Provided for non-commercial research and educational use.
Not for reproduction, distribution or commercial use.

Mathematica
Balkanica

Mathematical Society of South-Eastern Europe
A quarterly published by
the Bulgarian Academy of Sciences — National Committee for Mathematics

The attached copy is furnished for non-commercial research and education use only.
Authors are permitted to post this version of the article to their personal websites or
institutional repositories and to share with other researchers in the form of electronic
reprints.
Other uses, including reproduction and distribution, or selling or licensing copies, or
posting to third party websites are prohibited.

For further information on Mathematica Balkanica visit the website of the journal
http://www.mathbalkanica.info
or contact:
Mathematica Balkanica - Editorial Office;
Acad. G. Bonchev str., Bl. 25A, 1113 Sofia, Bulgaria
Phone: +359-2-979-6311, Fax: +359-2-870-7273,
E-mail: balmat@bas.bg




Mathemalica
Balkanica

New Series Vol.2, 1988, Fasc. 2-3

The Best Onesided Algebraic Approximation
in L[—1, 1] (1=p<o0)

Milena Stojanova

Presented by Bl. Sendov

In this paper are proved direct Ste¢kin’s type and converse Salem — Steckin’s type theorems for the
best onesided algebraic approximation, using t-moduli of function.

1. Introduction
Denote by H (T, respectively) the set of all algebraic (trigonometric)
polynomials of degree at most n. Let f be a bounded on [—1, 1] function (or
2n-periodic). The best onesided approximation of f by means of algebraic
(trigonometric) polinomials of degree at most n in L,-metric is given by
En(f)p=inf{ IP—Q "LP[—-I.I] ; P, QeH, PXx)Zf(x)2Q(x), —1=x=1};
(Ef(f),=inf{IIP—QIILp[o.zn]; P, QeT, Px)2f(x)2Q(x), 0=x=2m}),

where, as usually,
b
Il h "Lp[a,b] ={ I |h(X)|pdx,}”ps Isp<w

Ilhlle[a'“=Sup{|h(x)|; asx=<bh}.

Finding estimates for the best onesided algebraic approximation due. to
G. Freud [6], who proved the first nontrivial result, namely: E(f),

b
=0(n~""VfM), r=1, 2,...
Latel/ aP Nevai [1] obtains

E (), Sc0) § (ALY *Hdfo), 1=r=n,
-1

where A, (x)=./1—x2/n+1/n?, feW,"[—1, 1].
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In the trigonometric case, A. Andreev and V. Popov [4] proved the
following Steckin’s-type theorem :

(1.1) CET(N,sckyf; 7Y, (1Spsco, k=n),

where c(k) is a constant depending only on k. They use the global modulus of
smoothness

T 5)‘, =l (f -5 )l L,[0,2n),
where w,(f, x; &)=sup{|ALf(t)l; t, t+khe[x—kd/2, x+kd/2]},

k k
Af)= Z (— 1)"*"(v)f(t+vh).
v=0
V. Popov proves.the following inverse theorem [2]:

12 w(f: n"Y),<ckn™ £ o+ 1} B, (1<p<co, ksn).
v=0

The inequalities (1.1) and (1.2) characterize ET,,(/')p.

In comparison with the trigonometric case, additional difficulties caused by
the special role of the end-points of the interval arise. Roughly speaking, the
smoothness of the function influences weaker on the degree of the approximating
polynomials in the end-points than in the middle of the interval. So the modulus
of smoothness characterizing the best onesided algebraic approximation has to
take into account this property of the approximating system. We shall use the
global modulus of smoothness

T(f; )p=lof"; 5('))||Lp[—1,11.
where the local modulus of smoothness w,(f, x, d(x)) is given by

o (f, x; 8(x))=sup{|Af(); t, t+khe[x—kd(x)/2, x+k5(x)/2]mt—1, m
X K .
Ak f(t)= vf'o(— () +vh) it t+khe[—1, 1]

0 elsewhere.
We shall prove the following statements in this paper:

Theorem 1. There exists a constant ¢>0, such that E (), <ct,(f; A,), for any
bounded and measurable in [—1, 1] function f.

