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1. Introduction

Let D, denote the disk {z€C;|z|<p} and let M (v) (1 <p < c0) denote the set
of all functions F(z) which are meromorphlc in the disk D, with precisely v poles
(counting multiplicity), and which are analytic at z=0 and on |z|=1, but not on
|z]=p. (M ,(0) denotes the set of all functions, which are analytic in D, but not on
lzl=p.)

Let F(z)e M (v) and z,, z,,..., z, be the poles of F(z) in D, with multiplicities

I
Ays Azs..., 4,, respectively ( £ 4;=v). Then F(z) may be expressed in D, as
j=1

(F(z)=f(z)/Bz),  where

B(z)= l"‘l (z—z) = Zvl a2, =1)
k=0

(1.1) | =1
Tf(z)= T az; lim sup |a,|'"=p"",
s=0 n— o

fz)#0 15jsp

Everywhere further we will assume that F(z)e M, (v) and the representation
(1.1) is valid for F(z).

If lis a positive integer number or oo, we define the rational function of
type (n, v):

1 é p::u.vz‘
(1.2) P (z, F)= g,"g)) =220 Mme=1)
" Z Yinor2*
s=0
which is to satisfy
(13) (@ BAUR o=("B() T AL, 20,

§=—v
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for v<k=<n+2v, where

-1
Ai;u,v= z Amn+v+1)+s> —Vv=s=n+v

m=0

(a_l =a-_= ...a_v=0).
(If there is no risk of mistakes we will write 4!, p! and v! instead of A4.,,,

pinv and yl,,, respectively.)

Also we define the rational interpolant L, (z, F) of type (n, v) with
(1.4) L, (w, F)=F(w) for each o, o"*"*!'=1.

In [6] (Theorem 1) are proved the existence and uniqueness of P} (z, F) (for
all n large) and the identity

(1.5) L.i(z F)=P2,(z, F).
The equiconvergence of the differencies
AL (z, F)=L,,(z, F)—P.(z. F)
is investigated in [4] for v=0 and [6] for v>0, where it is proved that
(1.6) S(z, N=K(2)

(F is analytic at z if zeD,), where

. S(z, F)—-llm sup|Al (z, F)|'"

and e
-t for |z|<p
K= {| b for lzlzp.

In special cases /=1 and v=0 (1.6) reduces to well-known Walsh’s theorem
[5]. For more detailed information about various generalizations of Walsh’s
theorem, see [3].

However, from (1.6) it is not clear whether there are points z for which
S(z, F)<K(2).

V. Totik examined the situation in the case v=0. He proved (Theorem 3,
[1]) that S(z, F)= K(z) for all points without almost ! with moduli > p and for all
points without almost /—1 with moduli <p and >0. V. Totik also showed
(Theorem 4, [1]) that for any [ points {w,;};=, with moduli >p there is an

F(z)e M (0) such that S(w;, F)<K(w)), 151 On the other hand, for any /—1

points {w 121 with moduli <p and >0 there is an F(z)e M ,(0) such that S(w;,
F)<K(w) 1 <j<I—1. More precise result is obtained from A Sharma and l(
Ivanov in [2]

The purpose of this paper is to examine the situation in the case v>0. We will
prove the following statements:
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Theorem 1. Let F(z)e M, (v) and {z] }}—, be the poles of F(z) in D, (listed
according to multiplicities). Then S(z, F)= K(z) for all points without almost I1—1 in

D,\ '91 {z; 3

Theorem 2. If |w;|<p, 1<j<I—1, then there exists an F(z)e M (v) which is
analytic at w; and S(w;, F)<K(w;), 15js1—1.

Theorem 3. Let F(z)e M (v). Then S(z, F)=K(z) for all points without almost
I+v in C\D,. ‘

Theorem 4. If |w;|>p, 1<j<I+1—v, then there exists an F(z)e M p (v) such
that S(w;, F)<K(w;), 15j<1+1—w.

Theorem 1 and Theorem 2 will be proved in section 3, and Theorem 3 and
Theorem 4 — in section 4. In section 2 we obtain some technical results.

