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Two-person nonzero-sum games where the dynamics is described by Ito stochastic differential
equations are considered. Berge-equilibrium strategies are introduced and sufficient conditions for
them are established. Linear-quadratic games with and without a state and control dependent noise
are studied.

1. Introduction

In this paper two-person nonzero-sum stochastic differential games are
considered. We follow the approach of W. Fleming and R. Rishel [4] to the
optimal control of stochastic dynamic systems, but applied to situations of
conflicts. As solutions of the games Berge-equilibrium is introduced. This notion is
based on the ideas of the classical book [1]. Sufficient conditions in the form of
dynamic programming equations are found. The approach chosen here makes
possible further application of the approximation and numerical procedures
developed by F. Chernousko and V. Kolmanovskii [2]. Let us mention
that martingale methods can also be applied to problems similar to those treated
below and we intend to use them as well. Two types of linear-quadratic games are
considered as examples. Here the strategies guaranteeing the Berge-equilibrium
are given in an explicit form. The results presented in this paper are further
development of some ideas and results announced earlier in [7].

2. Formalization of the game

Let us consider the game I'=<{{1, 2}, &, {& ,, ¥ ,}, { #,, F,}>. Here
{1, 2} is the set of players, the evolution of the dynamic system X is described by a
stochastic differential equation of the type

(2.1) dE@=f(t, S(), uy, ux)dt+a(t, £(1), uy, uy) dw(t), teto, Tl

with initial condition &(ty)=¢&g, 0=<t,<T. The process w={w(t), t&[to, T]} is a
standard m-dimensional Wiener process defined on some complete probability
space (Q, #,P) and adapted to a given family F={#, te[t,, T]} of
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nondecreasing sub-c-algebras of R. £eR" is the state vector process and
u,eU;=R" is the control of the i-th player, i=1, 2. Now let us make the
following assumptions about the functions f(¢t, x, u,, u,) and o(t, x, u,, u,).
Suppose

f: [ty TIxR"xXU,;xU, > R"
and
o: [ty, T]xR"xU,xU, —> R"xR"
have continuous partial derivatives and let C>0 be a constant such that
|f(¢, 0, 0, O)|+|o(t, O, O, 0)|=C,
el +loel+ 1, |+l 00 1+, 1 +0,, ISC

where |-| is a general symbol for the norm in the corresponding space.

Each player has perfect observations of the state vector & (t) at every moment
te[ty,, T] and constructs his strategy in the game I' as an admissible feedback
control of the following type u;(t)=u;(t, £(t)) where u; (-, *):[to, T] x R"> U, is a
Borel function satisfying the conditions:

(i) There exists a constant M;>0 such that |u;(t, x)|<M;(1+]|x]|) for all
te[ty, T], xe R

(ii) For each bounded set Bc R" and T*e(t,, T) there exists a constant
K;>0 such that for arbitrary x, ye B and te[t,, T*], |u;(t, x)—u;(t, y)|=K;|x
—y|. Denote by 4, the set of strategies of the i-th player, i=1, 2

The assumptions mentioned above imply the existence and sample path
uniqueness of the solution &={&(¢), te[to, T]} of (2.1) corresponding to the pair
of controls (u,, u,)€ ¥%,x al,. The infinitesimal operator & (u,, u,) of the
Markov process ¢ under the pair of strategies (u,, u,) has the form, see [3]:

oA (uy, uy) V(t, x)=F (8, x,uy, uz) V(2 x)+%tr La(t, x;uy,us) Vi (2, X)],

where a=o00’ and prime denotes vector or matrix transposition. Here V(t, x) is a
real-valued function with continuous partial derivatives up to second order for all
telty, T], xeR"™

Let L, y; be continuous functions satisfying the polynomial growth
conditions:

| Li(t, x, uy, up) |SCi(1+ x|+ uy |+ uy |

it ) |=Ci(1+]x])

where C;, k are positive constants. Finally we introduce the cost-function
§i(uy,uy) of the i-th player

T
Siluy, u)=E . {¥i(T 6(7))+‘I14(t. @), uy, wp)dt}, i=1, 2.