Theorem 2. For any integer number k, k=2 there exists a constant c(k)>0.,
such that if f(x) is bounded and measurable in [—1, 1], then

(13) E,(N,Scln(f; A,), nzk.
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An application of Theorem 2 for onesided approximation of convex function
is given in section 3 of this paper.

Theorem 3. For any integer number k there exists a constant c(k)> 0, such that
(1.4) (5 A),Sckn™ = (v+1)"“Ev()‘)p
v=0

Jor any bounded and measurable in [—1, 1] function f.

Everywhere further ¢ is an absolute constant and c¢(4, B,...) is a positive
number depending only on the marked parameters. These numbers may differ at
each occurrence.

2. Jackson’s type theorem for the best onesided algebraic
approximation ’

We shall need some auxiliary results in the proof of Theorem 1. We begin
with the properties of the t-moduli.
The global moduli of smoothness were introduced by Bl. Sen-
dov [9]. K. Ivanov [8] generalizes them as follows: t7,(f, w; ) T
8(x)
=Wl 5 S Npllg-rap @ x5 80, ={Q6C)"" [ |ALf(x)Pd} e,
% ’ - 8(x)
Only few of their properties are mentioned here.

Lemma 1.

(2.1 : u(f+9; 8),<t(f; 8),+1lg; 9),;

(2:2) T+, 15 0)y, Sl 15 0),,+7(g. 1; 8)y,ps

(23) wlf5 A=)/ MA) | Li-1a1 if k21, fMeLj-1, 1];
(24) u(f, 15 Ay, =cR) L/ MA) | Li-1y if 1=Sp'Sp;
(2.5) T,(f5 AA), = c(Ay(fs A,),, A=const=1;

(2.6) (5 81),Slf; 62), if 8,(X)=6,(x), —1=x=1;
2.7) o, 1; 6)‘{’p§r,‘(ﬁ 1; 5)&,',, if p=p;.

Inequalities (2.2), (2.4) and (2.7) were proved in [8]. The other ones can be
proved by analogy with the corresponding inequalities for 7,(f, 1; d),,, ([8]) and
W(f; J), when d=const. ([3]).

Because of the relations w(f, x; (x)),=sup{|ALf(x)|; |v|=<d(x)}
Ssup {|AYf(D)|; x—kd(x)St, t+kv=x+kd(x)}=w(f, x; 25(x)) we have

(28) Tk(f; l’ An)m.pétk(f; 2An)p‘

Lemma 2. Let T(x)=cos n arccos x be the Chbyshev polynomial of first kind
with zeros x, =cos (2k—1)n/2n (1<k=<n). Set l,(x) :=T(x)/(x —x)T'(x,), 1 Sk <n,
xo=1, x,,,=—1. Then
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(2.9) ILONS2 if X1 Ex=x—y (1Sk=n);

(2.10) LISV if Xp—ySXSXg, OF Xpi g SXE X4y (1Sk=n, v#0).

Proof. Evidently [(x,)=1. Let x#Xx, We set x=cos t, 0=t=m,
t,=Q2v—1)r/2n, (1=v=<n). Then

(2.11) [1(x)|=]|cos nt| sint,/(2nsin|(t—t,)/2]sin((t + 1,)/2)).
Note that, for x4+ S X=Xx-;,

(2.12) [(t—t)/2| =7/2n.
The inequalities n/4n<(t+1t,)/2<n—m/4n give
(2.13) . sin ((t + t,)/2) = sin(n/4n) = 1/2n.

From (2.11)—(2.13) and the fact that sinx is a concave function in the
interval [0, 7], we obtain for x,+;Sx=<xx—; |L(x)|={|cos n(t—t)cosnt,
—sinn(t —t)sinnt, |(sin((t + t,)/2)cos ((t, — t)/2) + cos((t + t,)/2)sin((t, — t)/2))} /(2nsin((¢
+1t,)/2) sin |(t —t,)/2|) < Isin n(t — t,)|cos ((t, — t)/2)/(2n sin | (t —t,)/2)) + | sin n(t
—t) | lcos ((t+1)/2)|/(2nsin((t+1t)/2))<2nsin |(t—1)/2]/ (2nsin|(t—ty)
/21)+1/(2n(1/2n))=2 and this proves (2.9).

