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Infinitely Divisible Laws Partially Attracted
to a Poisson Law

Sdndor Csorgé™, Rossitza Dodunekova™*

A. V. Grosheyv, in 1941, derived a necessary and sufficient condition for
a fixed infinitely divisible law to belong to the domain of partial attraction of
some Poisson law. The condition is expressed through the spectral function of the
Lévy — Khinchin canonical representation for the characteristic function of the
infinitely divisible law in question. The mean 4 of the attracting law does not play
any role in Groshev’s condition. In thé present paper we investigate the problem
for any fixed >0 and derive characterizations involving A in terms of the
measure functions of a unique probabilistic representation for an infinitely
divisible law, obtained within the framework of a new “probabilistic approach” to
sums of independent and identically distributed random variables. Here, as in [2],
where an arbitrary law attracted to a Poisson is characterized, the intricate
behaviour of the normalizing constants has to be dealt with. Depending on
whether A>1 or 1<1 there are two qualitatively different ways of choosing them
and hence the attracting Poisson law arises in two different ways. A concrete
construction illustrates these results and shows also that if A=1 then both
possibilities may occur.

1. Introduction, the results, and discussion

Let F(x)=P{X <x}, xeR, be the distribution function of a given random
variable X, and let X,, X,,... be independent copies of X. We say that F is
partially attracted by the Poisson distribution with mean A, if there exist
a subsequence {n'} of the sequence {n} of the positive integers and normalizing
and centering constants A,’>0 and C,/eR such that

1
A

(1.1)

where —5 denotes convergence in distribution and Y, is a Poisson random
variable with mean A>0, that is

{Z X,—-C/}>5Y, as ">
j=1
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k
%e", k=0, 1, 2,....

P{Y, =k}=
The distribution functions satisfying (1.1) form the domain of partial attraction of
the limiting Poisson law. We write for this set D, (Poisson (1)). The domain of
partial attraction of any infinitely divisible law G is defined in a way analogous to
(1.1). Khinchin proved in 1937 that for every such G the set D,(G) is not void (cf.
[4]). Then, of course, D, (Poisson (4)) is not void. It is also known ([4]) that if (1.1)
is true, then {n’} can not be the whole {n}; otherwise the limiting distribution
should be stable which is not true for the Poisson distribution. (That is exactly the
reason why we talk about partial attraction.)

There are many reasons for the interest in the characterization of the
distributions partially attracted to a Poisson law. In 1941, A. V. Groshev [5]
characterized the distribution functions in the set ‘uo D, (Poisson (4)). He proved
that -

Fe u D, (Poisson (1))
 a>0

if and -only if
x2
) 172 dF(hx)
im inf x=1l>e =
1.2) llggxf [ aF (9 0 for any &>0.

x—1l<e
This condition, being in terms of F, does not show immediately in what sense F is
restricted just as it does not show at all the role of the mean A of the attracting
law. In the same paper, Groshev also considered a special case of the problem
when the underlying F is infinitely divisible and proved that

Fe‘go D, (Poisson (4))

if and only if ,
| —dG(h)
(1.3) lim infl=t=e 1 ¥ =0
: ey [ dG(hw)
lu—1j<e

where G (+) is the Levy — Khinchin measure function of the canonical form of the
characteristic function of F. As in the general case, the condition above
completely disguises the role of the parameter 4. Note that although (1.3) and (1.2)
are very much alike, the result in the special case is not a direct implication from
the result in the general case. To obtain (1.3) Groshev uses the special form of the
general criterion of convergence to an infinitely divisible law obtained for the case
of an infinitely divisible underlying distribution function (see [4]).

In [2], operating within the framework of the recently developed
“probabilistic approach” to sums of independent and identically distributed
random variables ([3], [1]) we characterized an arbitrary distribution function
F which belongs to D, (Poisson (4)). Starting out from the general convergence
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theorems of the probabilistic approach we delineate the portion of the sample that
contributes the limiting Poisson behaviour of the sums in (1.1) and describe the
effect of extreme values. This leads to the analytical condition (1.4) below for
FeD, (Poisson (4)) expressed by the quantnle function Q(s)=inf{x: F(x)Zs}
0<s<l and the corresponding “truncated variance” function, which by setting
uAv=min (u, v) is

1-s 1-s

o*(s)= | [ (uAv—uv)dQ(u)d Q(v), 0<s<1/2.
The condition in [3] is the following'

*O+or 42020
(1.9) lim inf =1 for 0<e=<i/2.

This implies that depending on whether A>1 or A<1 there are two principally
different ways of choosing the normalizing constants A,/ in (1.1). When 4> 1, then

‘/_”“/")«s for two positive 3, and 3,. When A<1, then \/'T:(l/”) 0as

n’'— oo. The case A=1 is a real borderline and both possibilities may occur as
shown by the construction in [3].