2. Some auxiliary lemmas

Lemma 1. Let F(z)e M ,(v) is expressed in D, with (1.1). Then if |z|#p and
B(z)#0, the conditions

(@) S(z, F)<K(z)
and

(i) Az, F)—2'A 1 [z, F)=0(gK(2))")

are equivalent, where
A,.(z, F)=B\(2)By(2)B(2)A,,(z. F).
Everywhere further g will be a positive number with g <1. These numbers
may be different in each case.
Proof of Lemma 1. Since lim |B.(z)|''"=1 for B(z)#0 ([6], Lemma 1),

from (i) directly follows (ii). e
Let now (ii) be true. Then
(21) l:.v(zv F)—Z"’ AL+S.V(Z' F)

s—1 i
z [ZHZ:H-LV(Z' F)—z(k+l)'3:+t+ l.v(z' F)
k=0 :

=1
=0[ X |z]M(gK(2))"**].

(a) Let |z|<p. Using (2.1) with s=n and s=n+1 we get
A, (z, F)—z" A}, ,(z, F)=0((q/p)")

and
AL.(z, F)y—z"* VIR, L (2. F)=0(q/p)")D.

i.e.
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A VAN RL (2, F)=Blyna(z F)+0(a/p')").

Let us suppose that S(z, F)>gq/p'. Then

|2I'S?(z, F)=lim sup |21"* D2V &L, (z, F)J2"

=lim sup |A},2,,(z, F)|*"=8(z, F)

and therefore S(z, F)=|z|"'>p '=K(z), which contradicts (1.6). Therefore

S(z, F)<q/p'<K(z), i.e. in this case (i) is true.
(b) Let now |z|>p. Using (2.1) with s=n and s=n+1 we have

zl "otz
Blo(e, )= 2B F)=0( G5 = Ehyoeon)
=0(@z1"12/p"* )
| Bl )=z DALy G, F)=0(zI"l2/p™ 1),
1.€.
Blwz1s(z. F)=2"* DAL (2, F)+0((q 121" 12/p" " 1)),

Let us suppose that S(z, F)=K(z). Then
(K(2))'"?=lim sup | AL,z (2. F)|'"

=limsup |ZI®* VI2NA! (2, F)|'"=|z|'2K(2),
ie. " '
K(2)=|z|""'=|p/z|'"* ' K(z) < K(2).
From this contradiction and (1.6) we obtain that (i) is true for |z|>p.
Lemma 2. Let F(z)e M (v) and F(z) has the representation (1.1) in D,. Then

n+2v
A,z F)= I zR,,+0(qK (")
. s=0
where
n+2v v n+v
T ZRu=B@) Tt T ZGeveiyras
s=0 k=0 s=0

v v=s s—1
’

+zn+v+l z z z zm+*an+:(akrm+v+l—:_am+v+!—lrk)
s=1 k=0 m=0

and
Fy=7Tsn =‘y.'|:n.v_'yzzln.v ’ 0§S§V, (I‘v=0).
Proof. The conditions (1.2) and (1.3) are equivalent to the following system

of equations (see [6], (2.3)):
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A= Zapix O=s=n+v
k=0 k=0

(pl :0 for s<0 and s>n). Therefore

2.2) B(2)UYz)= X o, 2* = plz*
k=0 s=0
n+v v ntv v
=ZZZaqpi= X2 T pdis
s=0 k=0 s=0 k=0

-1 v n v n+v ntv—s

=X I AYlFt 4+ T AL T Y+ T T Alylrtk
s=—-v k=-—s s=0 k=0 s=n+1 k=0

~%k n v—1 n+v—k

T yhAlZEt 4 Bl(2) T A2+ = ppAltte

1 s=—-k s=0 k=0 s=n+1
From (2.2), (1.4) and (1.5) we obtain
(2.3) Al .(z. F)=B,(z)B(2) Uy (2)— By (2) B(z) U,(2)