Let x;—,<x0rx=<x4, Then m/2=|(t—t,)/2|=vr/2nandsin|(t—t,)/2|=v/n.
From this inequality, (2.11) and concavity of sinx in [0, n] we obtain

sin ¢ (sint, +sint)/2. _
l S k k S 1
1)l = 2nsin|(t—t,)/2 |sin((t +t,)/2) = n(v/n)sin ((t +£,)/2) — v
if x<x34+, Or xX=x;-,, and (2.10) is proved.
Let us consider the functions:
()= 0 if —1=x<x, (1<k< _ k—1 ‘2
gk - 1 if xkéxé 1 =Kk=n, xk—cos (( - )7[/ n))'

We construct polynomials P,, Q, € Hy,—4 (k=1, 2,... n), uniquely determined
by the conditions

[ P(x)=1;
’ 0 k+1=Zv=sn .
= - - i), == '=
P,(x,) {1 1<v=k Pi)(x)=0, 1=<v=n, v#k, i=1,23
J for 1=5k<n
(2.14)
Q‘(x)EO’O gt
<v=n )
= == iNx )= <v< =
Qulx,) {1 1<v<k—1 of(x,)=0, 1=svs=n, v#k, i=12,3

_ for 1<k=n.
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Let us note that for the difference R, (x)=P,(x)—Q,(x) we have R, e Hs, 4,
Ri(x)=1, R{P(x,)=0, 1=v<n, v#k, i=0, 1, 2, 3, which gives

n _ 4
(2.15) R,‘(x)=v1=11 (;‘:;Vv) = (L(x)*
v#Ek

We shall prove that

(2.16) P(x)2g(x)=2Q\(x) for —1=x=1, k=1, 2,... n.

Lemma 3. P, (x)=g,(x) for —1=x=1.

Proof. P(x)=12g,(x) for —1=<x=1. Let 1=k=<n—1. We consider the
polynomial Pj(x). Since P,e€ H,, -4, we have P e H,,_s. We see from (2.14) that
Py(xy+1)=Py(x,), if 1=v<n—1, v#k. It follows by Rolle’s theorem, that there
exist points y,e(x,+1, x,) 1 Sv=<n—1, v#k, such that P(y,)=0,1=v=n—1, v#k.
We see also that P, has triple zeros in the points x,, 1l Sv<n, v#k. Hence we may
write

n n—1
P(x)=C Tl (x—x,* I (x—,).
N~

P, changes his sign in each point x,, y,, |Sv=n,v#k 1=pu<n—1, p#k and
only in these points, and therefore P, is alternatively monotonously increasing
and monotonously decreasing in subintervals (Xg+1, Yk—1) Xv+1, V) (V X))
0<v=n—1, v#k, 1Zusn, p#k (yo=1, y,=—1). Such that P,(x;+,)=0<1
=P,(x,), P,(x) increases in (X;+1, Yx—) and from (2.14) by induction we obtain
P(x)=1, x,<x=1 and P,(x)20, —1=x=x, which proves the lemma.

To prove the second inequality in (2.16) it is sufficient to see that
0x)=1—-P,, _(—x) and g (x)=1—g,+1-x(—x) and to apply Lemma 3
for gu+y—s

Consider the function S(x)=ZX}-, §,g,(x), where J, are real numbers. Define
the functions ¢,(S; x), —n+1=<k=<n in the following way :

[Ok+ml if X,<x=xp-y, 1=m=n

S' = =
PulS: X)=ulx) {0 if —3<x<—1, 1=<x<3, for 0Sm=<n

where x,, =cos(mn/n), X p=Xp—m+2, Xosm=Xm—2 (6,=0 if k>n or k<1).

Lemma 4. E,, 4(5),<256 ¢, ll, 1<p<co. ‘

Proof. Denote P(x) :=26k>06,‘P,‘(x)—E6k<05,(1—Q,‘(x)); o(x):
=Zak>05,‘ Q,‘(x)—-Z,,Ko(S"(l—-P,‘(x))(l—— P(x)). From (2.15) and (2.16) we
obtain P(x)=S(x) =20Q(x)) —1=x=1, R(x):=P(x)—Q(x)=Zf=;|d|Ry(x)
=37_,16,|((x))*. Using Lemma 2 for x,,<x<Xxj—;(1<m=n), we get
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m-—2
RX)S T |8, |(m—k—1)"*+16(10m-1| + 3] + |Om+11)

