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1. Introduction

Let A :x;=a+ih, i=0,...,N be the uniform partition of the interval [a,b]
with spacing h=(b—a)/N. Suppose that in the points x; the values f;=f(x;),
i=0,...,N of a (b—a)-periodic function f(x)eW?% are given. We write
Wi =W [a, b] for the class of (b—a)-periodic functions f(x) such that f"~1 is
absolutely continuous and fPeL _[a,b]. We denote || f|l,=Ifl L [ab]-

Let S(x) be the cubic [1-3] or parabolic [2, 4] (b a)- -periodic spline of
deficiency 1 interpolating to f(x) at the meshpoints x,, i.e. S(x;)=f;, i=0,...,N.
We suppose that the knots (breakpoints) of cubic spline coincide with x,, but the
knots of parabolic spline are located at the points x;+ h/2,i=0,..., N —1. We note
that both types of parabolic splines [2, 4] are identical for interpolation on the
uniform mesh.

The aim of this paper is to obtain the exact pointwise estimates

(1) IS (x) =/ () S K (N )" NSO N, m<r
and asymptotically exact pointwise estimates
) |8 (x) =f ™ ()| S K, () B ™" 1S N ooy m<r,

where feW'%, x=x;+th, te[0, 1], i=0,...,N—1; r=1, 2, 3 for the parabolic
splines and r=1, 2, 3, 4 for the cubic splines.

We want to obtain best possible error functions K, (N ;t), K, (¢). It means
that for given r,m the function K,,, (N ;t) cannot be diminished for any N,t and
the function K, (t) cannot be diminished for any ¢ simultaneously for all N, i.e.
Krm (t)=supN Krm (N ,t)

In section 2 we describe briefly the method that have been used in order to
obtain the estimates (1), (2) for the cubic splines. We can give the explicit
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expression of K, (N ;t) only for even N and some r,m. However, the functions
K, (t) are given for r=1, 2, 3,4 ; m<r. Similar results for the parabolic splines we
describe in section 3.

It is easy to derive from (2) the exact error bounds

(3) ” S(M)_f("') "méKrm b ”f(') ”co’ m<r,

where K,,=max,K,,(t) are the best possible constants.
Using the explicit formulas for functions K,,, () we can establish the following
two theorems.

Theorem 1. Let S(x)eC? be the (b— a)-periodic cubic spline interpolating to
f(x)eW', r=1, 2, 3, 4 at the points of the mesh A. Then the estimates (3) holds,
where

K,o=(1+3./3)/8, K,,=3./3/32, K21=./3/3,
K30=(3—\/§)(7/4+\/§-}-\/7)/144, K31=(1+./2)/18,
K32=(21+5./3+4/2(3—-/3))/72, Ka40=15/384,
Ka1=1/24, Ka2=./3/12, Kaz=(1+./3)/4

are the best possible constants.

Theorem 2. Let S(x)eC' be the (b—a)-periodic parabolic spline with knots
x;+h/2, i=0,...,N—1 interpolating to f(x)eW', r=1, 2, 3 at the points of the
mesh A. Then the estimates (3) holds, where

K10=\/§/2j K20=(1+\/7)/l6, K21=3\/7/8,
K3o=1/24, K31=1/8, K32=(l+2\/§)/6

are the best possible constants.

We note that only constants Kao [5, 6], Ka1 [7], Ka2, K43 [8] were known for
the cubic splines. Also K30 [6] and K31 [10] were known for the parabolic splines.
From [9] we have the expressions of the error functions Kao (2k ;)= Kao (t) (cubic
spline) and K3o(2k ;t)=K3o(t) (parabolic spline). Hence, the most of the results
given in our paper are new. We should also mention that the papers [3, 11-14]
contain the information about the constants in error estimates for the cubic and
parabolic splines on nonuniform mesh for the various classes of functions.
Moreover these constants are close to (some of them coincide with) the best
possible values.

2. Error bounds for cubic splines

Let S(x)eC? be the cubic spline interpolating to feWs, r=1, 2, 3, 4 at the
points of A. Then we have
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(4) Si-1+4S;+Siv1=fi-1+ 4/ +fi+1,

(5) Si-1+4Si+Si+1=3(fi+1 —fi-1)/h,

(6) SY-1+4S +Ste 1 =6(fir 1 — 2, +fio1)/H2,

(1) SIZvvotdASThotStirsomyfira=Bierth Jror—Zitfi-ry
i=1,...,N,

where S{™=5"(x), m=0, 1, 2; S{%=5"(x;+0) and in view of periodicity
SN=8" m=0, 1, 2; Sito=Si+N+0, fi+n=f,.

