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1. Introduction

Let QcR"*!, n=3, be an open domain with C® smooth boundary Q. Set
Qt)={xeR":(t, x)eQ},
H()={xeR":(t, x)¢Q}.
We make the following assumptions:
H)) [There exists p>0 such that X (t)c{x:|x|<p} for all teR.
(H,) [If (v,» v,) (t, x) is the unit normal at (¢, x) € 0Q, pointing into Q, then
for all (¢, x)edQ we have |v,|<|v,]|.

The condition (H,) says that the obstacle J¢'(¢) remains in a fixed ball, while
(H,) means that the boundary 0Q can move with a speed less than 1.
Let v¥*=(—v,, v,) be the conormal vector field. Introduce the operator
Id (Dirichlet problem),
"0 o
P (Neumann problem),
and consider the problem

Ou=0 in Q,
{ Bu=0 on 0Q,

u(s, x) =f1(x), ul(s9 x) =f2(X).
For this problem we introduce the energy space H(t) as follows. For #=1d we
define H(t) as the closure of the space C§(€(t)) x C&(Q(t)) with respect to the norm

(1.1)
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1/2
(1.2) Ilfllnm=(n]; (IVf1I2+Ifz|2)dx) » S=Uh fo)
t)

For #=0/0v* we take H(t) to be the closure of the space Cg{, Q) x C@®) Q)
with respect to (1.2). Notice that in the latter case (u(t,.), u(t,.)) e H(t) does not
guarantee that d,.u=0 on dQ. For Neumann problem we interpret the boundary
condition in the sense of distributions. We refer to [2], [5] for the precise definition
of the solution of (1.1). In particular, we can introduce the map

H(S) 3 f—’ U(t’ S)f= (ut, X), ut(t’ x) e H(t):

where u(t, x) is the solution of (1.1).

Next let Uy(t) be the unitary group in the space H, related to the Cauchy
problem for the wave equation (see [8], [9]). The space H, is given as the closure of
CZ(R") x CP(R") with respect to the norm

I/ ||o=( '!n(IVfllz + Ile’)dx_)

We have the estimate
WU, $)fllaw=Cilflas for [t|=A, |s|ISA.

In general, the operator U(t, s) is not uniformly bounded for t, se R and the local
(global) energy of the solutions of (1.1) can increase as t—o0o. For these reasons we
cannot develop a scattering theory and we cannot define the scattering kernel as
in the case of stationary obstacles (see [8], [10], [17]). Nevertheless, assuming (H,),
(H,) and n odd, we can introduce a generalized scattering kernel following the
approach of Cooper and Strauss [2], [3]. For even space dimensions we treat this
question in section 6 making an additional assumption (H,). It is important to
note that if the scattering operator S exists, then for n odd the generahzed
scattering kernel K* coinsides with the kernel of the operator #,(S — IR, ', R,
being the translation representation of the group U(t) in L?> (RxS""}). For
n even, if the scattermg operator S exists, then K* coinsides with the kernel of the
operator &, S(®, )~ ' — K, where K is the Hilbert transform with respect to ¢t in L?
(R,xS"" ') and Ql* are the translation representations of U(t) related to the
spaces D, (see section 6).

For ﬁxed s, 0, w, 0 #w, max sing supp K* (s, 0; s, w) is closely related to the

1/2

geometry of the obstacle. For statlonary obstacles Q=R x Q this problem has
been investigated by A. Majda [10], V. Petkov [13] and H. Soga [18]. More
precisely, for fixed 0#w we have

(1.2) maxsingsupp K* (s, 0; s, w)=s+max<{x, 0—w).

s xe Q

For moving obstacles the analogue of (1.2) for Dirichlet problem, n odd and
regular directions 0-w has been proved by J. Cooper and W. Strauss [3] (in
this work it is treated also the degenerate case for n=3). The localization
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procedure in [3] is not sufficiently rigorous and in [4] J. Cooper and
W. Strauss completed their argument by several lemmas. Nevertheless, to
cover the case of degenerate directions 0-w for all dimensions n>3, the approach
in [3] seems to be not available. In this paper we deal with this problem proposing
a localization procedure which works without change for Neumann and Robin
problems (see [1]). Moreover, this localization is essential in the paper of
V. Georgiev [6], where Maxwell’s equations outside moving obstacle are
treated.

After the localization we construct a microlocal parametrix and we use the
calculus of pseudodifferential operators in order to obtain an information for
lower order terms of the parametrix. This makes it possible to apply the result of
H. Soga [18] for oscillatory integrals with degenerate phase functions. Thus we
obtain a complete result for Dirichlet problem covering all directions 0 and
also the case n=4, n even. Finally, we treat simultaneously Dirichlet and
Neumann problem.

From the leading singularity of the generalized scattering kernel K¥ we can
recover the convex hull of the obstacles X(t) for all t e R (see [3] for more details).
In this direction, it is natural to study the following question.

(U) If the (generalized) scattering kernel K*¥ determines uniquely the obstacles
X' (t) for all teRR?

Recently, P. Stefanov [19] attacked this problem and he proved that if
X (t) is stationary for |t| = A with some A >0, then the answer of (U) is positive.
On the other hand, P. Stefanov [19] constructed an example of periodically
moving obstacles for which the uniqueness in (U) fails.

The plan of the paper is as follows. In section 2 we collect some preliminary
results including some lemmas proved in [4]. In section 3 we localize the problem
by using a suitable partition of unity. Section 4 is devoted to the analysis of the
generic case when 0-w is a regular direction. In section 5 we treat the degenerate
case, while in section 6 we discuss the modifications needed to cover the case of
even space dimensions n=4. A part of our results has been announced in
[14], [16].