k=1

+ T |8 |(k—1—m)"*=16(15, |+ T |8 |(m—k)"*
k=

k=m+2 1
kxm

S16(@(S; M)+ T kTS5 X))
k=k;n0+l

Hence

(2.17) Ean-aS),=IRI1,=16(l 0o ll,+ Z Kk *llocl,)

k=—-n+1
k£0
But
: 1
loull,={ E (xt=1—=x)18k+y 7},
v=1

and since | x,_; —X,| E51k|Ix\sx-1—Xv+x|if k#0 (see [10], Lemma 2), we get
n x;‘_,, v—1

loell,<{ = 51kl Ixksy—1—Xiso |18y P3P =1 KIVP{ 2 § loo(x)|Pdx}/
v=1

v=1 x;c+v

xk
=G1kDYP{ [ 1@o()IPdx} P <51kl @oll,-

Xk+n

Substituting this inequality in (2.17) we obtain

Ein a(8),=16(l @oll,+5I@oll, Z 1kI7?) =256 6l,
k=-n+1
k#0
which was to be proved.

Proof of Theorem 1. Let f(x) be a bounded and measurable in [—1, 1]
function. Set x, =cos((2k— 1)n/2N), 1Sk=<N, xo=1, xy4 = —1; x,=cos (kn/N),
0<k=N; N=10n, and introduce the functins

S(x):=sup {f(t); xx+1St=<x,} if x41=x<x, k=0, 1,... N,
Jx):=inf{f(t); xx+1St=x,} if x4 =x<x,, k=0, 1,... N.

Obviously S(x)=f(x)=J(x) for —1=<x=<1. Let P,, P,, Q,, Q,€Hyy_4 be
such that
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P(x)Z85(x)2Q,(x); Ean-aS),=IP, =0,
Py(x)ZJ(x)ZQ5(x); Ean-a(0),=1P,—Q; |,

From Lemma 4,
(218)  Eun-a(N, =P, —Q; 1, Pl—SIlp+I|S—J||p+IIJ—Qz Il
SEan-a8),+15=Jll,+Ean-a1),=256(00(S 3) I, + 100 5) 1)+ IS =T |l

Let x,<x=<x3-;, 1=k<N and x=cost, (k—1)n/N=t=<kn/N. Clearly,

Xk 1 — Xg+ 1 =Cc0s((2k — 3)n/2N) — cos((2k + 1)n/2N) = 2sin((2k — 1)n/2N) sinn/2N
— —1
§1—7:[—(sin(21f2N ! T—t+1)=— (sm(zkzN ! 7 —t)cost + cos | SN t)sint)
2
T .
§N(sm~2W+smt )< —\/l—x + 587 ZA"(X) if 1<k<N.

If k=1 or k=N then x4_;—X34+;=1—cos(3n/2N)=2sin?(3n/4N)
<3rn/1—x?/2N +9n/8N?<A,(x)/2 and hence

X4 AX)2Z X+ AX)/22 Xt 1 +ALX)22 X,

X—AX)/22 Xk -1 —AX)/2 =Xk 1 —AYX)/2 = Xp 41

For ¢(S; x) we obtain
®o(S; X)=[S(xx+1) = S(x) |Ssup{|f()—f()|; X1 =t 'Sxp—y}
ssup{lf(D—f()|; x—=Ax)/2=t, ' Sx+A(x)/2}=,(f, x; A (X))
Therefore,
(2.19) oS3 ), =75 Ay
Similarly we get
(2.20) l@olJ; N, =t.(5 Ay
Further, for x;,,<x<x,,
SC)—=JX)=sup{If()—f() |5 Xe+1 =t USx 1} So,(f) x5 A(x)),
which implies

(2.21) IS=Jll,=7,(/; A,
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We obtain from (2.18)—(2.21) E40,,_4(f)‘,§513t1(f ; A,),- Now this estimate
and (2.5) give E (), <ct,(f; A,), The theorem is proved.

3. Ste¢kin’s type theorem for the best onesided algebraic appro-
ximation

) In this section we are going to prove Theorem 2. The following result is used
[71): _
Theorem A. Let n=k. There exists a constant c(k)>0, such that
E(f; A), :=inf{ |[A((—Q)l,; QeH,}Zc(k) | fPA)* |,

From Theorem 1 and Theorem A we obtain

Corollary 1. There exists a constant c(k)>0, such that
(3.1 E,ir(N,=cl) 1AM,

for each function fe W} [—1, 1].