The equality (4) follows from the interpolation conditions. The next three
equations (5)—(7) are well known relations between values of the interpolated
function f(x) and the derivatives of cubic spline [1—3].

By summing (4)—(7) multiplied by 1, th, t*h*/2, t3h*/6, te[0, 1]
correspondingly we have

(8)  S(xi-1+th)+4S(x;+th)+S(xi+1+th)=d, tel0,1], i=1,...,N,

where d;=(1—1)*fi-1+(4—6t>+36%) f;+ (1 + 3t + 31> =383 fix1 + 3 fi+2.
Denote ¢,(t)=S(x;+th)—f(x;+th). Then from (8) we obtain

) ei-1(2)+4¢,(t)+ei+1()=08,(), i=1,...,N,

where 8, (t)=d;—f(xi-1+ th)—4f(x;+ th)—f(xi+1+th).
Let aij, i,j=1,..., N be the elements of the inverse matrix to the coefficient
matrix in (9). Then [1]

oli—-il4 gN-li-ji

where o=./3—2 is the root of the equation o>+40+1=0.
Now from (9) we have

(10) al)= % ays,(0) e, 1]

where k is equals to the integral part of N/2.

Applying Taylor’s expansion with the integral remainder at the point x;+th
to the values f,, n=j—1, j, j+1, j+2; f(x,+th), n=j—1, j+1 in ,(t), after some
transformations, which are omitted here, we obtain
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_ h" N 1 "
& (t) = (m)—! {:,’%} g Otk jr (t, T)ﬁ (x_' + Th) dt

+ ke (6 ) (g + Th) d -+ (— 1Y [ anr (12, 1 — )/ (x, 4+ Th) ),
where . ‘
e (6, T)=kj—1 @ -1, (6, T)+ Ak Por (8, T)+ Arji 1 @1.(2,T),
Q1 ()= =2y ' —(t—1)y ",
Gor(t,T)=(—1Y[(1—2)*(1+2y ' +(@—62+33) " ' —(1+1—1) "),
Pra(t7)=(— 1y (1—0Pw .

Performing the differentiation with respect to x and using Hélder’s
inequality we obtain the estimate

(11) ™ OIS Il Kom(N 52), 20, 1],

where

K,m(N ;t)= =1 1)| g)ilaf}'}(t,t)ldt

(12) +f|a$‘ )(t,7)|dt+ f lafe (1 —¢,7)|dz},
0<m<r, r=1, 2, 3, 4;
am
™ (t)=S" (x, + th)—f™ (x, + th), o= Frel e (2, 7).
As a result we have the estimates (1). It is evident that the formulae (12) give
the best possible error functions K,,, (N ;t) for arbitrary N, r,m. However, we can

derive the explicit expression of K,, (N ;t) only for N even and some special

values of r,m.
It can be easily shown that the functions K,,,(t) in (2) can be obtained from

(12) by taking the limit as N—oo. Then

K,m(t)=6(T‘£—31T{i'|A‘,’"’(t, 1) dr+ l(;:'ugm(n —t,7)|dt

(13) +T_:_—a(§|3$""(t, r)Idt+i|C£""(t, 7)| dr)}

0m<r, r=1, 2, 3, 4,
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where
A (t7) =0, (1) +0 [0y, (tT)+ @1 (L 7))
B,(t,7)=¢-1.,(t7)+ 00, (t,T)+ a2, . (t,7),
C,(t,7)=0%¢ 1., (6. 1)+ 0o, (8, T) + @1, (2, 7).

Hence in order to obtain any function K,,(t), it is sufficient in contrast to
K,,.(N ;) to find only four integrals. It can be done for example, by the numerical
integrating. In fact all error functions K, (1), r=1, 2, 3, 4 ; m<r were obtained as

the explicit analytical expressions.
We'll state without proof the results obtained from (12), (13). The

following notations are used: u=t(1—t), w=1-2t, t,=(3 —J3)/6= 21132,
1392 3g04s,

t
: 2/3
f(x)eWs, .
K,O(N't)=u{l—2u+\/§(l+2u)}:ﬂ+\/§ lol Iwl(1—|wl)}, N=2k
’ 1+l6|k l—a'N ’ ¢ ]

Kw(t)=u{1+\/§;rzu(\/§—1}, tel0, 1];
max K 1 (t) =Ko (1/2) =(1 +3/3)/8.
f(x)eW?,.

