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The purpose of the present paper is to evaluate the error of the approximation of the function f(x).
defined in [0, 1] by Bernstein polynomials in L,-metric (O<p<1).

1. Main Result
In this paper we consider the approximation of a function f(x), defined in
[0, 1] by Bernstein polynomials: '

B,(f.x)= éf (k/n)pni(x); p...k(X)=(Z>x"(1—x)""‘-
k=0

Let M[0, 1] be the set of all measurable and bounded in [0, 1] functions.
We set

}':“. (—1)"""'(:;).[(x+mh), if x, x+k.he[0,1]

k — m=0
Anfx) = 0, otherwise

k.d(x) g k.d(x)

@, (f, x; d(x))=sup{|A}f(x)| :t, t+k.he[x— > x 3 I

1(f30), = llo (S, (Dl

In this paper we use for & the following function:

3(x)=A - (x)=/x(1— x)//n+1/2n).
Now let us state our Main Result.

Theorem: Let f(x)e M[0, 1], 0<p= 0.
Then || f(x)—B,(f. M, Sc(p)-12(f. A (X)),

where c(p) is a constant, depending only on the parameter p.

——int
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52 G. T. Tachev

Remark : The case 1 <p=< oo is proved in [3]. So we shall consider only the
case O<p<1.

Corollary 1. Taking into consideration the improvement of the approximation
near the end-points of the interval, we get as an immediate consequence of the
Theorem, that

IB.f—fl, Sc(P)-T(f; 1/3/M),

This inequality is an analogue of Theorem 4.1 in [1] for the case O<p<]1.
Corollary 2. If g(x) is a piecewise linear function, defined on [0, 1], then

IB,g—gll, <cp).(1//m)'*P=0(1/n), 0<p<1.

So we obtain that the order of approximation of the function g(x) by
Bernstein operator in L,-metric (0<p<1) is better than the saturation order of
the same operator for the case 1<p=<oo (see [3]).

In sections 2., 3., and 4. we shall evaluate by 7,(f, A (x)) respectively
lf—Sl, IIS—B Sll and |B,S—B, fll,. (S is an appropriate “Auxi iary function.)
The proof of the Theorem follows from the above estimations.

2. Estimation for | f—S],

We denote: [ b, =0,
b, =b, +AJ;(bo),
b,=b, +AJ;(b,),

and let S(x) be the piecewise linear function, which interpolates f(x) at the points

b;, i=0,.
For xe[b,,b,,,,] it follows (see Lemma 2.3 in [1])

(2.1) /()= SN S 0, (S, [bin biv i DS 03(f) x5 A ().
From (2.1) in [2], for 2=1 we obtain

(2.2) 3 A (b,)SA (x)< A -(by), for x:Ix—b,-lgAJ;(b‘).

Then for xe[b;. b;+,], the following inequality

/()= SCNSw,(f. x5 6.4 -(x)
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holds true. Taking the p-powers of both sides and integrating we obtain

If—SIp =72(f5 6.4 ()"

We can take the const 6 out of the modulus as it is shown in [3] (see p. 426). So we
obtain

2.3) If=Sll, Sc@)-t2(f: Ay

3. Estimation for ||S—B,S|,

Let us suppose that f(0)=f(1)=0.
Then S(x) may be written as follows

N
S(x)= X a;(x—b;),.
i=0
Later we prove that

(3.1 I By(x—b;)s —(x—b;), 15 <c(p). AP (by). Then
N

(3.2) IB,S—SI5<c(p). T la;|PAPTY 1by).
i=0

Let f,=f(b;)=S(b,),

fo =0,

N =S(b,)=aoA\'_‘(b0), that is a, =f,/Av,;(bo),
(3.3) a;A ;(b,.)=f,-+, —D;, where we set
(3.4) D; =a0[A\;(b0)+A‘;(b,)+... +Av,;(b,-)]

+a,[A (b)) +... +A 1 (b)]
+a;-, [A‘;(b,—l)"‘A\;(bn)]
(3.5) S(b;)=ao-[A ;(bo)+--- +A (bi-y)]

ta, (A (b)) + A (b))

