistic fuzzy ICrA, based on the apparatus of the IMs (see [2]) and
IFPs (see [1, 3]), was introduced in [6]. It calculating pairwise dependencies between each
pair of criteria for evaluation of objects. The method receives as input datasets of the evalu-
ations of multiple objects against multiple criteria and returns as output a table of detected
dependencies in the form of intuitionistic fuzzy pairs between each pair of criteria [7]. In the
original problem formulation that leads to the idea of ICrA, measuring against some of the
criteria is slower or more expensive than measuring against others, and the decision maker’s
aim is to accelerate or lower the cost of the overall decision making process by eliminating
the costly criteria on the basis of these existing correlations [6]. The complexity of the ICrA
algorithm is O(m2n2), which is polynomial in mn [8]. Later the ICrA has been extended in
a theoretical aspect for its application to two-dimensional interval-valued intuitionistic fuzzy
evaluations, three-dimensional and multidimensional intuitionistic fuzzy data [5, 9, 12, 13],
with a software application being developed (see [10, 11]), freely available from the website
[15]. In the present paper is extended a form of three-dimensional ICrA (3-D ICrA) [12]
to a form of three- dimensional multilayer ICrA (3-D MLICrA) in an uncertain environ-
ment. Here, the 3-D MLICrA approach is applied on the dataset of total deaths attributed
to COVID-19 per 1,000,000 people and some key indicators of European Union countries
determining this mortality, provided by European Centre for Disease Prevention and Con-
trol [16], for the data for the period from February to November, 2020. The comparative
analysis of the correlation dependencies between the proposed basic indicators of countries
and the number of deaths caused by COVID-19 has been performed in the paper after appli-
cation of ICrA, Pearson’s, Spearman’s and Kendall’s rank correlation analyzes to show the
advantages of the proposed approach. The defined 3-D MLICrA can be expanded to retrieve
information to other types of multi-dimensional data cubes [4].
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Two-Way Intuitionistic Fuzzy Analysis of Variance
for COVID-19 Cases in Europe by Season and

Location Factors

Velichka Traneva, Stoyan Tranev

Analysis of variance (ANOVA) is a statistical method concerned with comparing the means
of several samples, originally developed by Fisher [5]. When a data set has gaps and irregular
changes in consecutive number values (for example, due to varying numbers of tests), this
may accumulate a type of uncertainty over multiple reports. Intuitionistic fuzziness provides
the means to describe this imprecision more accurrately, by allowing a degree of truth and
falsity for a particular statement, where the difference between one and their sum corre-
sponds to the hesitation degree. In previous publications [8, 9, 10, 11], we have introduced
one-way (1-D IFANOVA) and two-way (2-D IFANOVA) intuitionistic fuzzy ANOVA , which
are based on classical analysis of variance [4], Intuitionistic Fuzzy Sets (IFSs, see [1]) and
Index Matrices (IMs, [2]). The pandemic caused by COVID-19 conquered the world in 2020.
The recent events related to the COVID-19 pandemic have posed many questions regarding
the disease’s spread rate, including whether various factors may or may not have an influence
upon it.
The present work focuses for the first time on evaluating the spread of COVID-19 in Eu-
rope using 2-D IFANOVA approach [9, 10] on the intuitionistic fuzzy dataset of daily cases
provided by European Centre for Disease Prevention and Control [13] for the data for the
period from March to December 3, 2020. 2-D IFANOVA will establish the impact of “season”
and “geographic location” factors for the proliferation of COVID-19 in Europe. The factor
“geographic location” of countries involves differing climate, economic development, popu-
lation density and other properties. The factor “season” involves differing temperature and
humidity of the environment. To facilitate the analysis, we have applied the command-line
utility “Test2” [10], which performs two-way IFANOVA, over an IM of pre-prepared IFPs.
We will also analyse the data with classical ANOVA (which does show a dependency) and
will perform a comparative analysis of the results obtained from that and from IFANOVA.
The outlined approach for IFANOVA, assisting the decision-making process, can be exended
to n-dimensional and can be researched to other types of fuzzy or intuitionistic fuzzy multi-
dimensional data in IMs [3].
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On a Nonlinear Evolution Equation of Magnetic
Type Related to a Homogeneous Space

Tihomir Valchev

The main object of study in the present talk is the 1 + 1-dimensional nonlinear partial
differential equation

iSt = a[S, Sxx] +
3a

2

(
S2SxS

)
x
−
[
S2, Sx

]
x
, i =

√
−1, a ∈ C, (29)

that seems to be a novel one. It is assumed that the traceless complex n× n matrix S(x, t)
obeys the additional constraint

S3 = S. (30)

