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On a Theorem of Ju. Brudnyi

Blagovest H. Sendov

In 1970 Ju. A. Brudnyi proved the following theorem [1], which is widely
used in approximation theory.

Theorem 1 (Ju. Brudnyi). Iet f be continuous in [0, 1] and let n be a
prescribed natural number. Then there exists a family of functions { f,:0<h=1/n}
such that

(1) If=ful £ A0, (S h),
03] If3 | B, h™" w,(f; h),

where A, and B, depend only on n.
Here o denotes the modulus of continuity:

3) w,(f; 8):=sup {|A} f(t)|:t, t+nhe[0, 1]; |h|Z6}

with Al the n-th difference with step size h:
“) 8 )= T (=1 @Gk,

The norm in (1) and (2) is the uniform norm. In fact Theorem 1 holds for
integral norms [1] as well, but we will confine ourselves to the uniform norm case.

The purpose of the present paper is to find the estimates of the constants 4,
and B,.

1. An Estimate of B, when A4,=1

We will use the modified Steklov’s function [2]:

h h
San(f: x)=h™" [ . . . [ flx—nhx+t, + ... + t)dt, ..., dt,
] 0o

It is directly seen, that if fis given on the segment [0, 1], then S, ,(f) is defined on
[0, 1], when he(0, 1/n], as well. It can be easily checked, that following
equalities hold
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h " h

(5) Saon(Sf: X)=h7" [ . . . [ f(x+0(—nhx+t,+ . . . +t)dty . . . dt,
o o

for 00, 11, S,0(f; x)=f(x) and
(6) SM =h""(1—nh)" A} f(x—nhx).

Theorem 2. Let the function f be bounded and integrable on the segment [0, 1].
Then for every natural n and for every he(0, 1/n], there exists a function f, , defined
on the segment [0, 1] with bounded n-th derivative, for which the following estimates

hold
W) If=flSw,(f; h),
(t)] I ISm+1)n"h™"w,(f; h).

Proof. Denote

)] Su(x)= ‘_%1 (—1)‘-1(';)Sn.ih/n(f; X).
Using (5) and (9), taking into account, that S, (f; x)=f(x), we obtain
(10) f—h= T (—1)‘(?)8...;»/..(/”; x)
h h n n i
=h™f[...f Z (—l)‘(.)f(x+—(—nhx+t,+ co . Ht)dey, ... dt,
o 0 i=0 4 n
h h A
=h™" [ ... (—1)'A(x)dty, . . . dt,
o o
where €=;ll—(—nhx+t,+ ... +t); —h=E¢=h

From (10) it follows that
Ifx)=f(¥)| =sup {|ALf(X)]:|E|=h}=w,(f; h),

thus (7) is proved.
From (9) and (6) we compute

1P (%)= ,ZEI (—1)"‘(n) iy A e )

i)i"h"

and therefore
n

1/ ISh ™", (f; Hn" T ('i')i-"g(nﬂ)n"h-" @, (f: b,

i=1
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since X7_, (?)i""§n+l. O

.

Corollary 1. In Theorem 1 one can take A,=1, B,=(n+ 1)n"

2. Estimates of A4, when B,=1

Let us show first, that B, in Theorem 1 can not be less than 1.

Suppose the converse, that for every continuous function f and for every
natural number n, for every choice of he(0, 1/n] there exists a function f;, for
which

If=ful = A,0,(f; h) and [ /{7 | SO0h™ " o, (f; h),

where 0Z0<1.

Consider f(x)=x"/n!. Then for every he(0, 1/n] a function f, exists,
for which :

x’l
(11) l;—,—f;.(X)léA,.h"
and

(12) ISP x)=0<1.
From (11) we obtain

Az x" - . h\"
(13) 'F(H —f,.(X))I=I1—f$.’(é,)l§2 A,(;).
We fix t and choose h so small that
(14) 2"A,,(g) <1—86.

Then, from (13) and (14), it follows that

1—fP(E)<1—0
and f{"(&,)>0, that contradicts (12). [J
Denote A4, the smallest number, for which Theorem 1 holds for B,
=1 and A,=4,.
Till now the question for the existence of such A, for every
natural n is open.
We will show, that A, exists for n=1 and n=2.

