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Presented by Bl. Sendov

The classical orthogonal Hahn polynomials may be defined by the following

equality B
xX+a N—1—x+pB\/N—-1 .
( x )( N—1—x )( n )Q..(x.a, B, N)

(n+ﬁ) [(x+a) (N—l—x+ﬁ+n)]
= A" 5
n a+n B+n

where Af(x)=f(x+1)—f(x), A"f(x)=AA""'f(x)) (n=2).

Let 0<a, B be integers

?) T S(m, k. p))x=(x+7)...(x+y—m+1),
k=0

in particular, at y=0 S(m, k, 0)=S(m, k) are the Stirling numbers of the first kind ;
3) o, Dx...(x—=I+1)=x" (x...(x—=1+1)=0 (I=0)),

I=0

thatis o(r, ) (0<ZI=r,r=0, 1, 2, ...) are the Stirling numbers of the second kind;
Foij()=S(n+a k a)S(n+p, j)o(r, ) N**i7r="

X (= 1y "R, i1 4t~ (1 =ty ""PI~ "5, (j, k=r),

k! j! (1+:

k=r
) mr—]-k—r)(t) (j<r§k),

rt(k+j—r)t\ 2
k! j! t—1\/"r p
r! (k+§—r)!( 2 ) PR () (k<rsj).

PYSI0 () (k. j<r<j+k),

0 (+k<r),
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where

@ Pyv=S &

T (1—x)"(1 +x)"dx,,

{(1=x)""" (1 +x)*"}

is the Jacoby polynomial.
Theorem. The following asymptotic formula concerning N is true for the
integers a, =0

(n+a)! (N—1)! [N(1 +1)/2+1L[N(1
(="t (N—n—1)! Nla!

—1)/2], Qn[%’(lﬂ); @, B, N]

5
= z F, . ;(0),
nsrS2n+a+ff
0sSksSn+a
0Sjsn+p.
where (q),=q(q+1)...(q+k—1)(k=1), (g)o=1.
Proof. Let

_[(x+a\(N—1—x+8 _(x+a\(N=1—=x+B+n
u(x)—( x )( N—1-—x ) s(x)—(a+n)( B+n )

Then from (1) we deduce

n+p
n

_ n+pB\ 2 n
() d (s

(N - 1);u(x) 0.(x; @ B, N)=( )A"S(x)

(6)
_(_1),,(n+ﬁ) 5 Stk+x) C(n+1)
- x=0 Cos(km) T(n—k+1)T(k+1)
_ n+,8) (—l)"n!j S(x+2)dz
"\ n 2i o sin(rz)T(n—z+1)T(z+1)
where 0 is the closed loop including the point z=0, 1,..., n. Since

sin(zz)F'(n+1—2)=(—1)"n/T'(z—n), from (6) we find

n+ﬂ)n_! § S(x+2)I'(z—n)

n )i T Ter)

%) (N - ')u(x) 0.(x; a, B, N) =(

It is known that the following expansion is true for the Stirling numbers of the
second kind
@) I'(z—n) _ 1 * o(r,n)

= zr+l

Fz+1) z(z—1)...(z—n)

(Iz|>n).

r=n
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Since S(¢) is the polinomial of the 2n+ o+ f power, from (7) and (8) we deduce

N-—1
< n )u(x)Q..(x; o, B, N)
)]

(n+B>2"*z’:”” n'a(r.n) f S(z)dz

n r=n 2ni o (z—x)y*!

It follows from (2) that

Gl Vi L .
(n+a)! (n+p)! kfo jfo Sn+a, k, 2)S(n+p, j)z*(z—N)".

The equalities (9) and (10) give

(10) S(2)=

(N;')u(x)Q,(x; % B, N)

(11)

_(n+B\ 2T a(r.n)n! Sn+aka)Sn+B.j) d o ;

__( , ) '4:-" =1 i (n+a)(n+ P (—1)*F dx {x*(x—N)7}.
0sjsn+p

Let x=N(1+1)/2, uy(t)=p(N(1+1)/2). From (4) and (11) we find
(___l)n+ﬁ 2n+a+f

N—1 N
( " )#N(t)Q,.(-z—(l+t))= (n+)! B!

(12) r=n
a(r,n)S(n+a, k@) S(n+p.j) . o
x 22 r—k—j~—r r—J (1+t) '(l—l)' 'Pg" r.k "(1)'
oskenss  (N/2YTETI277(=1)7/
0sjsn+p

k+j=r

For the Jacoby polynomials we know the following formula

n =1V _ n+v x'—ll (l.v
(l)PL"(X)—( ! )( 3 ¥ PS2(x).

where | — the integer, 1 <I/<n. It gives

-1
(13) (l_t)j—rP(’j—r.k—r)(t)=( k )( r ) (—2)j_'P_(i'—j'k_')([) (j<r),

r—j/)\r—j

1+ " PI=, =0 () = (14 ) " PETTI 70 (=) (= 1)

— Yk—r J r ot r—k,j—r) — 1)
=2=( T (7)) e G,

(15) (1+0f (L =ty " PIT () = (= 1y TR E PR R (1),

(14)
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Since

N 1 N
@ =p(51+0)) = 2B INU+0/2+1].[5 (1 =0

then from (12)-(15) we proved the theorem.

317

Assuming a=f=0 from the theorem for the Chebychev polynomials

Q,(x, N)=0,(x; 0, 0, N), we deduce the following result.

Corollary 1. For all t the following asymptotic formula exists

(—1)*(N—=1)! = N .
an(E(1+t), 0,0, N)

(16)
20 SO, K SO ) o
=3 T o(r, n -—(:—,H—?,_—j(—f,‘—") Py R ().
r=n 0sgk,jsn

Since (t—1/N <0,<t)

1 n+1 (n+1)(n+2)
PO~ )= PO — TEE P+ TR PR,

n+1
2N

PED(E— o) = PP~ oL P2 E,)

1 +1
P — 1) = PP () — S PRP(0),

PUY (- )= PP - Ay SE T

o, m=1, S, m=1, on+1, n)=<";l>, S, n—1)=——(;),

"L PO+ n— DIPEDO+PEPO)+o(n+ 1, m PP ©=0,

then from (16) we find

(=1pN=1) . N ! 0.0
T T o(= — —):00 — pl0.0)
N N—T—n)! Qu(5 (1 +1=5): 0, 0, N) P2 (1)
a (r,n)S(n, k 1
1 o(r,n)S(n,k)S(n,j S
+—ﬁf z Nr+n(—j—')k—(2 j) P§'+kj'—rr k)(t— ﬁ)"'Rn.N(t)r
nsSrs2n
0sk.jsSn
rsSj+k
r+n—j—k22

where
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Row() ==z (LD pang,

(18)
n+1

2

S(n, n—1)(P:2(0,) + P2} (03))——2—o(n+l n) P:3(0,)].

From (17) and (18) we deduce
Corollary 2. For fixed n and N— o0

— 1

This result was obtained in another way in [2].
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