The object of each player in the game I' is to minimize his own cost-function.
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3. Main result

Definition. Iet the pair of strategtes (4, ub) be called a pair of Berge-
equilibrium strategies for the game I if

g1, u)z g (W, ul) for each ue @,
and
g2y, W)= g, uy) for each uje q .

Denote G;(t, X, uy, uy)=W®(t, x)+ & uy, u)) W (t, x)+ Li(t, X, uy, uy) for all
tM[t, TI, xeR u,elU,, u,el,, i=1, 2.

Theorem. The pair of strategies (U3, u3) is a pair of Berge-equilibrium strategies
for the game T if there exist real-valued functions WY (t, x) such that for all

telty, T), xeR" and i=1, 2, the following conditions jointly hold :

(a) woO, WO wd W, are continuous;
(b) Gi(t, x, u}, uy)=0;
(¢ G,(t, x, u}, u,)=0 for each strategy u,ea , and

G,(t, x, uy, uy)=0 for each strategy u,eaq,;
(d) WO(T, x)=y,;(T, x).

Proof. Let &b (1), te[to, T] be the sample path of the solution of (2.1)
corresponding to the pair of strategies (uj, u3). Ito-Dynkin’s formula implies

WO )= B, (WO (T, (D) [IWO @ &)+ () WO e, & (e}, i=1, 2.
Taking into account conditions (lb) and (d), we get

WO (t, x)=E, . {y;(T, c"(T))+fL,.(r, &), W, uh)de), i=1, 2,
and hence

WOl 0= Euey (T ST+ LG £, @, was). i=1, 2

Now let £'?(z) and &2 (1), te[to, T] be the sample paths of the solutions of (2.1)
coresponding to the pairs of strategies (4, u,), and (u,, ub), respectively. Ito-
Dynkin’s formula in conjuction this time with conditions (c) and (d) implies

W (ty, Eo)<E, ¢, (W1 (T, é“’(ﬂ)+§L1(t. g (@), ui, uy)dt}
o

and
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WP (to, EO)SE, e (Y2 (T 52"(7'))+ila(t, &2 (t), uy, ub)dt}.
Thus we get »
F.Wh, u)=W,, &)= S£,Wh, ub) for each u,eu ,
and
Fo(uy, W)ZWP(ty, Eo)= F,h, ub) for each u,e % ,.
This means that (15, u) is a pair of Berge-equilibrium strategies for the game I'. []

Remark. Note that {W?(t, x), i=1, 2} is a solution of a system of dynamic
programming equations of the type

min G, (t, x, u}, u,)=0, min G, (¢, x, u,, u3)=0
“2 u1

with boundary conditions WO (T, x)=vy, (T, x), i=1,2, for all te[ty, T], xe R™

4. Linear-quadratic game with state and control independent noise

Let us consider game I' where the evolution of the dynamic system X is
described by the linear stochastic differential equation d&(t)=[A4 ()E(t)+ By (tu,

+ B, (t)] dt+ao(t) dw(t), teT] with initial condition &(t,)=¢ o. Here &g, w, uy, u,
are the same as in Section 2. A (t) is an n x n-matrix, ¢ (¢) is an n x m-matrix and
B, (t) and B,(t) are nxv, — and n x v,-matrices, respectively. The cost-function
F.:(,, u,) of the i-th player is given by the following quadratic functional:

T
i(uy, u)=E,  {&(DD:E(D+ [[&®E@) Mi(®)+u; ()N (@)u, (1)
‘o

+uy ()ND () uy (1) dt}, i=12.

Here D, M;(t), N? (), NY (1) are symmetric matrices with dimensions nxn,nxn,
v; X v;.v; X v;, respectively, i=1, 2. Let D; be consta nt and A(t), B;(2),0 (1), M;(¢),
NP (), N9 (t) be continuous, i=1, 2.