Proof. Let Pe H, be the polynomial of best algebraic L -approximation
with weight A (x) for the function f'(x), i.e.

(3.2) E("; A)p=11AU"—P)ll,.

Consider the function F(x)=_"x_1 (P(t)—f"(t))dt. Let Q,, Q,eH,, Q,(x)=F(x)
= Q,(x) be the polynomials of best onesided algebraic approximation of F(x).
From Theorem 1 we obtain

(3.3 10, =Q, ll,=E(F),<ct,(F; A,),

Define the polynomials R,, R,eH,., in the following manner :

R (x):=—Q,(x)+ E P(t)dt+f(—1);

Ry(x):=—0Q,(x)+ | P@)dt+f(—1).
-1
We have

R,()—f(x)= — Q3()+ | (P)— (Ot = — Q3(x)+ F(x) 20
=1

Ry(x)—f(x)= —Q,(x)+ E (P(O)—f"(t))dt = — Q,(x)+ F(x) < 0.
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From Theorem A, Theorem 1, (2.3), (3.3) and (3.2) we obtain
E\ii(Np=IR =Ry, =110, —Q; Il,Scty(F;5 A),Zc|lAF |,
=cll A" =P)ll,=cE(f"; A),=ck) (A Il
Proof of Theorem 2. Let f(x) be bounded and measurable in [—1, 1] and
k=2. T_hen (see [7], Theorem 3.1) there exists a function G, y with the following
properties :
3.4 GineWi[—1, 1];
|G () —f(X) | S cll)a(f, x5 AX), S cof, x5 AR)oo ;
(3.5 IANGEN I, S ck)n(f. 15 Ay,
We have also (see [5], Lemma 8.3)
E(N,=E9),+2E @), +2l¢l, if If()—gx)|<0) ie.
(3.6) E (N, SE (G ) +2cRE (0. 5 AN()o),
+2ck) o (f.- 5 AN -
We set N=10n, and obtain from (3.1), (3.4), (3.5), (2.6)—(2.8)
(3.7) E (Gin)p = c() ADNGEN I, < k) (AN GEN I,
sckndf. 15 A, =ck)nlf. 288, S ck)Tdf, Ay,
It follows from (2.6), (2.8):
(G8) o s AN l,=7lfs 15 Apw STl 5 280,20 A,

To estimate the second term in the right-hand side of (3.8) we use the
following property of the function A, (x) (see (2.5) in [7]).

(3.9 (41-2)7 A (x)=A,(M=(24+ %)A,.(X)

if |x—y|<AA(x), n=2A.
We put g(x)=aw(f, x; ApN(X))y, =0. Then

(g, x; A (x)=sup {|g(t)—g(t); x—A..();)/Zét. U'Sx+A,(x)/2}

<sup {g(1): x—A,(X)2S1Sx+A(x)/2)
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=sup{sup{|Akf()l; |hISAND}; x—A(X)/2St=x+A,(x)/2}.

Since |x—t|=<A,(x)/2, we obtain from (3.9) A (t)<(5/2) A,(x) and t+kh=<Xx
+A(X)/2 + kAN S x+A(X)/2+(k/10) A (D)=x+ Anx )(1 + )< +(k/2)A,(x) and
also t+kh = x—(k/2)A,(x). Then w,(g. x; A,(x)) <sup{|A f(t)l x—(k/2)A(x)=t,
t+kh<x+(k/2)A ()} =w (. x; A(x).

From this inequality and Theorem 1 it follows:

(3.10) E (@f; AN, Sctylg: A),Sct(f5 A,

Using (3.7), (3.8) and (3.10) in (3.6) we obtam E A=) (f; A,y which
proves the theorem.

We are going to make an application of Theorem 2. Let us denote by K™ the
set of all convex functions in [—1, 1] such that max{f(x); —1=x=<1}
—min{f(x); —1=x<1}<M and E (KM)=sup{E (f),; feKM}.

