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Two-Sided Methods for Solving
the Polynomial Equation

Andrey S. Andreev, Nikolai V. Kjurkchiev
Presented by Bl. Sendov
On the base of the well-known methods of Weierstrass-Dochev and Ehrlich we propose two two-sided

methods with raised rate of convergence for simultaneous determination of the roots of a polynomial
in the case when all the roots are real and simple.

1. Introduction

Let the algebraic equation
(1) fX)=x"+a,_x" "'+ ... 4a,=0

has only simple roots. In [3] we considered the following generalization of
Weierstrass-Dochev’s method [1, 5],

(2) A =xEHARTIR APE= —f () T (—xh—AZTM) AP =0,
s=1
S#i

i=12,...,n p=12,..., R+1, k=01,. ..
for simultaneous determination of the roots of the equation (1). The rate of
convergence of (2) is R+2, i. e. | x;— x%| S cqgr+2*, 0 <g <1, C—absolute constant.
2. Two-sided methods

In the case when the equation (1) has only simple and real roots we propose
two-sided variant of (2),

3) htloghp ART LR k1 xk AR+LE

Apt=—f(@) (T (@B—xi—8 P14, 11 (A—st=Ap1d)-1, Apk=o,
1=1 I=i+1
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BF*=—fOD(T (A—x—ap~ T (A—s—BptH)7, ap*=0,
=1 1=i+1

i=1,2,...,n p=1, 2,..., R+1, k=0, 1,. ..

Let us note that some other two-sided methods with quadratic and cubic rate
of convergence can be found in [4].

Theorem 1. Let the initial approximations {X5}-,, {x?}7- of the roots {x;};-,
of the equation (1) satisfy the conditions x{ < x, S X <x§<x, < %9 <...<x?<x,<x0.
Then the method (3) gives x{<x, < <x{<x,<x{<...<xt=<x,=<x
k=0, 1, 2,...

Proof. We shall prove the theorem by induction. When k=0 the assertion
holds. Let us assume that the theorem is true for some k and from this assumption
we shall get the theorem for k+1. First we prove

4) 0= APk <xxf, x,—xk<AP*<0, p=0, 1,...,R+1, I=1,2,...,n.

Indeed A{*=AP*=0, and if (4) is valid for some p, then

AP the —(h—x) T (=) (—xb—A29 " T () o

CR A = (o) T (d—x,) (= x,x,

s=1

AU T () (X, x,— AR,
s=l+1

The above equality gives 0<SAP*"*<x,—x}, as

-1
05T (s -x) (s —x+x,— =074 ' 51,

s=1

0= I (xf—x,) (xk—x,+x,—F—APK)~1 <1,
s=l+1

Analogously x;,—xf<AP*1*<0. So the inequalities (4) are proved.
Now using (3) and (4), we obtain

£+t () (1= T (%) (5 ==
1=1



74 A. Andreev, N. Kjurkchiev

—ARM)TY I (XF—x) (XF—x,+x,— X —Af¥)T1) =0,

I=i+1

P x= (e —x) (1= TT (=) (& — %+ x,— xt
1=1

I=i+1

n
—AFR)TY T (xb—x) (xF—x,+x,— X —AT*) 1) =0
i .
XX =k =X — (k1 — X4 1) ’I;Il (ke s —x) (XK1 — X1+ X,

—x—ar ! ﬁ (b —x) (xXby g —x+x,— R —AfH) 1
I=i+2

+ (& —x)) il_—Il (flf'—xl) (i’;—x,+x,—)£’;—4f-")"l ﬁ (ilﬁ—xt) (f’:
1=1 I1=i+1

—x+x,—X—Af)™H 20,

for i=1, 2, . . ., n

The theorem is proved.

The next theorem gives the order of convergence of the suggested method.

Theorem 2. Let 0<g<1, d=min;,; |x;—Xx;| and the constant o satisfies
0<c=<d/(2n*+1). If the initial approaximations {x{}!-,, {x0}I=1 of the roots
{x.}I- of the equation (1) satisfy 0<x;,—x{=<cq, 0SX0—x;Zcq,i=1,2,...,n,

0=<x? ,—xP, i=1,2, ..., n—1 then for every k=0, 1, 2, . . . , we have

. K k.
0sxk—x;<cqR+?", 0<x;—xk<cqR+?"| i=1, 2, .