2. Preliminary results

Throughout this section we assume n=3 odd and we suppose the
assumptions (H,) and (H,) fulfilled. Consider the function

t, t=0,
h‘(')“{o, t<0
and introduce the solution I'*(¢, x; s, w) of the problem
Or*=0 in Q,
{.43]’* =0 on 0Q,
I < —s-p=hy(t+5—<x, @)).
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Here se R, weS" ™' and {,) denotes the inner product in R". For t< —s—p the
initial data belong to the space

H*={fe2'(R)x 2'(R"):¢feH, for each ¢eCgR"}.

Moreover, these data vanish in a neighbourhood of the obstacle and we can
determine I'*. Set

ut(t, x; s, @)=T*(t, x; 5, W)—hy(t+s—<{x, w)),
ult, x; s, w)=0"*V2u*(t, x; s, w).

To show that u* has an asymptotic wave profile in the sense of Cooper and
Strauss [2], introduce a function y(x)e Cg(R") such that y(x)=1 for |x|<p+1,
x(x)=0 for |x|=p+2. The function

u=u*(t, x; s, W)+ xh(t+s—<{x, w))
satisfies the conditions: .
{ Clu=<2Vy, o>k —(Aph,,
u|t< —-s—p—2 =0.

According to the results in [2], the function u has an asymptotic wave profile
ut (s, 0; s, w)e L% (R, x S5~ ') which coinsides with that of u*.

Now we shall sketch the argument in [2] leading to the so called generalized
scattering kernel. Let #,: Hy—L*(R x S"™') be the translation representation of
U,(t) (see [7)). Given g € H, with 2,0 CF(R x S"~ 1), #,0 =0 for |s|> a, we define

W_p=1lm U0, —t)Uy(—t)e=U0, —t)U,(—t)e for t>a+p.

t—* o

The definition of W_¢ does not depend on the choice of . Introduce
(vo(t,.), ,00(t,.)) = U o() @,
(v(t,.),0,0(,.))=U(t, OO)W_ep.
If v%(s, w) is the asymptotic wave profile of vy(t, x), it is easy to see that
ut, x)=ve(t, X)—QRr) """ V2 [fu*(, x; s, ).
SO VI2pk (s, w)dsd w,

where the integral is taken in the sense of distributions. Taking the asymptotic
wave profiles we obtain

v (s, O)=vh(s’, O)—Q2r) """ V2 [[uk(s, 0; s, w)
SO VI2pH (s, w) dsdw.
Thus it is natural to make the following
Definition 2.1. The distribution

KA (s, 0; s, @)=(—=2m)" "~ V200 DA, 0 5, o)
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is called a generalized scattering kernel of the problem (1.1).
In the case that the scattering operator S: H,—H,, exists, K*¥ coinsides with
the Schwartz’s kernel of the operator §—Id, where

S=a,s5%;*.

Notice that for stationary obstacles the operator S commutes with Uy(t) and K*
depends on s —s, 0, w. _
Set w(t, x; s, w)=0T*(t, x; s, w).

Repeating the arguments in [3], it is easy to obtain the following
Theorem 2.2. The generalized scattering kernel K*(s', 0; s, w) admits the
representation

2.1 K*(s, 0; s, 0)= === | [0" w1, x; s, @)

2(2 )"'
00, (05— Cx, 6D, 53 5, @)
09~ V28t +5 — (x, OY)AS.

Moreover, K* is a C*® function of s, 0, w with values in the space of
distributions in s'.

For Dirichlet problem the first term in right-hand side of (2.1) vanishes, while
for Neumann problem the same is true for the second one. For Dirichlet problem
(2.1) was established in [3].

Below we shall discuss some geometric properties of reflecting rays.
Fix s, 0, w, so that 0#w and introduce the arrival surface I'(s, w)
={xeR":({x,w) —s5,x) € dQ} and the departure surface T (s, 0)
={xeR": («x, 0> —s', x)e dQ}. The vector N =v_+ v, is normal to I'(s, w), while
N'=v_+v0 is normal to I'(s, 6). On the other hand, if a ray with incident
direction (1 ) hits the boundary dQ transversally at (£, £) and its reﬂectmg
direction is (1, 6), then N(t, %) is parallel to 6 —w. These properties are proved in
(21, 31

Consider the set
(s, @)=0Qn{(t, x):t=<x, w)—s}.
Exploiting the assumption (H,), it is not hard to obtain the following

Lemma 2.3. Let (59, w) be fixed and let (t,, xo)eE(so, w). Given s>s,, there
exists (t, x)eX(s, w) such that
(2.2) |x —xo|l <to—t.

This lemma is due to J. Cooper and W. Strauss [4] (see also [15], Chapter
VIII, Lemma 8.2.4).
Next for 0#w introduce the function

h(s)= max {x, 0—w).

x€eI(s,w)
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The following lemma is also proved by J. Cooper and W. Strauss [4].

Lemma 2.4. For fixed e,>0 there exists >0 such that for every ¢, 0<e<9,

we have
a0N{(t, x):t+s+h(s)<(x, O>+e}c{(t, x):t+s={x, w)+&}.

Proof. Assume that there exists a sequence ¢, \0 and points (¢, x,)€dQ

so that
t,+s+hs)<<{x,, 0)+e,, t,+s><x,, 0)+&,.
By compactness we can suppose that (¢, x,) :_:;(?, %)€dQ. Then t+s+ h(s)
<(X, 0) and T+s= (X, 0) +¢, for (t, HeZ(§, w), §<s. By Lemma 2.3 we find
a point (¢, x)eZ(s, w) such that
|x—%|<t—t.
Thus - -~
T+s+h(s)— (%, O)y=t—t+<{x—3%, 0)+h(s)—<{(x, 0—w)2t—t—|x—X|>0

and we obtain a contradiction. The proof is complete.