2 —2u—8u?
3+ /3—u+du(l+/3)+4?

Kzo(t)=%{l+\/§_‘ }’ te[o’ l]’

max K50 (£) = K 20 (1/2) = 3/3/32.

(1—/3Iw|—6u)>

_3—\/§£ —6./3u? 3
K,y ()= 5 {2+3u 6/3u?+/3|w|+ (1 +23) 1
te[0,t,]u[l —t,, 1],
2(1—3u)?

}, telty, 1—1,],

Kz,(t)=3_‘/3 {(J3/2—14%u—6/3u>+

6 1+2./3u
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max K21 (t)= K21 (0)= Kz; (1)=\/3/3.
f(x)ews,.

Kao(‘)=3_33/§“ {1 +\/§+to(\/§——|wl)(2+\/§to)}, tel0, 1],

where 7, (t) is the nonnegative root of the equation

2\/5(\/34_1 —l+4u—|W|)1-'2—(1+2‘E\/§)[(\/§.—l)(l+|w|)+4u]=0;

max K 30 (t)= K30 (1/2)=(3—/3) (7/4+ 2 + /3)/144.

Kar (=252 (14 y3) Iwl =2, 2+ 30 (1 — 3wl — 6},
tel0, ,]Ul —t,, 1],
3—/3 1+/2 - _
Ky ()= 36 {(6u—1) 7 —1,(2+/37,) (1 —/3|w|—6u)

—T,(2+/3T)(1+/3Iwl—6u)}, teft,1—t,],
where 7,(t) and 7,(f) are the nonnegative roots of the equations respectively
6(1 +2./3u)t® + (1 — /3 |w| — 6u) (1 +2,/37) =0,
6(1 +2/3u)t® + (14 /3 |w|—6u) (1 +2,/37)=0 ;
max K, (t)= K3, (0)= K3, (1)=(1++/2)/18.

K32(t)=‘/§6— ! [(142) 1wl =1, (24/37,) (1 —/3 wl)]

+ull+2(/3—1)ul, te[0,t,]U[1 —t,,1],
where 7,(t) is the nonnegative root of the equation

61wt +(1+2/37)(1—/3|w|)=0;
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Kay () =ull +2u(/3— 1]+ (B—/3) (1 +/2)/18, telt,,1—t,],
max K3, (£) = K3, (1/2)=(21+5/3 +4/2(3—/3))/72.

Sf(x)eWs,.

K40 (N ;t)=K4o (t)=u(l +u)/24, N=2k, tE[O, 1],
max Ko (t)= Ko (1/2)=5/384.

Kai (N ;) =K, (t)=Iw|(1+2u)/24, N=2k, tel0,t,]JU[l—t, 1],

Kay (t)—— ! _—2‘/3111 + vily/3 _25\13;\%/;31‘ +‘/3)+ [wl (1 +2u)},

tefty, 1 —1t,],

where v, =1+\/§|w|—-§u and 7,(z) is the nonnegative root of the equation
2(1+2/3u)t® +0v,(1+./37)=0;
max K4, ()= K4, (0)= K4, (1)=1/24.

33— \/3)1; U(\/312+4‘t2+\/3) u
a2(t)= 31wl 1}+§, te[0,t,]ufl —t,, 1],

where v=1 —\/§|w| and t,(¢f) is the nonnegative root of the equation
2|wlt2+v(1+./37)=0;

K4 (N ;0)=Kaz()=u/2, tet,,1—t,], N=2k

max K4, (£) = K42 (0)= Ka2 (1) =+/3/12.

u—u*(/3-1)2, tel0,1],

Kes ()= 1 +4J§ 3

Kas (N 30)=Kas () lg{f""N){v 8lol(1—20)), tel0,1), N=2k
max K3 ()= K43 (0)=Kas (1)=(1+/3)/4.