Proof. Again we shall prove the theorem by induction. Obviously the
theorem is true for k=0. Let us assume the theorem is true for some k. Then

) Bt = (B x) (1= T1 (R x) (F—xk
1-1

—‘Alk'k)_l 1=li]+1 (f’;"‘xl) (i’;—i'}—ﬁf"‘)"):(i’g—xl) (I_Z’;,R Eki,R)’
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1= n
xi—xf*t=(x;—xP) (1 ""Hi (F—x) k—xk—AR9™T T (xF—x) (xf
- I=i+1

— 5k — AR =(x;—xf) (1— A4k g Bfr)
For Afg, Big, Afr Bir we get

i-1
(6) Z:".R=(ff"—xt—1) (ff—-’_‘f-l —éf-'kl)—l 1131 (ff—xl) (-’Ef—’_‘f_éf'k)—l

T (@ —x) (b= AR 4 TE (R —x) (R —xb— ARY
=1

|
N

= (R —x) (Fr—xk—ARM) T+ (X —xi- 1 +ATN) (ZF—xi-1

=1

i-2 -
BRI (f—x) (- AF) I 14 T (h—x,— ARY) (-
= p=1 .
ARG ITL (R —x) (B—xk— RN =14+ Mg
1=1

Bo—l+ T (F—x,—ARY (RF—st—ARH"1 T (B—x) (@
1 1

p=i+1 =p+
—xf—AR¥) "1 =1+Nig,
k - R,k k R,ky—1 B
41‘.R=1+p§1 (xk—x,— AFY) (xf — x5 —AF") 1131 (xf
C —x) (- —AMY T =1+ Mg
Bir=1+ I (F—x,—Ap" (xi—%;

p=i+1

—ERHTE T (d—x) (F— AR TI=1+ Nig.
1 |

I=p+

_In above notations we set A% ,=A4% =B, =B, =1, M} =M} ,=N;,
—N%,=0, p=0, 1, . . . , R, k=0, 1, 2, . .
It follows from (5) that "
) X —x;= (X —x,) (—Mf.x—lvtx—ﬁtk N g),.
: x;— Xk = (¢ —xf) (""M?.R“N#R_M?.R Nip)

From the definition we have
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p=0,1,2 ... ,R, i=1,2 ..., n For example
i—-1 s—1
1‘7!5‘.,= 2 (x5 — x5+ APY) (X — xk— APk)=1 l'I (X —x) (Xf—xk—Ap9)~1

and in view of (4) sign ((x¥—x,+AP*) (xk—xk—AP¥)~ 1= —1, 0<((®*—x)
(XF—xF—AP*~') <1, I<s<i. On the other side

922,15 2 1= x+ A2 (= 2= A2 IS B (rm ) (- )

i—1
Z (s —x¥) (F —x; 4+ x;— x,+ x, —x")“s 2 d~legR+2* <4~ 1ncq < 1. In simi-

lar way the other inequalities in (8) can be proved. Now
©) M{‘R— z (R—xk— ARM)=1 [xk_x —(xk—x,) I'I (x*
—Xx,) (xk—xk—AR-1k)=1 B Il (xk—x,) (xk—xk—AR-15~1] I'I (xk
~x,) (ff—ac:—éf*)"=fz ((h—x) (=Xt —ARHY (1
ST n (& —x;) (& —xh— ARH) 7,
Ria= = (&—x) @-—AM(
~Zipo 1 Bno) T (& —x,) (- - B8,
Mia=Z (-x) (d—x—aM 1 [

—dir-1 Bir-1) ~,sl—;l ()_cf—xp) ({c{‘_,‘c:_é:.k)— 1

N?.R_ z «xk x:)(xk ZRk) l)(l— s,R—1 *“s,R— l)

M (xf—x,) (cf— 25— AR¥)~1,

p=s+1

and if we set
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(10) Sip=4ipBlp Si,=di, B,

fori=1,2,...,n, p=0,1,...,R, k=0, 1,2,..., then from (5) and (10) it follows
(1) =T —x = —x) 1=Skg), x;—xt" ' =(x;—x¥) (1—Skp).
It is easy to find from (9) that

— - k
max | Mf,|S(d—c)" ' ncg®*?" max |[1-8%,_,]|,

1gign 1gpsn

= - k
max |N¥, |<(d—c)” ' ncg®*?" max |1-5%,_,|,
1sisn 1<pgn
max | M¥,|S(d—c)" ncg®*+>* max |1—8k,_,|,
lgign lspsn,

max |N¥|<(d—c) ' ncg®+2* max |1-8%,_,|
lgign 1spsn

and from the last inequalities, (6) and (8) we obtain

ll'_'stp'==l 1'_)qtp 1§tp|;§|ﬂztyl'+|}vipl
(12)

i—-1 n
S@—0) ' neg®* (T [1-8%, 1+ = |1-8,_,)),
s=1 1

s=i+
i—-1 n
I I—S?.p|=l I_A:‘.pB?.plé(d—c)_l "cq(R+2)k ( zl | I_S:.p—l |+ ‘z Il_sz.p—l |)
s= s=i+1