=1

_BL(2)Br(2) £ (A7 — A)+[(BL)—BE@DI T Ty AR

s=0 X k=1 s=—k
v -1 v -1
+BP(2) X I [AP AW +Br(D I T A —nlt
k=1 s=—k k=1 s=—k
v—1 n+v—k v-1l nt+v—k
+[Bi2)— B £ I wWAPZFT'+BY() ¥ T AR -AN*T
k=0 s=n+1 k=0 s=n+1

v—1 n+v—k
+BY(@) £ T [ —nldAr

k=0 s=n+1

Since limsup |a,|'"=p"!,

n—*oo

2.4 a,=0(p—2)™")

we have

for each £>0, and therefore

(25 AP—-Ai= X am(n+v+l)+l=al(u+v+l)+g+0[(p‘—‘£)_“+”"_"];
m=0

=1 -n

O(p—e)~") for —v<s=s-—1
'— =

(26) A= I Gminsvenres {a,+0((p—a)“"") for 0<s<n+v.

m=0
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Also in [6]—(3.5), (3.6) it is proved

2.7 ran=0(p—2¢)~")
(2.8) v:—a,=0(q"), (0<g<1).
Using (2.4)—(2.8) in (2.3) we get

and

-1

Al.,(z. F)=B%z2) Z A+ v+ 1)+s2° + B(2) }: I qupsvi sttt

s=0 k=1 s=—k
v—=1 n+v-—k v—=1 n+v—k
+ 2 2" E X a2 +B(2) T T 0 aumivi1yesZtS
m=0 k=0 s=n+1 k=1 s=n+1

v=1 n+v—k

—Bz) X X anz**+0(@K(@))

k=1 s=n+1

—B(z){ Z ‘1;. 2 al(n+v+l)+sz* *+ Z oy Z al(u+v+1)+.l‘zk s

s=0 k=1 s=-—k

v—1 n+v—k

+ X X al(n+v+l)+tz.+’}

k=0 s=n+1

v—s

+z"2vl = Zv:a,.f,(az,,r_—a,,,r,)z"”*"+0((qK(z))")

s=1 k=0 m=0

v n+v—k

=B2)Z 0y T Gyuivery+s2ct®

k=0 s=-—k

vV—s v

+2E T E ety anr )R @K @)Y

s=1 k=0 m=v—s+1

n+v
= B(2) Z o T Aptv+1)+s—aZ
k=0 s=0

v v—-s s—1

S AR YD Y ) au+l(akrnl+v+l—l'—am+v+l—lrh)zk+~
s=1 k=0 m=0

+0((gK(2))").
and the proof is completed.
From Lemma 2, (2.4) and (2.7) we get immediately the following

Corollary 1. The coefficients R,,, defined in Lemma 2 satisfy

2.9) R,,=0(p—&)'""")j0<s=<n+2v for each &>0
and
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(2.10) Rip= X Z 0p04Qin+v+1)+s—m—-k» VSSSn+v.
m=0 k=0 .
Lemma 3. Let
(2.11) T 4 Am-=0(q/p)") » 0<g<1)
k=0

for each m large, where

T ot=T(z—z); lzi<p, 15jSv, (,=1)
k=0 j=1

and

(2.12) lim sup |A4,]'"<p~ 1.

n—* o

Then limsup |A4,|'"<p~ 1.

Proof. Consider first the case when z;#z; for i#j. Since |z;|<p from (2.11)
we get

213) T2 T A, =0( X 1":4")=0(|";’|~), 1Sjsv.

n=m k=0 n=m

But with (2.12)

v

(2.14) L2 Tade= ot T A7

n=m k=0 k=0 n=m-—k

m-—1 v © v
= X A7) T i+ T A7 I o

n=m-v k=m-n n=m k=0

=27 Z Ap-s Z 0,2} *=27 L 05(z;)Am-s»
s=1 k=s s=1
where
al(z)= T o275

k=s

From (2.13) and (2.14) it follows

(2.15) Z a;(z))Am-s=0((g/p)"), 1=j=v.
.'.s=l
We may consider (2.15) as a system of equations for A4,_,, 4A,-2,..,

A,,-, with determinant
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al(z,)...al

o1(z,)...ay(z,)
1zy...zy7 || ®ee-Ouor @
=leesien e sl | Ogeetty . O |50
lz,..z2 w...00 "0

Now from (2.15) with Cramer’s Formula we get

A,,=0((a/p)™)

lim sup |4,|'"<q/p<p~

n—oo

ie.
1
which proves the lemma in this case.
In the general case (H(z z;)= I'I(z-—zj)‘l) only some slight technical
difficulties arise in the proof If we set
dtli(z)= T al(z)z* %, 1=Zk=v, 1=Zt=v-—1
s=k

then (2.15) is replaced by
% 02 An-.=(g/p)"), 1Sj<p, 1StSA,
s=t
with determinant
k—
A= l'Iz"i“ ‘”l’l [I(z,‘—z)k-;éo

Jj=1 k=2 i=1

which proves the lemma in the general case.