We expose the graphs of all functions K,,, (¢) for the cubic spline interpolation
in figure 1.
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AT
K 4o (1)
10 Koo (1)
t t
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0 1 0 1
5\/ T
K2 (1) Ko (1)
} 4 t f
0 ty 1 0 1
JJF '5_-\/\/
K3q(t) + K3z (1) ¢
il Il : :
() t, 1 0t 1
.01+ 04T
Kgq(t)
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t . t
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5T
K, () K, 3(t)
L2 + ¢
o 1 0 1

Fig. 1. Functions K,,(t) for cubic splines



218 V. L. Miroshnichenko

3. Error bounds for parabolic splines

Let S(x)eC! be the parabolic spline with the knots x;+h/2, i=0,...,N—1
interpolating to feW?’, r=1, 2, 3 at the points of A. The error functlons
K,.(N ;t), K,m(t) in the case of the parabolic splines can be obtained by the same
method as in previous section of this paper. We’ll mention only the difference in

speculations.
First we must replace the relations (4)—(7) by the relations

Si—1+6S;+Si1=fi-1+6f;+fis+1,
Si—1+68i+Siv 1 =Hfir1—fi-1)/h,
Sy 1 +68; +Si41=8(fis1—2f; +fi-1)/H2,
i=1,...,N.

Further we define

ali-il4 g 1=l

where o= 2\/2 3 is the root of the equation 6>+ 60+ 1=0.
Then using Taylor’s expantion and Hdlder’s inequality we obtain

i,j=1,...,N,

Kom(N ; t)—( j:; tr)|dr+j| £,7)

1L||MZ

(14) ™ (t, z)|dr+§|ﬁ (,7)ldt}, tel0,1/2],

0<m<r; r=1, 2,3,

where
ﬂ"j" (t’ t) = akj lpo" (t7 T) + akj*)‘ 1 '/l 1r (t9 T)a

Yor(t, 7)=(1+20)2(1 =) ' (1 +t=1) "L, Yoy (t,7)=—(t—1) "},
Y (6 1)=(=1)[(1 =282 1 —(z—t) 1]

The functions K,,(t) in (2) have the following expressions
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K,m(2) =8(r\/f21)! {i‘: | A™ (2, 7)] dt—i |C(t,7)ld

(15) +1J+o((}) | B (¢, 7)) de + i | C™ (¢, 7)) d)},

te[0,1/2], O0=m<r, r=1, 2, 3,
where

A, (,7) =42y 4, (t, 1)+ C,(t, 7).
B, (t, 1) =0V, (t,T)+ Y1, (t,7), C.(t,T)=Vor(t,T)+ Y4, (8, 7).
Below we’ll give the explicit expressions of K, (N ;t), K, (t) for te[0, 1/2]. To

obtain the formulae for te[1/2, 1], we must replace t by 1 —1 at right-hand sides of
this expressions. .

f(x)ewd,.

Kio()=t[1—4t(1—t)+/2(1+2t(1—21))), tel0,1/2],

2 k
KIO(N ;t)=K10(t)— ‘2;1/_2——:';%[1 +|0’lk(l +2t(1 —2t))]9 tE[O, 1/2],

max K 1o (t)=K10(1/2)=/2/2.

flx)ew?s.

t,. 3 21(1—/21)
Kzo(t)—§{3\/2—4t+1__(2_\/5)(14_\/-2-:):}, te[0,1/2],

max K 50 (t)= K20(1/2)=(1++/2)/16.

K,y (t)=32/8— ;/5:2(3 —J2)+43(J2-1), te[0,t5], t;=4/2/4,

Kii (l)=-;—t—;(3\/§—2)t2 +4r3(\/2— 1)+(2 +;§z/(§:/jtl)— 0 tefts, 1/2),

max K, ()= K2, (0)=3/2/8.

S(x)ews,
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A5+
ST
K., (1)
10
K50 (1)
t t
0 1 ) 1
jC\/\/ S
K g (t)
K21 () + 30 +
0 1 0 1
.1-\/\/ .5./\
K, (1) K221t
31 l + ) t
0 1 0 1

Fig. 2. Functions K,,,(t) for parabolic spline
K30 (N ;t)=Kso(t)=(3t—4t3)/24, te[0,1/2], N=2k,
max K30 (t)=K30(1/2)=1/24.
K31 (N ;t)=K;,(t)=(1—41%)/8, te[0,t;5], N=2k,
Ki; () =/2[3t—3/262 —(1—2/2t) 2+ /27)t)/12, €[t 1/2],

where t(t) is the nonnegative root of the equation
213(2\/2—2)—(24/2t+ 1) (22t = 1)/(2\/2t +1)=0 ;

max K3, (t)= K3, (0)=1/8.

K (1)=[3+122 —8t3(2—/2))/(6+/2), te[0,1/2],
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5 k 2(2 k
Kz N 30)=Kaa ()= 20 1 20—l g 1

max K 3 (1) = K3, (1/2) = (1 +2,/2)/6.

The graphs of the functions K,, (t) are shown in Fig. 2.
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