Setting || 1 —S} || =max, g;cal 1—8%,], II1—8% || =max, g5, |1— 8, for
p=0,1,..., R, k=0,1, ..., it follows from (12)

I1—8% I S@—c)"! n2cq®*>* (| 1—85_, [+ 1—8%_, |,
I1—Sk I <(@—c)~! n2cq®+2* (| 1—85_, I+ 1—82_, )

and under the assumption that n?c/(d—c)<1/2 the above inequalities give

1
I1=S5 1 éiq““”" (I1=S5- 1 I +11=85-, 1,
(13)

1
=55 | S5qR+ 2 (11 =81 I+ 1 1=55_ 1 .

As [|[1-8%| <q®+2* || 1—8k || <q®+>* applying recursively (13), we have
o

I1—8% =271 @2®*+2* (| 1—8k_, I+ 111—S%_, )
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78
<271 gREE DY (1S |+ 186 ) g+ @e 2!

= ...

and analogously || 1—S% || <q®+D®+2¥
The last two mequalmes and (11) give

0<x"“—xi§cq“”z’ gqR+D (R+2) =cq(k+2)"+l

OSx, Xk+1 ch(x-»z)".q(n+1)m+z)*=cq(n+z)"“

The theorem is proved.
The Ehrlich’s method, [2], and its generalisation can be used for obtaining
another two-sided method for simultaneous determination of the roots of the

equation (1):
if+l=ﬁ+ZiR+l'k, $+l=§¥+ér+l.k’

#
n

—FES (@) —f(7) T (B—xk— AP~ 1971,

-~
-

(14) Apk=

APt = —f IS D —S (<) (e — R —Bg ™'Y,

Lei
RPE—A0E—Q, =1, 2 ., n p=1, ., R+1, k=0, 1, 2,
Theorem 3. Under the conditions in Theorem 1 the method (14) gives

<xt<x,<%, k=0, 1, 2,

s=x sx<xsx, =<
P r o o f. When k=0 the assertion holds true. Let it be true for some k. We
shall prove it is true for k+1. It follows from (14)
Xt —x;=(xF—x) (1 _{1:”),
(15)
§f+1_xi=('§?_xi) (I_Z:l.k)’ i=1’ 29 P (A
and
(16) Ap*tk=(x,—xp) APt AF*! "—(x: x) AP, p=0, 1, s R,
where
AR =11+ @ —x) T (x,—xk— APH(RE — x, (% — xk— A2¥),
et
(17) — 11+ —x) T (r,— R —APH/(xk—x,) (x5 — 2 —A2H),
1
s#i

=1, ..., R
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Since A%*=AP*=0, i=1, 2, . . ., n, (16) and (17) give
(18) 0<drr<1, 0=sArk<i,
(19) 02 AP+ > x,—xf, O0SAP*<x,—xf,

for i=1, 2, ..., n p=0,1,.

. ., R
For k+1 the assertion of the theorem follows from (15) and (18).-

Theorem 4. Iet 0<g<1, d=min | x;—X;| and the constant c is chosen so that
it

(20) 0<c<d/(3++/n).

If the initial approximations {x?}7-,, {X0}i=1 of the roots {x;}{=1 of the
equation (1) satisfy 0<x,—x%=<cq, 0<% —x;<cq, i=1,...,n X =x0, i=1,
2,...,n—1, and we apply the method (14), then for every k=0, 1, 2, . . ., the
following inequalities

Q1) O=zr—x;Scq?R*¥, 0=<x,—xkScg?R+I* i=1, 2, . . .

hold true.

Proof Again- we shall prove the theorem by induction. Under the
assumptions the theorem is valid for k=0. Let (21) be true for some . Then

1= (R —x) (1 — AP —x)? AR T (g — X5, — ORM/(=
lp=:
.10~#
—x)) (=, — A1)