3. Overconvergence in the disk D,

In this section we will prove Theorem 1 and Theorem 2.
Proof of Theorem 1. Let us suppose that there is an F(z)e M (v) (with
M .

representation (1.1) in D,) and I points ;e D,\ | J {z;}, such that S(w;, F) < K (w)),
j=1
1<j<l Then Lemma 1 gives !
(3.1 Al (w;, F)—o}A, (0;, F)=0@gK (@))"). ISjsL

But using Lemma 2 and Corollary 1 we have
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(3.2) Al (w;, F)—ao}A, (w; F)
v n+v
=B(wj) T o Z Arntvt1)+s—kDj
k=0 s=0

v n+v+1

—Bw;)) T o, X al(n+v+l)+s-kw}+l+(x(qK(wj))")

k=0 s=0
v n+v n+v+1+1
=B(w;) G { Z AGn+ve1)+s—kOj— I A+ D+s—k®F}
k=0 s=0 s=0 ; '

v -1
+0((qK(w,))") == B(wj) E X oy®iQiptv+1)+s—k +0((qK(w_,))").

k=0 s=0

Since B(w;)#0, (3.1) and (3.2) give

-1 v
2 wj E: % Brn+v+ 1)+;—k=0((‘1K(wj))")=0((‘1/ﬂ)")n 15j=1

s=0 k=0
From the last system of equations with Cramer’s formula and Lemma 3 we

obtain

lim sup |a,|'"<p~?!

n—* oo

which contradicts (1.1), and the proof is completed.
Proof of Theorem 2. We define the sequence {¢,}=>, in the following
way:

Pu=p

3.3) {l—l n=0, 1,...
z ¢ln+sw;=0a 1§]§1_1
s=0

Obviously, @,+;=p ', for each n=0, and the functions

on(2):=2"" Z @, 2"

are defined for each ze D,. Moreover

(3.4) or(2)=0(p™")
and
(3.5) onri(2)=p 'oa(2).

Let us choose the points {z;}j-, such that z;3#z; for i#j, z;#w,, z;#0,
|z;i#1, z,€eD,, 1Sisv, 1<j<!—1 and let
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B(z): =M (z—z)= I o, 2~
i=1 k=0
We define {a,,}13:2""" to satisfy
(3.6) z ol (Z))8ny-i=@asi(z)), 1SjSv,. (=1, 2,..).

i=1

Since the determinant A of the system (3.6) is different from zero, {a, ‘,’g:s;“
are unique determined from (3.6). Moreover, A is undepending on n and therefore
with (3.4), (3.5) and Cramer’s formula from (3.6) we have

(3.7) a,s=0p~"), 0Sssv—1,

(3.8) au+l.s=p_‘an.s » 0sSs=v—1.

Also from (3.6) it follows

(3.9) Z o T o} (2)ap-kv-i= Z ak¢:+v~k(zj)- Isjsv, n>w
k=0 i=1 k=0
But
(3.10) Lo Zaf (Zp)an—k,v-i
k=0 i=1
v v v
=Z al'l(zj) z 04 Qp —k,v—i= z ail(zj)yn.v—h
i=1 k=0 i=1
where
Yos= Z @5, N>V
k=0
and
(3.11) L apnev-i(z)= Z az;" "t L @27
k=0 k=0 m=n+v—k
oo v nt+v—1 v
= X @ rZoi+ T ¢, T azinvim
m=n+v k=0 m=n k=n+v—m
n+v—1 v
= X (pma:+v-—m(zj)= z ail(zj)(pn+v-i'
Ny m=n i=1