+ai—l-AJ;(hi—l ).
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Let us rewrite (3.3) in the form
a;. AJ;(bi)=f(bi+ 1)—2.f((bi—y +bis1)/2)+f(bi-y)

3.6)
+2.f((bi-1 +bis1)/2)—2.8(bi-1 +bi+1)/2)

+2.8((bi-1 +bi+1)/2)—f(bi-1)—D;.
Using the definition of S(x), after elementary calculations we obtain

() 2.5(bi-1 +bir1 )2 ~f(bi-s) D, =0, for b,> > and

2.8((bi—y +biv1)/2)—f(bi-1)—D; =a,-A~/;(b,)—a,-.AJ;(b,-_1 ), for b;<1/2
In both cases, from (3.7), (3.6), (2.1) and (2.2) it follows:
(3.8) Iail'A‘/;(bi)écl'wZ(ﬂ X3 cz.AJ;(x)), for xe[b;, bi+,] i21,

where c,, c, are absolute constants.

biyy bit1

§ 1?87 (b)dx=ch. | wB(f x5 ¢, A (x)dx,
b; N b;

1
J w8 (f x5 ;A L (x)dx

% by.

™M=z

la;1”. Afs o) =ch
1

=ch-B(f CZ'AV';)péc(p)'Tg(ﬁ AVZ)P'

In the last inequality we use the property of 7,, that we can take the constant
¢, out of the modulus (see [3]). To represent the coefficient a,, we use that f(1)=0.

f(D)=ay+a,.(1—b,)+... +ay(1—by)=0.

N
lagl= Z la;l,

i=1

N
|ao|p-Af/;l (bo)= X lai|p-Af’/El (b:)-
i=1

From (3.2) we have
(39 IB,S—Sls=c(p).15(f, A ),
We only need the verification of (3.1). It follows from the following Lemma

Lemma 3.1. For every ac[0, 1] and g(x)=|x—al, the following inequality
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(3-10) I B,g —glly <c(p).A”>"' (a).

holds.

Proof: It is enough to consider a<1/2.
I. Let ae[l/n, 1/2). We choose a, so that 0<a<1/2.

a=n¥ g a-Ag@ atAjg@  atn®

1
(3.11) [|B,lx—al—|x—allPdx= [ + f + [ +
0 0 .a—nﬂ/\/; a—A\/;(a) a+A5 @

1
+ | IBJx—al—lx—allPdx=1,+1,+13+1,+1;.
a+n¢/‘/;

From Popoviciu’s Theorem (see [4]), we have
lg(x)— B,g(x)| £3.w(g, /x.(1—x)/n) = 3.0(g, A (x)=c.A -(a),

for xe[a—AJ;(a), a+AJ;(a)]. The last inequality follows from (2.2).

a +AJ;(a) a +AJ;(a)
I,= [ |Bg—glPdxs [ c".A%(a).dx=c(p).A% ! (a).
a4 @ a-A @ "

Now we evaluate I, and I integrals. Let n“/\/;=6. At every point x€[0, a— ],
g(x) has finite derivative g”(x)=0. From Taylor’s formula we get

(3.12)  g(k/n)=g(x)+g'(x).(k/n—x)+[g"(x)/2 + Ak/n)] . (k/n— x)?,
where |A(t).(t—x)?| is a bounded function.