Let us assume that the strategies of the i-th player are functions of the form
u;(t, x)=F;(t)x where F;(t) are continuous v;X n-matrices, i=1, 2

Now consider the functions

Gi(t, x, uy, u))=Wo(t, x)+ o.(uy, w) WO(t, x)+Li(t, x. uy, u,)
=WO(t, x)+[A@)x+ B, ()u, + B, (u,] W(t, x)+%tr[a(t) Wﬁl(ﬁ x)]

+x'M;(t)x+uy N () u, +u, NO(t)u,

for all te[ty, T], xeR", u,eU,, u,elU,, i=1, 2. Taking into consideration the
remark (Section 3) we have
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oG . '
s =B,(t) Wi, x)+2NLPt)us=0
6% u2=u§
and
oG, .
=B, () W& (t, x)+2NP[)u}=0,
3, |,, - 1 ( ( (D) uy
i. e.

u3=—étN‘z"(r)]-IB;(z)%’(t, x) and uz=—%lN‘f’(z)r* Bi(t) Wit x).

Further put «?, i=1, 2 in G;(t, x, u}, u5)=0, i=1, 2, and search W (¢, x) in the
following special form W® (¢, x)=x'0;(t)x +r;(t) where 0, (t) is a symmetric n X n-
matrix with 0,(T)=D; and r;(t)—a scalar function, i=1, 2. Then

@.1) uw=—[NP O] 'B,(00,(0)x, us=—[NL (@1 ' B>(1)0,(t)x
and the system of equations for W (¢, x), i=1, 2 transforms in

X {0,()+ A’ (10, (+0,(1) A () + M, ()—0>()) B, () IN’ (0] B1 (6, ()

—040) By(t) [ N(1)]~* By(1)0,(1) — 0,(2) Bo(t) [N ()17 ! B(1)0(¢)

—0t) B,(t) [ NSP(8)] ™ B2(1)04(8) + 05(2) B,() [ NP ()]~ NP(t) [NP(8)] ™' By (1)0(1)
+0,() B,() [N @)1~ NQ@) [ NS0 Bo()0, ()} x + (1)
+trfa®)0,()]=0, i=1, 2.

Thus we come to the following

Proposition. Iet the matrices D, M,(t) be nonnegative definite and N (1) be
positive definite (i #j), i=1, 2. Then (4}, u5) given by (4.1) is a pair of Berge-equilibrium
strategies if {0,(t), i=1, 2} is the solution of the system of matrix differential equations
of Riccati’s type

0,(t) + A'()0,(1) +0,(t) A(t)— 0,(2) B5(t) [N (0]~ Br(1)04(1)
—0,(t) By(t) [NP(6)]~* By(8)05()— 05(8) By(t) [LNPA(6)] ™" B(1)0,(2)
+ M (1) +0,() By(t) [NP®)] ' N{(2) [NP(©)] " B1(1)0,(t) =0,
0,(8)+ A'(£) 05(8) + 05(8) A(t) — 02(2) By (1) LNP(8)] ! B1(1)05(0)
—0,(t) By(t) [ NS(8)] ™ B3(1)04(2)— 0,(2) Bo(r) [ NS (8)] ™! B2(1)0,(2)
+ M)+ 0,(0) Bo()) [NL@]17* NP() [NS()] ™" B2(1)0,()=0
with boundary conditions 0;(T)=D;, i=1, 2 and

ri(t)= ftr [a(z)04z)]dz, i=1, 2.



30 S. D. Gaidov

5. Linear-quadratic game with state
and control dependent noise

Now let the evolution of the dynamic system X of the game I' be described by
the linear stochastic differential equation

dE(O)=[AOE @O+ B, (Juy + B, (uzJdt + o (t, £(1), uy, uz)dw(1), te[to, T)
with initial condition &(to) =¢&,. Here £€ R is the state process, w={w(?), te[to, T]

is a 4-dimensional standard Wiener process and u;e U; <R is the control of the i-t
player, i=1, 2. o(t, & u,, u,) is an 1x4-matrix of the form

a=(0o()¢ o,(u; oy, o5(2).

Henceforth A4 (t), B;(t), i=1, 2, 6;(t), j=1, 2, 3 are functions taking values in R. The
cost-functon 4 ;(uy, u,) of the i-th player is the functional

T
il u)=E, o (DE2(D+ [ M (0 )+ NP (0 (0)+ NP3 (0]de}, i=1, 2.
lo F

Here D, are constants and M, (), N{’(¢), j=1, 2 are real-valued continuous functions,
i=1, 2.