3. Localization of the leading singularity

In this section we use the notations and assumptions of the previous one. For
the solution wy(t, x; s, w) we have the following

Lemma 3.1. (i) suppw,={(t, x):{x, @) St+s},
(ii) Supp 0,.W, lop Usuppwlp={(t, x):<{x, 0> <t+s+h(s)}.
Proof. The inclusion (i) follows by the principle of causality for the
wave equation. This principle implies that if (¢,, x,)€suppw,, then the cone
Co={(t, X):|x—xo|<to—t} must intersect the support of &(t+s—<(x, w)).
Consequently, there exists a point (¢, x) such that

t+s—<{x, 0)=0, |x—xo|Sto—t.
This yields
{Xg, WYSLX, OY+|Xo—X|St+5+1t—t=1ty+s.

To prove (ii), suppose for example that (ty, x,)€supp d,.wy. Choose s, so
that (o, Xxo)€ Z(so, @). By Lemma 2.3 there exists (¢, x)€ Z(s, ) such that (2.2)
holds. By using (i), we get

(X, O0)SLx, 0)+Lx, 0—@)+|xo—x|St+s+h(s)+to—t=t,+s+h(s).

The proof is complete.
The above lemma implies the following
Theorem 3.2. We have

3.1) supp K* (s', 0; s, w)<={(s', s):5'<s+h(s)}.
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Proof If (s, 0; s, w)esuppK' then there exists a point (f,%;s,®)
€5upp 0,+W, |ap USUPP W, |5 such that t+5 —{&, 6)=0. By (ii) of Lemma 3.1, we
deduce <%, ?}St+s+h(s) This implies

§—sZ (R, 0)—t+i+h(s)—{(R, 6)=h(s).

Remark 3.3. The proof of the above result is the same as that in [3].

In the sequel we shall study the singularity of K* at s’=s+ h(s). We assume
s, 0, o fixed and for the simplicity of notations we shall write h instead of h(s).
Choose a function ®(s')e C§ (R) with the properties

O(s)=0 for |—s—h|>e,
®(s)=1 for |s'—s—h|<e/2, 0SD(s)ZI.
The function ® depends on £¢>0 but we shall not indicate thls in the notations.

According to (2.1) we have

I0)=<K*(s, 6; s, w), D(s)e ")
(n+1)/2

=(___ l)(n— 1)/2d3 [ jzo cj(_ io.)((n+ 1)/2-j)

(3.2
- [ emiot=x0> ~0(3iD) ((x,0) — 1) (N, 0D~ H'2w,dS
Q

(n—-1)2
- 3 Cj(—w)«" 1)/2-)). l‘e-—la(<x 0> ""(6-’0)(()(, 0)—4)6(" 3)lza oW ds]
j=0
with d, =212 (2m)* ~"/2, Here c;, ¢; are some real constants and c,=co=1. Our
aim is to show that I(o) is not a decreaslng function of ¢ as |6|— oo provided that
¢ is chosen sufficiently small.
Consider the function

ut, x; s, W)=w(t, x; 5, @)—(t+s—<x, w)).

To localize the mixed problem for v, introduce a partition of unity in
a neighbourhood of I'(s, w) given by functions

L
(Y} =1, ¥ x)eCFR"), Z y;(x)=1.
ji=1
Let v;(t, x; s, w) be the solution of the problem

Ov;=0 in 0,

3.3) { Bvo;= — Y (x)B(t +s—<x, w)) on a0,
Vjli<-s-p=0.

Clearly, we must investigate only those v; for which

suppy; r.w I'(s, w)# Q.
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Set
V= {(t, x)edQ: (t, x)esingsupp 040120 v sing supp v; |6Q}’

t;= min {x, w)—s.
xesuppwj- :

The following lemma is a simple consequence of the principle of causality.

Lemma 3.4. For each (t, y)eV; we have

(3.4) dist (y, suppy ) <t—t;
Proof. Let uft, x; s, w) be the solution of the problem
Ou;=0 in Q, '

Bu;= — Y (x)Bhy(t+5—<x, w)) on 4Q,

“j|z< —s—p=0’

t2/2, t=0,
mo-{0/ s

We have v,=d3u, and it is sufficient to study the traces on 9Q of u; and its

conormal Adcrivatlve 0,u;. R
Let (t, §)e V; be such that' dist (y, suppy;)>t—t; Choosing 6>0 small
enough, we can arrange the inequality

dist (9, suppy)>i—t;+25.

where

Introduce the cone

Co={(t, Y)eR"* :|p—yl<i—t+6, t<i+86}.
It is easy to check that

Co N 0Q N supp (Y (x)Bhy(t +5s—<x, w))=0Q.

Applying the principle of causality for u;, we conclude that ujft, x)=0 for
(t, x)eCon Q. This implies (t, §)€ V; and the proof is complete.
Going back to (3.2), we must study the points of the set

W;={(t, y)€dQ:®(y, 0>—1)#0, (t, y)eV;}.
Let x € supp ¥;, (t, Y)eW,, 9€I(s, w), (P, 0—w)=h, suppy;nI(s, )% Q.
Consider the equality

3.5) t—<y, 0>+s+h=t—{x, w)+s+<x—y, 9—;2>

1 1
+59—x, 0—)+ 59—y, 0—).

From ®({y, 0>—t)#0 we deduce
(3.6) —eZt+s+h—{y, 0)=Ze.
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According to Lemma 2.4, we take ¢, small and choose 0<e<d(e,) so that

t+s=(y, w)+e,.
Thus

3.7 y, 0—w)=(y, 0)—t—s+t+s—y, w)=<h+e+e,.
Here and below ¢ depends on g, but for simplicity we shall omit this.
Next we choose ¢ and suppy; in order to arrange

t—<{x, w)+s=2t—t;—¢/2 for xesuppy,,

0+w .
<x—y, —2—>; —|x—yl2 —dist(y, suppy;)—¢e/2,

P—x, 0—0)={P—z, 0—w)+{z—x, 0—w)=—c¢ for zeT (s, w).
By Lemma 3.4 we deduce

_ / 0+w _
t—<{x, w)+s+\x Vs > >g E.