From the last equality and (16) one obtains

X =(xf—x)* 47 Z (xlo_’-";o) a- ::)_l'k’;hk)/(i“‘_x’o) (ff_"ﬁo_A'lgk
: 15=1

Io#i

—@ =X AR T (g, — R AR — ) (7 —xt, — A%
=1
l(:)#i

n
= -1, ck R—1k
' Zl(xxl—x'fl—aﬁ 11 k)/(’f,io_xll) (’_";o—xl“—a 1y )
.=

loaﬂ

We can continue to lower the index R in the above expression and shall obtain:
if R is even—
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= (@ ) A T (n— B Ay — 7 (R — AR

i i o
1=1
lo;el'
n
_xk 2 40 ek k ck __Alk
z (Xig Xig_y) Ak—l/(x’k—x Xig_2) ()—c’R—Zx’R—l ZIR—I
Iy, =1
R-1
'lR-1#!r-2
n
c ck ck k).
z (xtk—{c'fk)/(xzk_l —X1p) (le_l —X1.)
lp=1
R
Ip#lp—1
if R is odd —

B —x= (R —x)? AR T ()2 AR (xy, — ) (- xk —ARK)
1

0=1
lo;ei
n
vk 2 70,k _ = =k vk
(X, Xig_,) A X x‘;R—Z) Kip_, Xip_1
IR_1=1
lg—1 #Ig
n
» ok k ok
—A}Rk_l) = (le_le)/('_)_clR_l_le) (’_";R_l—xzk)-
IR=1
Ir#lg—1
We can get similar expressions for x;—x¥*! and from (18), (19), (20), above
inequalities, min {|x,—%|, |x,—xi|, |®X—xk—ARK|, |xk_3k_Ark|l>g

—3cand the inductive assumption it follows
1%, <(cq?R* 1)2+2R+1 ((d—3¢)~2 p)R+1 < cqR+ 3kt 1' and analogously
X;—x**1<cq2?R+3* "1 The theorem is proved.

3. Computer experiments.

It is well known that computer realization of usual Weierstrass — Dochev’s
method has a perfect numerical properties. The numerical experiments show two-
sided method (3) preserves these nice properties. '

For the algebraic eguation x*—26x>+131x*—226x+120=0 with roots x,

=1, x,=2, x3=3, x,=20 we take the following initial approximations from
below x? =0.85, x3 =1.95, x3=2.75,x3=19.05 and from above x9=1.25, x9=2.35,
X3=3.15, x3=20.55. Using different R, we apply the method (3) and obtain the

following results (all evaluations are made with double precision accuracy on a
computer EC 1040).
1.R=0
xi= .954498730964467 X1= 1.097476417433123
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2.R=2

x}= 1.986666819403708
x3= 2.959201517223533

x4 =19.975007233308580

< .995535173061370
2 1.999157864998096
3= 2.998496675695452
x3
1

Il

1%

1=

19.999861994103510

.999970929234721
x3=1.999995661182392
= 2.999995378444715
19.999999948922760

.999999999041082
1.999999999864488
2.999999999912770

19.999999999999880

.999999999999999
1.999999999999988
2.999999999999992

19.999999999999930

I><
Il ([

I

1=

1

3 _
=3
3
Xa
a4
1
4
2
4 __
>3
x4
Xa
5
1
5
2
x3=

5

Xa

.996863689949065
x 1.999059323257024
x3= 2.996980358857402
x4=19.998471841811670
x3=.9999999999492591
1.999999999893418
2.999999999788932

19.9999999999864 50

.999999999999999
1.999999999999995
= 2.999999999999998
19.999999999999930

I

1=

1
1
1
2
1

|

x

1%

1

1=
I

1=

1%

2 __
2=
2. .
>3
2
4
3
1
3
2
3
3
3
4
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x3= 2.101796875000002
)E;‘. = 3.019872485632187
=20.013300348490290

if = 1.010846577210582
X3= 2.006224320591363
x3= 3.000703614301403
X4 =20.000073286359330

1= 1.000071679038885
x3= 2.000031906198809
x3= 3.000002160039772
x3 =20.000000027123570

x¢=1.000000002364611
4= 2.000000000996431
%= 3.000000000040781
%4 =20.000000000000000

5= 1.000000000000000
xz= 2.000000000000000
= 3.000000000000003
%5 = 20.000000000000000

=

=i

X

badl
u

=

I

h 1.007748553858683
x3= 2.006132889928764
x3= 3.001380135752327
x4 =20.000813263325410
x?= 1.000000001266907

1= .999999999999999
3= 1.999999999999988
X3= 3.000000000000003
3
4

81
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3.R=4

xi= .999769968713488 x}= 1.000573714993205
x3= 1.999935655151968 xi= 2.000423999985037
x3= 2.999791433154968 x3= 3.000094748332660
x;=19.999894150372310 x4 =20.000056317671060
xi=.999999999999999 x2=1.000000000000000
x3=1.999999999999993 x2=1.999999999999988
x3=3.000000000000003 x2=3.000000000000007

x3=19.999999999999930 x2 =20.000000000000000
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