(G13)  B,(g. x)=B,g()=g(x)+ E Alk/n).(k/n—x)? . p ()
k=

0

(3.14) |B,g—gl< I |Uk/n)l(k/n—x)* . pax(X)= Z; + I,
k=0 |k/n— x| <8 lk/n—x|2é
¥, =0, because in (3.12) g(k/n)=g(x)+g'(x).(k/n—x), that is A(k/n)=0. Let M be
an upper bound of bounded function |A(t).(t—x)*|. We use the following
statement [see Lemma 3. in [4], p. 248]

- pn.k(x)éK(Zm)'(;];)Zm.(1/2_ﬂ)'

l ﬁ
k :Ik/n-xlg(;)

1 .
where 0< B<§ meN, K is a constant, depending only on m.
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1 2ma 1
It follows that Z, < M . K(2m) .(;)2 , for = 3 —a. The parameter m is so chosen,
that the following inequality

2ma
) §A55"'(%)§A;{W(a), ae[l/n, 1/2)

holds. Then from (3.14) we get
lg(x)——B,,g(x)I_S_z:(p).A‘:/El (a), for x€e[0, a—n’/J;] and

|1, |§c(p).Af/f ! (a). Analogous is the estimation for the I integral. Now let us
consider the 1, integral.

B,(g, x)—g(x)=pn.a(x)

a+n%Jn i
[ pra(x)dx=< T pi.(a+i.A s @).A - (a), where
a+A (@) 1sisw " "

a+([nv]+1).Aﬁ(a)>a+n¢/\/; and a+'[nV].AJ;(a)§a+n=/JZ.
It is enough to prove that

315 = Pral@a+i.A (@) =c(p). A% (a), for ae(l/n, 1/2],
1Sisn”

pral)= = @2a—2.%) pux). Let k=na]
k=0 n

(3.16)

Pax(@+2.A = (a) (a +A e (a))(u] ( 1—a—A - (a))u— [na]
v < N\
Prs(@+A (a) 1—a

We set in (3.16) a=1/2,

a

()

P (24850/2) | 1
Priw21(1/2) TV

Praw (1/2+ G+ DA 5(1/2) _ Puawny(1/2+4 ;5(1/2)

Prim21(1/2+1. 4 -(1/2)) P21 (1/2)

)Eéexp(—l/2)=q<1,

(3.17) <gq

for every i€[0, n"]; k[0, [na]], because the degree of the first multiplicand in (3.16)
decreases, but of the second increases. So

Pna2(1/2+(i+1). A ~(1/2))

; =gq, for 1=si=sn"
Praj2(1/2+i.A -(1/2)
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From (3.15) we have

Ph12(1/2+A4 (1/2)).

1
£ phap(12+i.8 ;0/)S

1sisn
The Popoviciu’s theorem and (2.2) give
PL12(1/2+A L(1/2)Sc(p). A% (1/2)

(3.15) is proved for a=1/2. Following the considerations from (3.16)
downward, to prove (3.15) for ae[l/n, 1/2) it is enough to prove that

3.18 _ Pnra) (a+4 -(a)
o o= Pn.[na) (a)

<q<l

The last assertion follows from Lemma 4.1 in the section 4. The estimation

for the I, integral in (3.11) is similar to that for the I,
A\/;(a), 0=<x=a,

II. Let a<1/n. We introduce the function h(x)= {0' a<x=<l.

1 1
{IB,|x—al—|x—all dx=2.(|B(a—x), —(@a—x), |”dx
0 0

l .
<2. B,“i’(a——x)+dx§2._"B,’,’h(x)dxéZ.c(p).A"\*;l (a).
0

Oty =

The last inequality follows from Lemma 4.2 in section 4. So we proved Lemma
3.1. This completes the proof of (3.1) and (3.9).
4. Estimation for |B,f—B,S|l,

We start with the following Lemma:
Lemma 4.1. For a€[0, 1/2], the following inequality

@1 Prwa @+ 850 <1
’ ‘p(a) - pn.[ua) (a) - q
holds true.
Proof:

e(@)=[1+./(1 —a)/(na)+ 1/@2na)l" . [1 —/a/(n.(1 —a)—1/(2n(1 —a)))"~ ina],

If a<2/n, then ¢(a) < exp(—1/2)=g<1.
Let lim na=c¢=2, ¢=const. We have

n-— o
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(4.2) @(a) ~ Y(c).exp(—1/2), where ¥(c) denotes
@3) YO =[1+/(d—c/n)/c+1/2.0) .exp(—/c.(1—c/n)).
We use that
(4.4) In(1+x)<x—x%/2+x3/3, for xe(0, 1).