Combining this with (3.5) and (3.6), we get
(3.8) P=x, 0—0)+{P—y, 0—w)=4e.
Thus (3.7) and (3.8) imply
—eS{P—x, 0—w)<5e+¢,.

Finally, choosing ¢, and d(g,) sufficiently small, we conclude that the point x must
lie in a small neighbourhood U, of the set

Ro={xel(s, w):{x, 0—w)=h}.

On the other hand, if supp |/1 N Uy= @, the distribution v; does not contribute to

the singularity of K¥ at s —s+h
‘Now we shall show that the wave front set

WF(B5(t+s—<{x, ®))]ap)

over %, contains only hyperbohc points of the wave operator 67 —A_. We pass to
local coordinates so that dQ is given locally by y,,—l(t y), ¥y —(y,, vos Yae1)s
[h1<1, V,1(0, 0)=0.

Changmg variables

(3.9 xj=y; j=1,..., n—1, x,=y,—lt y),
we transform 67 —A, into an operator P with principal symbol

(3.10) plt, x, 7, &)=b*[(&,—A)*—ul,
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where
b*=1+|V/ > —1?>0,
l(t, X, T, é,) =b~ 2((’," ¢’> - 131)9
ue, x, t, &)=A2+b" 42— |¢'P). ,
Here (z, &, &,) are the variables dual to (¢, x’, x,). We need to study the roots of the
equation p=0 with respect to £, in the case that
3.11) 1=1-l,, ¢'=—-o'—lyo, &'=(®y,..., By—1), XER,.

Without loss of generality we may assume that the unit exterior normal to I'(s, w)
at the points on &, has the form

=, O,..., 1).

Since N=v, +vw, this yields
(3.12) ly=—lw, (¢t x, 0)€dQ, (X', 0)eR,.
Thus for 7, & given by (3.11) we have
u2b X2 —|EP)=b"(1-lw,)* (1 —|o')=b"?(1 -l w;
The fact that the function {x, 6 —®) has maximum at xe%, implies

0—w
T +@, 0,...,0, 1).
If w,=0, then 0={0—w, w) =<0, ®)>—1, that is §=w which is a contradiction
with our assumption. Hence w,#0 and Il,w | <1 show that the equation p=0 for
t, x, 7, &), determined by (3 11), has two simple real roots.
Now let v; be such that suppy;n %R, # . For supp y; sufficiently small the
wave front set of

gi=Y[x)BS (t+s—<x, w))lap

contains only hyperbolic points for the wave operator. Consequently, the
singularities of v; for small t-¢t; are propagating along the outgoing generalized
bicharacteristics of O issued i(rom WF(g,) (see [7]). For ¢, small enough and
0<d,(s0) St—1;<0,(g,) these rays leave the set

My={(t, x):t+s—<{x, w)=¢gy}.

Moreover, 8,(€,)=0,>0 as g,—0. We claim that v;e C* for t=>t;+4,(¢,) and
(t, x)eI,. To prove this, choose to=t;+0,(g,) so that v;=0 on QN {t=t,},

e C*® on ITyn{t=t,}. It is easy to see tLat for sufficiently small supp ¥, and &oY
tffnere exists such to- On the other hand, the singularities of v; are propagating
along the outgoing generalized bicharacteristics y(o)=(t(0), x(a; (o), &(0)) of (3.
Recall that y (o) is outgoing if (o) increases as o increases. If the derivatives
dt/de =t(0), dx/do=x(o) exist, then we find
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d . x(o)
35 (0) +5—(xlo), @) t(a)(l i w))go.
This proves the claim.
The above observation shows that in the analysis of the leading singularity of
K* we can assume (t, x)eIl,. Furthermore, we need to examine v; for (¢, x)
sufficiently close to supp g;. This will be done in the next section. Remark that by
compactness we can choose &,>0 uniformly for all j such that

suppy; N R #QD.

Fixing a suitable &,>0, we choose £>0 small enough so that the assertion in
Lemma 2.4 holds. After for fixed ¢,, ¢ we shall examine the singularities of
vft, x;s,w) for (t, x)eZ(s, w) and x sufficiently close to %R,.

4. Leading singularity of K* (generic case)

In this section we assume s, 0, w fixed and we shall use freely the notations of
the previous sections. Our aim is to study the asymptotic of (3.2) as |g]— 0.

We shall say that 0 —w is a regular direction if the set &, is formed by a finite
.number of points x;eI'(s, w), j=1,... M, for which {x;, 8 —w) =h and the Gauss
curvature k(x;) of I' (s, w) at each point x; is positive. The set of vectors
(0—w)|0—a| for which 6= is regular is dense in "~ (see [3]).

We shall use a technical lemma due to Cooper and Strauss.

Lemma 4.1[3]). Assume g(t, x)e C¥ (R"*!). Then

4.1 fgt, x)dS= | [ g(Kx, @>—7, x) dr dr,

a0 o o) IN|
where dI' is the induced measure on T (T, w).