From (3.9)-(3.11) we have

zail(zj)(yn.v—i_‘pn+v—i)=or lé]év
i=1 ,
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The last system has the unique solution (A#0) Y, ;—¢,,=0,0<s<v—1, and
in particular

v

(3.12) z 0 Qn—k,0 = Pp-

k=0

Let us chose n, with Ing>v. From (3.3) and (3.12) we get

Z 00ny —k,0 = Ping =P
k=0

—luo_

Therefore, some of the numbers a0, @ing-1.05-- Bing—v.0 (for example a, 1-0) is
different from zero. Then with (3.é’) we get

=} =
Alntng.0=P "Gn 0 n=1, 2,...

which, with (3.7) gives limsup |a,ol|'" =p~!. At last we choose ag such that

S*(z;)#0, 1 Sj<v, where [*(2)= ; a, o2". The function F*(z)=/*(2)/B(z) € M ,(v).

n=0
To complete the proof it remains to show that S(w;, F*)<K(w;), 1Sj=sI-1.
Indeed, with (3.2), (3.3) and (3.12) we have

Zi.v(w], F‘)—wjzfl.v(wj: F‘)

-1 v
=B(wj) Z o) Z o8 n+v+ l)+s—k.0+o((qK(wj))")
s=0 k=0
-1

=B(w;)  &jPin+v+ n+s+0(gK(w))) )=0((gK (w))")
s=0

from where with Lemma 1 it follows

S(w;, F*)<K(w)), 1sjsl-1.
Remark. In fact we proved the statement, which is stronger than Theorem
2. Let M (B(2))={F ; F(z)e M (v), F(z)=/(2)/B(2). f(z)e M ,(0)}. We proved that if
B(z) has only simple zeros and B(w;)#0, w;eD,, 1Sj<I—1, then there is an
F*(z)eM P(B(z)) such that S(w;, F*)<K(w;), 1=j<I—1. With some slight
* modifications of the proof it is easy to see that the statement is true in the general

case, i.e. if some of the zeros of B(z) are multiple.

4. Overconvergence in C\D,

In this section we will prove Theorem 3 and Theorem 4.

Proof of Theorem 3. Let us suppose that there is an F(z)e M (v) and
points w,€C\D,,, 1 Sj<I+v+1, such that S(w;, F)<K(w;), 1=jsl+v+1. Then
(with Lemma 1)
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4.1) Al (@), F)— A, 4, (@; F)=0(qK(w)))).
Also, with Lemma 2, (2.9) and (2.10) we have

4.2) K:.v(wja F)_w‘l[sz l.v(wp F)
n+2v n+2v+1
= T R,0f— I Ria+105"'+0(gK(w;)))
k=0 k=0
-1 n+2v
= Z Ry 05+ Z (Ren—Ru—tns 1)
k=0 k=1
n+2v+1+1
= T Ry—1a+105+0((gK(w))") .
k=n+2v+1 )

From (4.1) and (4.2) it follows

v—1
z (Rn+v+1+k.n_Rn+v+l+k—l.n+ 1)(0";
k=0
v+l X
> Rn+v+1+k—l.n+10)_';:0((‘11((“’1))")' 1§j§1+"+l-
k=v

From the last system of equations we get

4.3) Run—Rum—1a+1=00(g/p** ™), n+v+1=m=n+2v;
4.4) Ru—1n+1=00gq/p)"** "), n+2v+1=m=n+2v+Ii+1.
We shall prove

4.5) Rpm.=0((g/p)"*"™), n+v—IEm=n+v.

Indeed, (4.4) gives

Rpun=0((g/p)"* "= 1) max{n+v—1I n+2v—I} <m=<n+2v.

Let us suppose that
/
(4.6) Ry =0((q/p)** " ~*7 1)

for max {n+v—I, n+2v—(k+1)[—k}Sm=n+2v.
Then with (4.3) and (4.6):

?
Rm—l.n+ 1 =0((q/p)“+l)(n—k-—1))

23
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for max{n+v+1, n+v—I n+2v—(k+1)|—k}Sm=<n+2v
which, with (4.4) gives
Rpn=0((g/p)!* ""%=1)
for max{n+v—I, n+2v—(k+2)l—k—1} Sm=<n+2v.