In the special case when S(x, t) is an invertible matrix and a = 2, (29) turns into the classical
Heisenberg ferromagnet equation [1, 3, 5]

iSt =
1

2
[S, Sxx]. (31)

This is why we shall refer to (29) as a generalized Heisenberg ferromagnet equation (GHF).
Another interesting special case of (29) is when a = 0. Then GHF simplifies to

iSt +
[
S2, Sx

]
x

= 0. (32)

Such ”reduction” is connected to a symmetric space of the series A.III and has already been
considered in literature, see [2, 4].
Much like the equations (31) and (32), GHF is integrable through inverse scattering trans-
form. Its zero curvature representation is given by the following linear bundle Lax pair in
pole gauge

L(λ) = i∂x − λS, λ ∈ C, (33)

A(λ) = i∂t + λA1 + λ2A2, A2 =
2r

n
In − S2 + aS,

A1 = ia[S, Sx] +
3ia

2
S2SxS + i

[
Sx, S

2] ,
where In is the unit matrix of dimension n and 2r is the rank of S(x, t). The existence of
such representation has deep consequences — it allows one to reduce a complicated nonlinear
problem to a linear one that is much easier to study [3, 5]. We shall be particularly interested
in the cases when the potential function S is not ”generic” but obeys certain extra symmetry
condition (reduction), e.g. the pseudo-Hermitian condition

ES†(x, t)E = S(x, t).

Above E is a diagonal matrix with ±1 on its principal diagonal and † stands for Hermitian
conjugation. Though (29) formally remains the same as a covariant form, the presence of
reductions decreases the number of independent entries in S(x, t), i.e. the number of the
dynamical fields.
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It is well known that Heisenberg ferromagnet equation is gauge equivalent to nonlinear
Schrödinger equation [1, 3, 5]. In a quite similar fashion, one can use an appropriate gauge
transformation to map (33) to the scattering operator

L̃(λ) = i∂x +Q(x, t)− λΣ, Σ = diag (Ir, 0,−Ir),

where Q(x, t) is some off-diagonal n× n complex matrix. This ”canonical gauge” proves to
be very useful when considering direct and inverse scattering problems [3].
Another type of (one-parameter family of) gauge transformations is the so-called dressing
transformation. The latter can be effectively applied for one to construct special solutions
to (29) in a purely algorithmic way.
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New Software Functions in Microsoft Excel which
can Improve and Facilitate the Work of Internal

Auditors when Forming Samples

Veneta Velichkova

The automation of the processes is rapidly and globally increasing as well as the expectations
from the auditors to have a deeper knowledge of new technology-based audit techniques to
perform their work. Currently, most of the input data which have to be audited subsequently
are presented in spreadsheets. Excel is one of the most widespread programs that are used
in the industry to process data that is presented in spreadsheets. This program is affordable
and in the meantime most appropriate and easy to work with. Using Microsoft Office is an
inevitable part of auditing, especially at the stage of Fieldwork, when forming and testing
samples.

This research shows how the new dynamic array feature can be used to create random
sampling and monetary unit sampling, as they are one of the most commonly used methods
of audit sampling. Until now, auditors have been doing this type of work manually which
is time-consuming, takes a lot of effort and the risk of error is high. The present study
examines how to extract a sample of 30 item records from a data table that contains more
than 1000 items records. In the tested columns from the table, we have - number of items,
cumulative value, item identifier, and price of the item. For the random type of sampling
in the first column, we have to list the number of items we are sampling by using the new
function Sequence. In the second column, we create our item sampling by SortBy function
that will let us sort our array according to another random array. For this purpose, we use
Rand array to generate this random array. Next, we need to pick the chosen number of
items for the sample with the Index function and we have the item identifier to the value.
Finally, in the third column, we use again Index and Match function to return the price of
the selected Items.

In monetary sampling, each currency unit is treated as an element of the population. This
sample is applicable when no deviations are expected [1]. In our case, a random dollar of
the total amount of dollars should be chosen. First, we use the Sequence function as the
number of rows that we are passing as the argument of this function should be the same as
the number of the total value. Then we are going to randomise that list using the SortBy
function. After that, we convert to find where in the table their possitions are. For this
purpose, we Index the Item identifier column and Match this randomly shuffled dollar to
the Cumulative value column. The generated data contains duplicates, so we need to use
the Unique function. It makes each item to show up only once. The other steps that are
performed are the same as random sampling. Again we need to use the Index function and
in the next column the Index and the Match to visualise the values.

The results of this study show that for the random sampling the selected items are with
smaller values in comparison to the monetary unit sampling because in monetary sampling

60



larger items are more likely to get picked.
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