In the sequel we shall study the Neumann problem since the analysis of the
Dirichlet problem is similar and simpler. Replacing w(t, x; s,w) by (¢, x; s, )
+6(t +s—{x, w)) in the first term in the right-hand side of (3.2), we obtain several
terms containing #'®({x,0)>—t). We shall consider the integrals

I,(0)= [e i e(<x0> =0 N, 0>B({x, 0> — )0~ P25(t + s — {x, w))dS.
2Q
I(0)= [e™ie(=x0>"D(N", 0>D({x, 0> — )0~ >?p dS.
aQ

The analysis of other integrals is similar.
Approximating (¢t +s— {x, w)) by smooth functions and using Lemma 4.1,
we deduce

4.2) I,(0)= ja(u—s)/z(s_t) I e—.'a(<x.o—w>+¢)<N,’0>¢(<x’0_w>+t)l¢_iN£|
= MNr, )
(n—3)/2

= X (_io,)((n-J/Z)—j) I e—ia(<x,0-—m>+s)aj(x’s’9,w)dr~.
j=0 (s, )



102 ' Vesselin Petkov, Tsviatko Rangelov

Here afx,s,0,w) are real-valued functions and

(4.3) ay(x,s,0,w)= N.02 4, «x, 0—w) +s)( 1=¢w. 6) )('— 3m((x, ) —S$,X).

IN| 1—<{w, @)

In (4.3) by w=dx/dt we denote the velocity of JQ, assuming that 9Q is
parametrized locally by (¢, z)—(t, x, (¢, z)). We shall prove that at the critical points
of the phase in (4.2) the function &, does not depend on the choice of coordinates.
Thus the form of the function x(t, z) in the parametrization will be not important
for our calculus.

For regular directions 6-w we have #,={x,,...,x,}. Repeating for
3(t+s—{x, w)) the localization procedure, exposed in the previous section, we
conclude that for the leading singularity of K* is essential the integration in (4.2)
over the set U}, U,, U, being sufficiently small neighbourhoods of x; in I' (s, ®)
whose size depends on the support of ®.

Now we turn to the analysis of I,(6). Fix 9e%#, and in a small
neighbourhood of (£, §)e Z(s, w) choose local coordinates so that dQ is given
locally by y,=It, y), |l|<1. We use the change of variable (3.9) and obtain
operator P with principal symbol (3.10). We extend the coefficients of
P preserving the strict hyperbolicity with respect to ¢. In the coordinates ¢, x set

£=(y: Yu—l(f, 9’)), g=—$(t’ xl) <N, w)ﬁ'(t-}-s—(x’, wl>—l(t, x’)a),_).

Here Y e C3 (R"), ¥ (&, #)=1 and the wave front set WF(g) is included in the set of
hyperbolic points of the operator P.
After the change (3.9) the operator d,. is transformed into

B=b; (9, —ilt, X, D,, D,)).

Here b}=1+|V,vI|* and At, x, D, D,)=b"%(KI;, D,)—1,D)).
Let g(t, &) be the Fourier transform of g. We shall construct a microlocal
parametrix

@4 (Go)@t, )=2m)" [é*=a(t, x, 1, &) Iz, &)drdd
RP

with the properties

P(Gg)e C>(W),
4.5) B(Gg) x,=0—9g € C™(Wn{x,=0}),
Gg|,<1€C™.
Here T=min {t: ‘there exists x’ such that (¢, x’)esuppy}, while W is a small

neighbourhood of (¢, ®). The integral (4.4) is interpreted as an oscillatory integral
in the sense of Hormander [7] with phase ¢ and amplitude

@
a~ z a—h(t9 X, T, é')Q
k=1
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—«(t, x T, &) being homogeneous of order (—k) with respect to (t, &) for
|t]+|&|#£0. The phase ¢ is chosen as a solution of the eikonal equation

(4 6) { (p"n =j’(t’ X, (pn f;r') +B\/ ”(ta x', (pn (px'):
’ Pley=0=1tT+ <X, E.
Here e=+1 and the choice of & will guarantee the outgoing condition
Gg ;.r€ C®. Notice that the singularities of Gg are propagating along the
generalized rays of P issued from WF(g). A ray y(a)=(t(0), x(c), t(c), &(c)) Will be
outgoing if

%,(0) _dp (dp\~! _
% “ac,(az >0 for é,,-l-{-‘a\/;.
This condition is equivalent to

4.7) st—l,(s).+\/_)<0

We must arrange (4.7) for (¢, x', T, £')e WF(g). Without loss of generality we can
assume that at (¢, ®) the relatlon 3. 12) holds. Therefore for

t=1-1i, o, &= 2o,

(—A+/W G % t, O)=olw,~)(1+lw)"

since w,={N/|N|, ) <0 at (£, ®). Choosing e= —1 and observing that |[w,| <1,
we deduce

we obtain

Lo,

— i1/, %, 1, E’)_—m

Next we solve (4.6) with e= —1 and determine inductively the symbols a_, in
order to arrange

<0.

P X a_))~0 ((z|+1&)~™) for all meN.
k=1

The asymptotic expansion formula for pseudodifferential operators yields the
transport equations

4.8) z 2 (x, d,0) 2t A Ao, diplay=—iPlays), kE 1.
Jj

o ¢

Here for snmphcxty of notations we make x,=t, x=(xq, X, X,), T=E&,,
E=(&,, &, &) and set a,=0. Moreover,

Ao(x, d,@)=ip,(x, d,p)+ T P, d,p) 00,

laj=2 aéa

where p, is the symbol of P of first order. Remark that Ay(x, d,¢) is a real-valued
function.
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We solve the equations (4.8) with initial conditions
(49) a—llx“=0=iﬁ-‘lx.=0’

(4.10) a_ iy m0=—iF "' L@-x+ley=0r k=2, 3,...

Here p, =b%b; '\/u, while L is a first order differential operator having the form
1

L(a)=b2bl— 1 (aaxa —)-(t, X, a, axl)).

We can solve (4.8) since 0p/0&,=2b(¢,—A)=—2b./u#0 for ¢, =i—./p and
(t, x, 1, &)e WF(g). This completes the construction of Gg.
To determine the trace Gg|, -o, We introduce a pseudodifferential operator.