Theorem 3. 4] <1, A;<9/8.

Proof. To prove, that A <1, it is sufficient to take for f, the linear
interpolation spline S, (f) on equidistant knots with a stepsize h: S,(f; ih)
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=f(@ih);, i=0, 1, 2, . . ., m=[1/h]; S,(f; 1)=f(1). S;(f) is linear on every
interval [ih, (i+1)h]; i=0, 1, 2, . . . , m—1 and on the interval [mh, 1].
It can be checked directly, that

If=SiNI=wo (f; h), [S1NISh ™ o,(f; h).
To prove the existence of A5, one cannot use the quadratic interpolation

spline. For this purpose we construct the quadratic spline S, (f; x), satisfying the
following conditions:

S, (s ih+g)=%(f(ih)+f(ih+h))
and
S, (5 x)=S;(f; x) for xe[0, g]u[mh+g, 1].

S.(f; x)=§x2;hizhﬁA2,, f(ih—h)+xT—h”—l(f(ih+h)—f(ih—h))+f(ih)+%A2,‘f(ih—h);

h h
for xe[ih—i, ih+§].
One can check immediately that || S5(f)I|<h 2w, (f; h) and
f)=S2(f; DISIfx)—S1 (5 )+I1S1(f5 )=S2(f; ¥)|=w.(f; h)

1 9
+§w2 (O h)=§w2 (f5h).

Thus it is proved, that A; exists and does not exceed 9/8.
Up to now we could not prove the existence of A; for n=3.

3. Close value estimates of A, and B,

To find other estimates of 4, and B, we will use the interpolation splines of
n-th order, introduced by S. B. Stechkin and Ju. N. Subbotin [3]

Let a uniform net x;=ih; i=0, 1,2, ..., m; h=1/m is defined onthe segment
[0, 1]. Suppose m>n.

For every function f, defined on the segment [0, 1], we define two
polynomials:

0.(f; x)=f(0)+ EnllA"'h,f:!o)x(x—h) .. (x—sh+h),
R,(f; x)=f(1—nh)+ o —’—fg—s_'!l—h—)(x—l—nh+h) . . . (x—1—nh+sh).
s=1 .

Using these polynomials, we define the function
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0.(f; x); x=0,
(15) F(x)= f(x) ; 0=x=1,
R,(f; x); x21.
In [3] it is proved, that there exists a unique interpolation spline of n-th order

S,(F; x), which has a bounded n-th derivative, S, (F; ih)=F(ih) i=0, +1, +2,...
For the n-th derivative of S,(F), the following estimate is proved [3]:

(16) |SYF) = |u,| ™ *h ™", (f; h),
where
1 25 [2s+41) 22k 1
— —1 __23’
(17) s, (25)!30( L ),,fo‘ P @+>)
1 2s 2S+1 2s—k
= ——— _lp 12.14-1’
(18) Uzssy (2s+1)!k>=-“-0< K )p{-o( yY(p+1)

for s=1, 2, 3, . . .
We need the following more precised theorem of Whitney, proved in [4]:

Theorem 4. If P, _, (x) is an interpolation polynomial of f at the points (i+ 1) h,
i+2)h, . . ., (i+n)h, then

(19) 1f(x)—P,_,(x)| <6w,(f; h) for xe[ih, (i+n+1)h].

From the definition of the spline S,(F) for the function f and the obtained in
[3] representation, it is obvious, that

IS,,(F:x)—P,,_l(x)élu,,l_‘w,.(f; h)

for x e[ih, (i+n+ 1)h], where P,_, is the interpolation polynomial in Theorem 4.
Hence

(20) If=SAF) | (6 +|u, 1™ ") (5 h)
The inequalities (16) and (20) show, that the following assertion holds:

Corollary 2. In Theorem 1 for values of the constants A, and B, one can take

Ay =|u,|"'+6, By=|u,|" "

We will give several consecutive values of |u,|” ! to compare B;’ with B,
=(n+1)n" from 1.

n 3 4 5 6 7 8
Ju,| ™t 3 4.8 1.5 6! —11.803 315_18 529 8! —29.069
57 11808, . 77 =18.529. . . 1387 2069. ..
(n+1)n" | 108 1280 18750 326592 6588344 150994944
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