And by induction we obtain that (4.6) is true for any positive integer number k. In
particular, if k=yv, from (4.6) follows (4.5). But using (2.10) we may write (4.5) in the
form

v v
Z o, T omivi 1y +m-s—k=00g/p)** "), n+v—I=m=n+v,
s=0 k=0

which is equivalent with

z oy X oaa, -5 =0((q/p)").

s=0 k=0

v
Now, using Lemma 3 two times (with 4,= X «,a,-, and then with 4,=a,) we
k=0
obtain

limsup |a,|'"<p—1

n—*oo

which contradicts (1.1).
To prove Theorem 4 we will need the following

Lemma 4. Let F(z)e M (v), and let {z;}]~, (z;#z; for i#]) be the poles of F(z)
in D,, and lzv. If |z|>p, then

2—"{5£—v—1.v(2- F)_ZIZ;—v.v(zr F)}

ity : I—=v
T Z oausyn+s2 T —B*2) T Qg+ 1yn+sZ’

s=—v k=—g St

1 I-s
...B(z) E z aka(’+l)"+’zk+,

s=l—-v+1 k=0

o I-1
+ X T M, Gyisain+s+0((g/p)" 1),

=~y k=—vy

where the numbers M, =M, ((z; z,,..., z,, f(z,)...., f(2,)) depend only on marked
parameters and 0<qg<1.

Proof. The coefficients {y;}i=b satisfy the following system of equations
(see [6]—(2.7)):
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v n+v
@.7) 9 ZHAL=0, 15jsv.
k=0 s=0

Using (2.5)-(2.8) we obtain

v n+v n+v

4.8) Tyl =24l Zy,‘ T 742
k=0 s=0 k=0 s=0
v n+v—k v n+v—k
=Z -z T A+ Z R T ZTMA—AD)
k=0 s=-k k=0 s=—k
- ©
= Z nzj( T a,z5+0(q")
k=0 s=0
nt+v—k
-3 @+0@") £ (Wp+v+n+s+0(p—g) " 75)z5*x
k=0 s=—k

v n+v—k

v—1
= Z "szj‘f(z,-)— Ta X al(n+v+l)+sz;+.+0(q"p_ln)
k=0

k=0 s=-—k

v—1 -1
k +k
=Z rkzjf(zj) Z Qv+ 1)+s E ey
k=0 s=—v k=-—s
n v n+v nt+v—s
+
-z al(n+v+l)+sz; z akz?_ z AU +v+1)+s z a,‘zf,f K
s=0 k=0 s=n+1 k=0

v—1 -1 v o
+0((q/p)") = >_30rk25’f(2,-)— L Grvin+s T 25 +0((g/p)").

s=—v k=—s
Now (4.7) and (4.8) give

v—1

z "glkf(zj)— E Ain+v+1)+s Z akzs+k+0((‘1/l7)’")

k=0 SF===9 k=—5s
lsj=sv.

From the last system of equations with Cramer’s formula follows:

-1
4.9) Fkn= X ds.kal(n+v+l)+s+0((q/p)‘n), 0=sk=v—1,

gm =y

where the coefficients d,, depend only on zj, f(z;), 1 £j<v. Moreover

’

v—-s s—1

+v+1
(4.10) Z,I v 2 Z Z a"+s(a,‘r_+v+1 —s.n a,,,+,+1_sr,‘_,,)z"+"'
s=1 k=0 m=0

25
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-1 v—1

—ntv+1
=z z z Nis@nivit+sTin

s=-v k=0

where N, , depends only on z;, 1 <j<v and z. Fom (4.9), (4.10) and Lemma 2, if
|z| > p, we obtain

(4.11) A _ -1,z F)—=ZA._, (z F)