I with principal symbol g, =ip~'. Next we replace %"~ /2v|,, in I,(c) near @ %)
by " 3211g modulo terms with lower order smgularmes Putting

¢=<x s 0I>+l(ta x)O,,—t,
we obtain mod O(ja|~2) the equality

[ emiot<=0>-0a((x, 0y—t)<N', 05002 dS
QW

— i()e—'wo(.pr', 0>I18"~2g b, dx'dt
@4.11)
= [ II*[®W){N’, 0de™¥|ol~32gb, dx'dt
D
=(io)~" [ e " vOW)p1 (1, X){N’, 050" >%g b, dx'dt+O(o|™?).
D

Here D<R" is some open domain, IT* is the operator adjoint to IT and

Bi(t, x)=bb1 " /ult,x',0,y, ).

It is important to note that the value of 5, at (, £) does not depend on the choice
of the local coordinates. To prove thlS, notice that the vector 0 —w is parallel to
N at (t, ®). Thus we obtain & =w’ and the equality (3.12) holds at (¢, ). This
implies

Bi(t, x)=b1 ' [(1-10,)*031">=by '(1-16,)0,
since 1—1/,0,>0 and 0,,=(N/|N|, 0>>0. On the other hand,

{N, 0> 1—<v,o> 5

where v=—vyv /v, |2 is the normal speed. The last equahty follows from the
observation that at (f, ) we have

1—<v, 0y  1-10,
1—{v,0) 1—-lw,’

pi(E, )=

b} INP =b3 v, +v,ol* =1 —Lw,)’.
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By using Lemma 4.1, we write the leading term in (4.11) in the form

4.12) (ia')‘l ! as"‘l)/za(s__.t) 5 e io(<x.0-0>+1)
- Iz, )n0

FID(C(x, O—w)+17) KN’y 8) (N, 0Ypi? ((x, @)=, x)l%r,dr

= _(_io-)(n—3)/2 j e io(<x0-0> +S).p(x)¢(<x, 0—w)+5)
I(s,0)n0

e {N,w) __ B 1—<¢w, 0\~ 172
(N, 0>—|N| prlKx, wy—s, x)(—l—(w,w)) dar

+ terms involving lower order powers of o. Here U is a small neighbourhood of
£, Y(x)eCZ (R") and has sufficiently close support to £ and Y(2)=1.

Taking together the leading terms in (4.2) and (4.12), we must examine the
integral

4.13) (—ig)*=32 [ 7% Y(x)B((x, 0—w)+s5)
s, w)n0

(N, 0) IN'| [ 1=Lw, )32 — 1—<{w, 0)
: INI' l_NT<1—<ws (D)) [1 —<N, w)pl l(<x9 CD)—S, x)(l—(w, w))]dr

with phase function ¢,={x, 0—) +s and velocity w=0x/0t introduced in (4.3).
For sufficiently small U the phase ¢, has only one non-degenerate critical point

% and
IN'| _ 1-Xv, 0>\
IN| € %) (ﬁwf)) , %),

_ A 1 - <V 9} A
—_ 1 N =
1 <N9 w)pl (t’ 2)(1—<V,w>)(t’ f) 2a
because (N (f, %), w+0)=0. We apply the stationary phase method for the
asymptotic of (4.13) with respect to o. The phase — ¢, has a minimum at £ and
|det Hess (%)= k(%) |0 —w|"~*, where k(%) is the Gauss curvature of I' (s, w) at X.
On the other hand,

N ., 0-—0 N0 . . 2Al—(w,0)
ane w, 0> t—<v, 0>
1—<w, A 1=KV, A
—woy T Ty P

Thus the leading term of (4.13) becomes
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_ 1—¢v, 8> - 12
(n—1)/2( _ ;=119 __pl3—m/2( __N">"7
(2n) (—io)” ' |0 —w] ( 1—<v, w>)
. k(f)_ 1/2el¢(s+h)’
where v is the normal velocity of dQ at (£, %).
The analysis near each point x;, j=1,..., M of &, is completely analogous.

Summing the contributions from all points x;e%,, we obtain the following
leading term in (3.2)

4.14) I( )_l _il -z |0_w|(3—u)/2e—i¢(s+h)
' =2\2n

M 1—<V 0))(::—1)/2 K _
- T (—£< x;)" 12 4+ 0(la|™~372),
j=1(1_<va> k(x,) (la{=12)

HteI: v; ishthe normal velocity of Q at ({xj, w)—s, x;). Hence K* is singular
at s’=s+h.
For Dirichlet problem we repeat the above argument. For this purpose we
construct a microlocal parametrix for the problem
P(Gg)e C>(W),
Ggls,=0—g€ C*(Wn {x,=0}),
Gg|,<¢eC°°.

We take Gg in the form (4.4) with the same phase ¢ and a~X2 ga_,. We
solve transport equations (4.8) with initial conditions

aolx,,=0= 1, a—klx"=o=0; k= 1, 2, ses
Applying the operator B to Gg and taking the trace x,=0, we get
B(Gg)lx,=o=1II,g mod C=,

where II; is a first order pseudodifferential operator with principal symbol
—ip, and

g=—yY(t, xX)o(t+s—<{x', &' >—1It, x)w,).

Next we replace in (3.2) 8"~ %/20,.v|,, near (£, £) by 8"~ ¥2I1,g modulo lower
order terms. By using Lemma 4.1 and a stationary phase argument, we deduce

ir \(n—1)/2
I(a)= — %(%) |0__w|(3—n)/2e—ia(s+h)

M(l—(v,,O)

EUTv e

(n—1)/2
) K(x) 2 +0(lo] "),
ji=1
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Notice that the factors 1—{v;,0>/1—{v;, ) are related to the Doppler factor
(see [3)).
Finally, we obtain the following

Theorem 4.2. Assume n>3, n odd, 0+# w and (H,) and (H,) fulfilled. Then for
regular directions 0 —w the generalized scattering kernel K* for s’ sufficiently close
to s+h(s) has the form

@.15) K* =+ %(2,,)(1—»»: 10— @] G-"72
Mol qu e\
> (ﬁ;—(»—i) k(xj) 1/2(5('I 1)/2(s —s— h(S))

+smoother terms.