From (4.4) and (4.3) we obtain /

In Y(e) S c/(2.n)+(1/3/c+3/2.)/3=c/2n)+(1/4/2 +3/4)/3.

Then the following inequality
4.5) Y(c).exp(—1/2)< exp(—ad),

holds, where d is an absolute positive constant and d <1/2—(1/\/5+3/4)/3.
Now let limna=oo. A simple calculation and (44) give

Ingp(a) =— —1- +0 (—1=), that is ¢(a) =~ exp(—1/2). So (4.1) is proved.
2 J/na
Lemma 4.2. By denotations in section 2. we have
1 .
(4.6) §C = pax(dPdxscp).A (b)), i=0...., N.
0 bskmsb,,
Proof: We set R;,(x)= z Pk (%),
by SkinSbyy
1 bi  biyy 1 '
[RE,(x)dx= [+ [ + [ RL.(x)dx=I,+I1,+1I;.
0 0 b; bi+1

The estimation for I, is obvious. We consider I;.

I;= £ RP,(bi+y +j.AJ;(b,+1)).AJ;(b‘+1), where
0sjsm,

bi+1 +([mi]+ 1).AJ;(bg+i)>l and bi+1 +[m,].AJ;(b;+l)§l.
It is easy to notice that for k,=[n.b;;,] we have

Pnxg (bis1 +AJ;(bl+l ) N Ppyy(bisy +j-AJ;(bx+1 )
= » J=4.
Pao (Bi+1) Poiy(birs +(=1)-4 (bis1)

(4.7)

Using (4.1), (4.7) and the considerations in 3. from (3.15) to (3.18) we get

1
IS {58 ;b S D) A 5 b))
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The estimation for I, is similar to the above with a slightly modification of
the function ¢(a). The proof of Lemma 4.2 is completed. Let us formulate and

prove the following basic inequality
Lemma 4.3. For every sequence {a,} with the property

a, =20, k=0, 1,..., n
a, =0, otherwise, we have

1 n 1 n ;
(4.8) I £ a.pax(X)IPdx=c(p).—- Z max - .|a;l”.
0 k=0 Ng=o |£—£|§6.A _,(l_c)
Proof: Using. Lemma 4.2 we obtain B Nm %
1 n N 1
4.9) 12 a.pax@Pdx< Z f|  E @paa(x)I”dx
0 k=0 i=00 b‘§k/n§b‘“
N
< = «p).A -(b;). max |a,|°. It is obviously, that
i=o vn biskinsb,, |
2
(4.10) A _(b;). max |a|P=—- z max la; P
Jn nb,sksnb n nb,Sksnb | li—EISA. —
n n- Jn
Now (4.9), (4.10) and (2.2) give
1 n 1 N N
(I £ apuxXIFPdx=c(p).—. Z = max |a;1?
0 k=0 N i=0 nbsksnb, !f—flsAJ;(bi)
1 n
<c(p).— Z max la; .
n y=0 j k k
I;—;l§6-AJ;(;)

We are ready to estimate ||B,f—B,S||5. Using (2.1) in [2] and Lemma 4.3 we
obtain

1 n k k
IB, f—B,SlIs=J| = (f(;)-—S(;))-P...u(X)I”dx
0 k=0

k

1 n k k
églkfowz U s 6-AJ;(;))-Pn.k(x)|’ dx
1 = Jj j
<c(p).—. X max w3 (f, =; 6.A (%))
n k=0 j k n vn'n
I==156.4 ()
" k k
<c(p).—. T wi(f, =5 c.A-(-)), c=const
k=0 vion
(k+1)/n

%.wg(ﬁ -:; c.A‘;(S))é [ 08(f x; . A -(x)) dx.

k/n
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After summing over k in the last inequality we get

(4.11) B, f—BSII"<c|(p) B(f; A (X)), =c2(p).T5(S. A (X)),

Finally the proof of the Main Theorem follows immediately from (2.3), (3.9) °
and (4.11).
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