—B@) % @ {

1
aln+s—tz‘_
k=0 s=0

A+ 1)+s—kz’“}
s=0
-1 v—1
+z" X z Nk.:(an+:rk.n—v—l—z‘+lan+l+srk.n—v)+0((qK(z))")

s=-v k=0

v -1 n+l
=B(2) Z o { Z aps,-12"— T inss—12"}
k=0 s=0 s=n
-1 v—1 -1
+z" z z Nk.s z dm.k(an+saln+m—'zl+lan+l+sal(n+ 1)+m)

s=-v k=0 m=-y

+0((gK(2)))

v 1 o -1
=—2"B(z) £ e z au+ l)l+l‘kz’+z” z z Mk,:an+saln+k

k=0 s=0 s=-v k=—v

+0((gK(2))").
My s=Mys(z; 2ys..., 2,, f(24),..., f(2,))

v ] v I-k

Z oy Zagepnes—i2= Z 02" T Aus1ypnses?
k=0 s=0 k=0 s=—k

where

But

-1 v A I-v v

= X z aka(l+1)n+sz'+k+ Z agsym+s2* Z agzk

s=—v k=—5 s=0 k=0

1 I-s
+ 2 z ata(’+ ”,.+,z"+'

s=l-v+1 k=0

Replacing the last expression in (4.11) we obtain the desired representation.

Proof of Theorem 4. We shall prove that if lwj|>p, 1Sj<I—v+1 and
B(z) has only simple zeros, then there is an F*(z)e M (B(2)), such that S(w,,
F*)<K(w)),1sjsl—v+1.

We define {a,}-,.+, as follows:

(4.12) Qs ppnrs=Ap Y= 41 _v<s<IL n21.
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(A will be determined further.)
(4.13) Ausi1m+s=0, 0Sssl—v, 1=Zns2v-1

The numbers @y 4 jn+s, 0Ss<I—v, n22v we define (by induction in n) as
a solution of the system

I-v
4.14) z WiAq+1)n+s
s=0 °
-1 v l I-s
=—B lop{ T I B+ m+s@f i+ T T 2,80+ 1yn+s0) "}
s=—v k=-—5s s={—-v+1 k=0
o -1
+B }w;)) £ I My (o zy,.... 2,, Liooo, DnssQinss
s=-v k=—v
I1SjSl—v+1, (n22v)
My s(@y; z4,..., 2,) are the numbers, defined in Lemma 4.) Obviously, the

sequence {a,}2,+, is defined in full with (4.12)-(4.14).
Now we shall choose A4, such that

4.15) lim sup |a,|'"=p "L

n—*a

From (4.12) and (4.14) we have
-1 -
4.16) Aus pem= = Cmsda+n+st L CmsQu+1)n+s
s=—y s=l-v+1
o I-1
+ z z N'k'..tan+saln+k
s=—v k=—v
o I-1
=p U mc, A+ T N A p i)

s=—-v k=—v

0s<msl—v, n=2v.

M :=max{l, |c,l; 0=m=I—v}

and
[\] -1

N:=max{l, £ I |[NR|p"™*™*; 0=msli-v}.

s=-v k=—v

We take A4 : =(4MN) ' <(2N)" .
From (4.12) and (4.13) follows

la,|SAp~*<(N)~'p % I+1=k<2ui+1).
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.
.

If for I+1=5k<n(l+1) (n=2v)
4.17) la|=2N)"'p*
then with (4.16) we have
18a+ pneml Sp DN TM(M A+ N@2N) ™ 2)=p~ ¢+ Dr=mON) =1,
0=m=<I—1.
The last inequalities with (4.12) and (4.17) show that
lal<p " 2N)"", (+1)Sk=(n+1)I+1)

and therefore (4.17) is true for /+1=<k<oo. From (4.12) and (4.17) follows (4.15).
At last we choose a,, a,,..., a, such that
*z)=1, 1=5j=v, (f*2)= X a,z").
n=0
(This choice is possible so that [+ 1>v.)
Let F*(z)=f*(z)/B(z). F*(z)e M (B(z)) and with Lemma 4 and (4.14) we get

A, i (wj, F¥)—wlB._, (w0, F*)=0(g/p)"" "o}
=0((gK(w))"), 1<j<I—v+1

which with Lemma 1 shows that S(w;, F*)<K(w)).

Remark. Theorem 4 concerns only the case /=v. We do not know what
happens if /<v. Whether in this case there is a function F*(z)e M (v) with S(z,
F*)<K(z) for some points ze C\D,? And more generally, whether there is
some F*(z)e M, (v) with S(z, F¥)<K(z) for 15j<k, (w;eC\D,, 1=5j=k) if
l—v+1<k<l+v+1.2
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