Here we take the sign (—) for Dirichlet problem and the sign (+) for Neumann
problem.
For Dirichlet problem Theorem 4.2 has been obtained in [3].

5. Leading singularity of K* (degenerate case)

In this section we deal with the degenerate case when the set 2, is not formed
by a finite numbers of isolated points. The localization procedure exposed in
section 3 does not depend on the form of 2, and we can find a finite number of
functions ¥ ;e Cg (R") such that

suppyY;nR,#OD, Zy;=1 on R,.
i

For Neumann problem we repeat the construction of a microlocal parametrix and
we obtain locally

U|aan,=H1('pﬁ’) mod C*.

lp = 'l’j(xnxel‘(s w)? yY=- <N w>6l(t +s5— <x w>)|6Q

I1; is a first order pseudodifferential operator with non-vanishing symbol and
W; is a space-time neighbourhood of suppy ;. Clearly for (¢, x)e WnW,#0
we have

Here

Hj';ﬂ’ =T,
Thus we obtain a global pseudodifferential operator IT on 9Q such that
v]sp =11y mod C*.

Lemma 5.1. In the local coordinates (t, x', x,), where 0Q is given locally by
x,=0, the symbol q of Il admits an asymptotic expansion



108 Vesselin Petkov, Tsviatko Rangelov

q(t’ xl’ T, fl)~ z q—k(t, x', T, é’)a
k=1
where q_,(t, X', T, &) are homogeneous of order (—k) with respect to (z, ¢') for
[t|+1&'| #0 and q — are real-valued for k even and purely imaginary-valued for k odd.

Proof. In the local coordinates (¢, x', x,, 7, £') we use the construction of
a microlocal parametrix Gg discussed in the previous section. The initial
condition (4.9) shows that a_llx,':o and 6a_1/axj‘|xl=o are purely imaginery.
Since dp/d¢&, (x, d,p)#0 the transport equation for a_, implies that da_,/dx, lx,=0
and hence L(a-,)Ix =0 are purely imaginary. This guarantees that a_,{, -, and
da_,/0x;\y o are real-valued. Thus inductively we obtain that L(a_,) 1:'.:0 are
real-valued for k even and purely imaginary for k odd. This completes the proof.

Now setting W,=n;W; we have

femie<x0>-03id) ((x, 0)—1)o" v dS
o0

(5_1) . J’ H'(e“'“‘<*-°>"’(afd>)((x, 9>—t))6§"—3)/2l7 ds
QnW,

~ ; (__io,)((n—3)/2)—k j‘ e—iv(<x.0—m> +’)&g'](x, s; 0’ w) dar
k=0 (s, w)nU,
mod O(lo] ™) for all me N. Here U, is a sufficiently small neighbourhood of %,
and & ; are real-valued functions. In the last equality we have applied the
asymptotic expansion formula for the operator IT* adjoint to Il. Using the
argument of the previous section, it is easy to see that for xe #, we have

N',0) ( 1=y, 0\~ 172
< N ><1_<<\‘,' w;) (x, @y—s, ).

Combining (3.2), (4.2) and (5.1), we conclude that

®y0(x, 55 0, w)=

(5.2) I(o)~ Z (i)'~ '7J [ eTit<xmoze> TIBUx, s; 0, w) dT,
j=0 Ms,w)nUg

where B; are real-valued and supp f;= U,,. Moreover, taking U, sufficiently small,
we can arrange fB,=0. The form of &,, for xe#®, and the fact that
N'/IN’|(t, x)=(0 — ) |0 — | for (t, x)€ Z(s, w) and x€ R, imply B,>0 for XER,.

For the oscillatory integral (5.2) we can apply the result of H. Soga [18]. The
phase —¢,=—<{x, 0—w)—s has minimum only for the points xe#,. The
assumptions of Theorem 2 in [18] are satisfied and we conclude that I(o) is not
a rapidly decreasing function as |o|—co. Consequently, K* (s', 0; s, w) is singular
at s'=s+ h(s). For Dirichlet problem we use the same argument and we show that

O,vlag= —T1, 8(t +s—<x, D)z,

where I, is a first order pseudodifferential operator whose symbol r admits an
asymptotic expansion



Leading Singularity of the Scattering Kernel... 109

)
r~ X r—k(" x,a T, él)
k=-1

with r_, real-valued for k even and purely imaginary-valued for k odd. Thus we
have proved the following

Theorem 5.2. Assume n>3, n odd, 0+ w and (H,) and (H,) fulfilled. Then for
fixed s, 0, w we have

(5.3) s+ h(s) € sing supp K* (s, 0; s, w).
s
Remark 5.3. For all directions 0 # w from the leading singularity of K* we

can determine the function h(s) for all seR. According to [3], the leading
singularity of K¥ (s, —w; s, ) determines the convex hull of X (¢) for all teR.

Remark 5.4. If the obstacle is stationary and Q=R x Q, then the set I' (s, w)
does not depend on s and w and h=max, ,<{x, 0—w).

6. Leading singularity of K* for even space dimensions

Throughout this section we assume n=>4, n even, and the conditions (H,) and
(H,) fulfilled. First we shall recall the translation representations of the group
Uy(t) related to the spaces

Di={feH,:Uyt)f=0 for |x|= tt+a,+t=>0}.