Suppose the strategies of the i-th player are functions of the form u;(¢, x)
=F;(t)x where F;(t) are real-valued continuous functions, i=1, 2.

In this case G;(t, x, u,, u,) are functicns as follows

Gi(t, x, uy, u))=Wo(t, x)+of(u,, u,) WO, x)+Li(t, x, uy, uy)
= WO )+ T AW+ By 0y + B (O0us] W) +5 [03 (0% +0F 0

+03(Oui+a3 (O] W, x)+M;(0)x>+ NP (Q)ui + NP ()u3

for all te[t,,T],xeR, u;eU,, u,eU,, i=1, 2. The remark (Section 3) leads now to

W4 B WO )+l WL )+2 N8 (u =0
2uy=uy
and
% ,=BiOWR(t, x)+of @i WR(t, x)+2NP (u} =0,
2luy =y
i e '
W= —[a3(OWR(E x)+2ND O] ' B, () W, x)
and

w=—[oi(@®WR( x)+2NP O] 'B, () W2( x)
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Further, put u?, i=1, 2, in the system
(5.1) Gi(t, x, u§, u))=0, i=1, 2,
and search W®(t, x ) in the following special form
(5.2 WO(t, x)=x20,(t)+r(t)
where 0;(t) and r;(t)—real-valued functions, i=1, 2. Then
53) ui=—[ot (00, ()+ NP (O] " B, ()02 (),
uj=—[o3()0, () + NS’ (]~ " B, (1)0, (9)x,
and for equations (5.1) we have
x2 {0;(2)+2A4 (10, (1) — 2[a3 (0, () + N ()]~ * B (1)0, (10 (1)
—2[03 (10, () + N (01 * B3 (10, (10: (6) + M, (8) + 03 ()0, (¢)
+01 () [0 (00, () + NP (9172 B (103 (1)0: (1) + 03 (t) [03 (10, (¢)
+ NP (0172 B3 (003 (00; () + NP (1) [07 (00, () + NP (]2 B} ()03 (1)
+ N9 (1) [62(1)0, () + NV (8)]~2 B3 (8)03 (1)} +7:(2) + 03 (1)0; () =0, i=1, 2.
Thus we come to the following

Proposition. Iet D; be nonnegative constants, M;(t) be nonnegative functions, i
=1, 2 and N®(t), NP (t) be positive functions for each te[t,, T). Then the pair of
functions {W9(t, x), i=1, 2}, given by (5.2) is the solution of the system (5 - 1) and
ub,i=1, 2, defined by (5.3) are Berge-equilibrium strategies if {0,(t), i=1,2} is the
solution of the system

0, () +24 )0, (1) + 05 ()0, (1) —[a3 ()0, () + NS (]~ * B3 ()63 (¢)
—2f0% (00, (1) + NP (]~ * B ()0, (10 (1) + M, (1) + [0F ()0, (1)
+ NP @] [oF (00, () + NP (9]~ B (103 () =0,
0, (1) +24 (00 (1) + 63 (10 () — [0 (10, (1) + N© (9]~ B (103 (1)
—2[03(1)0, (1)) + N ()]~ * B3 (102 ()0, (1) + M (8) + [03 (10 (¢)
+NP (0] [03 )0, ()+ NS (11~ * B3 ()03 ()=0
with boundary conditions 0,(T)=D,, i= l: 2, and

ri()= jtag (7)0;(v)dt, i=1, 2.
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6. Conclusions

In this paper we consider Berge-equilibrium in stochastic differential games. In
comparison with Nach-equilibrium [5], [6] there are differences in the game and in
the analytical aspects of the problem. Berge-equilibrium is a firm background for
considering other kinds of solutions of games, including many-player games.

This study was completed during the stay of prof. V. I. Zhukovskii at the
Centre of Mathematics at the Technical University in Rousse. The author expresses
his gratitude to Prof. Zhukovskii for introducing him to the subject of research and
for the helpful discussions. Acknowledgements are also due to Dr. J. Stoyanov for
the stimulating talks on these subjects and for his support.
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