Then
(3.11) E (N,<cn o (f; n~®~1P) if f is convex
(3.12) E (KM),<cMn~?/",

Inequalities (3.11) and (3.12) are obtained using Theorem 2 in special case
k=2 and their proofs do not essentially differ from the proofs of analogous
inequalities for the best algebraic approximation given in [14]. The order of n is
exact in the estimate (3.12).

4. Salem — Steckin’s type converse theorem for the best onesided
algebraic approximation

We' use the inequality :
4.1 (ALY QP ,<ckng I Q1l,
if QeH,,o, no<n.
Inequality (4.1) is a corollary from Potapov’s inequality
I/ 1=x2+n" Y Q0 ||, <ck, p, pn*|(/1—x2+n"YQ)|,

which is proved in [11]. See also [12] and [10].

Proof of Theorem 3 Let P,Q,eH, be such, that P (x)=f(x)=0Q,(x).
—1=<x=<land|P,—Q,l,= ,(/) for any integer number v. Let xe[—1, 1] and ¢,
t+khe[x—(k/2)A(x), x+(k/2)A (x)]n[—l 1]. Then
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. k k
|ALf ()| =cAkf()=0 = (—1)"+"'(:l)f(t+mh)§ Z'(::,)P..(t+mh)

m=0 m=0

k. k k k k Kk
— 2"( )0 (t+mh)y=0 X (—1)"*"'(m)P,,(t+mh)+ Z”(m)(P,,(t-i-mh)
) =

m=o0 M m= m=0
—Q,(t+mh)—P, (x) +Q,(x)+c(k, o)P,(x)—Q,(x))=<|AkP,(1)|
+c(k)w (P, —Q,. x; kA(x))+c(k)(P,(x)—Q,(x)).
(6= *1), where ¥’ is taken on these m for which ¢(—1)"**=1, and X" is taken on
these m for which o(—1)"*"= —1.
We get from here w(f, x; AX)=Zw (P, x; Ax)+ck)w,(P,—Q, x;
kA, (x)) + c(kXP,(x)— Q,(x)) and therefore
4.2) . A)p=tlP,; A),+ck)t,(P,—Q,; kA,),+c(k)P,—Q,l,
- STPy; A)p+clk)ty (P, —Q,5 A),+cKE (),
Using (4.1) and (2.3), we obtain
4.3) ©(P,—Q,; A),=cll(P,—Q)A,ll,=cn™ ' |(nAXP,—Q,) Il,,
éc”Pn_Qn ”p=CEn(f)pb'

Let us first consider the case n=25. From (2.1), (2.3) and (4.1) we obtain

So

4.4) wP,; A),= X r,,(st—-st_ 15 A)p+T(Py—Py 5 A),
s=1

So
sck) Z ([(P,s—P,s— )PA ||, +c(R) 1 (AP, — Po)® |,
s=1

So
=c(k)n™*( Z | (nA )P ,s— P s )%, + 1 (AP, —Py)®|,)
S=

1
So
Sckn™ (= 25| P,s—P s 1l,+11Py—Pqll,)
s=1

So

Sckn ™ E 2P s—fll,+ If—Ps— 1 1)+ I Py —fll,+ If—Poll,)
S=1

So
sclkn ™ Z 2%E 5_ (), + E o(N),) = clkn ™ E o(f), + 2*E ,(/),
S=1
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So 25—1
+T2* = (25H)TE 5 (N)SclonHE ), +2'E (),
$=2 j=25-24,
So 25-1 n
+ £2% = (+DTEN)ScnTF T (+ 1) E L),
S$S=2  ;=25-24; i=0

Using (4.3) and (4.4) in (4.2) we get

(4.5) o(fs A, <cRE (), +clkn* = i+ DB,
i=0

<clonH(Y (+ 142 E (), + 3 G+ D ELN,)
i=0 i=0

<c(kn™* X i+ 1 E L),
i=0

if n=250.
Now let 250 <n<25*! Using (4.5) and (2.6) we have

28
Wlfs A Salfs A, S0 (+ 14 E ()
’ = i=0 P

Sl B (+ 181 E (), =ckn ™ T G+ 18 E (),
i=0 i=0

which proves the theorem.
Now Theorem 2 and Theorem 3 give

Corollary 2. If k is an integer number, and 0 <a <k, then
E AN, =0(n" =1, (f; A,),=0(n"").
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