For f=(f,, /)€ # (R") x #£(R" denote by f,(s, w) the Radon transform of f,
i=1,2, and set Rf=0.f\(s, w)—fy(s, w). Let p,(s)e #'(R) be tempered
distribution with Fourier transform

an~ l)/Z, c=0,
ﬁi(0)={ — o]~ D2g i3y 5 .
Therefore translation representations 27 : #(R")x #(R")—L*RxS""!) have
the form
RE f=dp, xRf, d,=2""2g~C-DI2,

These maps can be extended as unitary maps from H, into L*(RxS""!)
(see [9], [11)).
Now let k(s, w), I(s, w)eCF(RxS"" ') be such that

k(s, w)=0 for |[s|=a, Is, w)=0 for |s|=b.

@=(R)"k, (vo(t,.), Opo(t,)=U(D)o,
Y=(R)'L (t,), 0xt,.)=Uyt).
Clearly, U,(—t)pe D’ for t>p+a and we determine
W_@=1im U0, —t)Uy(—1t)e.

t—

Set
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Next we set (v(t,.), o,u(t,.))=U(t, O)W_¢. To guarantee the existence of an
asymptotic wave profile of v, we make the following assumption
For each ke C(R x 8"~ ') there exists the limit
S,k=1lim Uy(—t)U(t,0)W_(R, ) k.

t—* o

(H3)

Assuming (H,), we set §,k=4, S, k. It is not hard to see that the asymptotic wave
profiles of 1(t, x) and v.(t, x) as t— oo exist and these profiles coinside respectively
with (S,k) (s, 0) and (Kk) (s, 6), where K is the Hilbert transform with respect to
s (see [15] for more details). Notice that

RYp=KR, p=Kk.
Next we need the following

Lemma 6.1. For 1>p+max(a, b) we have

d%a ov Oa
6.1 V - y Vx + -0 d = e o e, e .
(6.1 n'!.:)K {v—10o), V, 2> +(v—0o)a]dx A (v ov*or  ov* at)ds
The proof is exactly the same as that of Lemma 4 in [3] and we omit it.
A finite speed of propagation argument shows that

v—v,=0 for |[x|>t+2p+a.

On the other hand, a =0 for |x| <t—b. Thus the integration in (6.1) is over the set
{xeR": —b+t<|x|<2p+a+t}. Taking the limit t—co and exploiting the L?
convergence of the asymptotic wave profiles of v and v,, we deduce

e e}

(6.2) [ [ (B,—K¥k)(s, O)(s', 0)ds'do

— o0 sll—l

dv Oa d%a
—(—1)nt1)2 - ) —
==1 ! (6v"‘ ot ”av*az)ds'

It is easy to see that

‘ g_t:(t, x)=dn/\Dx;_15(t+S’—<xa 0>)’ (Ds’_io)lﬂl(s,’ 0)/\

ot x)= —id, (D3 ~'wlt, x; 5, @), (D,+i0)2K(s, ).

Here wy(t, x; s, 0)=082T"* (t, x; s, w), where I'* is determined as in section 2. On
the other hand, in the second equality we take (D, +i0)'/? since v|,< —,-,=v, and
v, is expressed by k=%, ¢.

Replacing in (6.2) v, dv/0v*, da/0t, 0*a/Ov*dt by their representations, we
arrive at the following

Theorem 6.2. Assume n=>4 even and the conditions (H,), (H,), (H;) fulfilled.
The kernel of the operator S,—K has the representation
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6.3) K*(s, 0; s, w)=W(D;HO)UZ(D,-:’O)W

([ 2w, s, )03 (e +5—<x, 0Y)
! _

—o27? 0wyt x; s, )03 ' 8(t+5 —<x, 0))] ds.
Moreover, K* is a C* function of s, 0, w with values in the space of distributionsins’.

Definition 6.3. For n even we call K¥ generalized scattering kernel.
In the case that the scattering operator S exists, we have

S, =R} S ()1

and the assumption (H,) is trivially satisfied. ‘
Our purpose is to show that the assertions of Theorems 3.2 and 5.2 remain
true for n=4 even. To establish (3.1), notice that by (ii) of Lemma 3.1 we have

(SUPP (@ 2w sg) U supp (37 Ws1ag))
c{t, x; s, w):s={x, 0)—t—h(s)}.

On the other hand, the operator (D,—i0)'/? preserves the supports in the half
lines {s:s=s,}. Thus we conclude that

supp (D,—i0)' [(...) dS<{(s, s):5' <s+h(s)}
aQ

by using the argument exposed in section 3. Next the operator (D,+i0)'/?
preserves the supports in the half lines {s':s’<s;}. This completes the proof
of (3.1).

To examine the singularity of K¥ at s'=s+h(s), we set

(6.4 K4, 0; s, o)=id? [[0Z 2wyt, x; 5, w)03 ' 0,:8(t+5 —{x, 0))
- 2Q

-2 o, x; s, )33 8(t+5 —<(x, 0))]dS.

We repeat the localization argument exposed in section 3 for K* .The analysis of
the singularity of K¥ at s'=s+ h(s) is exactly the same as that of K* for n odd. We
claim that for fixed 0#w
6.5) sing supp K* =sing supp K*.
s,s’ s,s’
To prove this, consider the set 7,={(s, ¢/, s, 6):0’0=0}, where ¢, o are the
variables dual respectively to s' and s. It is easy to see that

WF(Z, ¢)(s, o)n{oc=0}=9, ¢eH,,
WF (ZY)(s', 0)n{c'=0}=9, YeH,.
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Since (8, —K)k=2;}S,0—K®R; ¢ with k=%, ¢, we obtain
WF(K* (s, 0; s, @) nTo=0Q.

Moreover, if WF(f)nT,=0, then the action of the operator
(D,—i0)"'?(D, +i0)"'"?> on f is equivalent to that of a pseudo-differential
operator. Therefore, the above claim follows from the equality

K* (s, 0; s, ®)=(D,—i0)""?(D, +i0)""2K* (s, 6; s, w).
Finally, we deduce (5.3) and the leading singularity of K* (s', 6; s, ) is s+ h(s).
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