Just as the canonical representation of the characteristic function of an
infinitely divisible law in (1.5) below is a central point in the classical limit theory,
the probabilistic representation of an infinitely divisible law in (1.9) below plays an
essential role within the framework of the probabilistic approach. It is desirable
then, in case-if in (1.1) the underlying law F is infinitely divisible, to have the
necessary and sufficient conditions for FeD, (Poisson (4)) in terms of the
components of the probabilistic representation of F. This is the aim of the present
paper. Note that here as in [5], again, a direct implication from the general result
(1.4) is not possible.

To formulate the main results we need to introduce the probabilistic
representation of an infinitely divisible law. Let ¢(t), teR, be the characteristic
function of an arbitrary infinitely divisible random variable Y in its Lévy form,

242

(1.5) o(t)=exp {it0— 2+ j [e — —T%]dl,(x)

s (j) [e—1— 1’+—"x2]dk(x)}.

Here 0 and 6 =0 are constants and L(x) and R(x) are two nondecreasing uniquely
determined left-continuous and right-continuous functions on (— oo, 0) and (0,
o0), respectively, with L(—oo)=R(+ 00)=0 such that
(V] 3
| x?dL(x)+ | x*dR(x)<oo for any &>0.
o
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Introduce the functions
(1.6) V,(w)=inf{x<0:L(x)>u}, O<u<oo,
(1.7) V,(w)=inf{x<0: —R(—x)>u}, O<u<oo,

which obviously are non-decreasing, non-positive and right-continuous, and also
the constant

2 1 @
=t TP C Y
Further, let N J( ), j=1, 2 be two mdependent standard left-continuous Poisson
processes with jump pomts SY, n=1, 2,..., given by

N; @)= T I9<u), Osu<cwo, j=1,2,

n=1

where I(-) lS the indicator function and with independent exponential random
variables E, E, ..., all having mean 1,

SO=EP+...+EY, n21, j=1, 2.

Introduce also the random variables
U)

(18) VO=(— 1)’“{] (u— N(u»dw,(u)+5 udy;+y; (1)} j=1, 2.

Let Z be a standard normal variable independent of (N,(+), N,(+)). Then
Theorem 3 in [3] states that the random variable V0 4+6Z + V@ +0—y(y,, ¥,)
has characteristic function ¢(t) of (1.5), that is we have the' distributional equality

(1.9) Y=,V +aZ+ VP 40—y, ¥,).

From now on we assume that the given distribution function F is infinetely
divisible. In fact, without loss of generality we can assume that

(1.10) X=VW4eZ+VP® =:V¥Y,, ¥,, 0)
which by (1.9) means of course that

=9 V—0+)’(¢1, Wz)-

The simple reason is the following. The condition (1.1) is satisfied if and only if it is
also satisfied for independent copies of X —C, with the same A4, and with
centering constants B,’=C, —n’'C, for any real C. This remark and (1.10) above
allow us to write further (n//,, ¥,, 6)eD, (Poisson (4)) instead of FeD, (Poisson
(4)), just as it is adopted in [1].

For a positive integer n and h>0 we introduce the functions

ai(n; h)=n{I !H(u)du+0’+5 ©3(u)du},

h/n h/n

a3(n; hy=ai(n; h)+yi(h/n)+y3(h/n)
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and a3(rn)=ra3(n; 1/r), r=1, 2,..., which are all well defined due to the property
that

| Vi) du<oo, &>0; j=1, 2,

obtained from the square —integrability of L and R.

5 lL}et 4> 0 be fixed and introduce the notation r, (1) =min {r : r positive integer,
r>

Theorem l We have (n//,, ¥,, 0)eD, (Poisson () if and only if for each
r=r,(4) there exists a genuine subsequence {n'} of the positive integers such that

1
1.11 —
(1.11) az(m)wl( )-0, if >0,
(1.12) W( s {—-a,, if 0<s<A,
) az("') 2 0) ifs>1,
as n'— oo, where a,>0 is some constant, and
a,(n'; h
(1.13) lim limsup 1l )

ko Wl Gx(rM)
To formulate the next theorem we need the function

b*(x; h)=x{ 5 Y3 du+a? +5 'ﬁz(u)du}+h{¢n(—)}+lllz(—)} x>0.

h/x h/x
Obviously,

(14) b W=ain; W+ h(WIO+930):
b*(n; 1)=ai(n; 1)=aj(n).

Theorem 2. The three conditions (1.11), (1.12) and (1.13) are satisfied along
some subsequence {n'} of the positive integers, and hence (Y, ¥, 6)eD, (Poisson
(4)) if and only if

.. bAx; e)+b¥x; A+e)+yi(e/x)

(1.15) lu:;nf D0 A—2)

As a matter of fact, instead of (1.15) we will use the condition

=1 for every 0<e=<4i/2.

b%(n; &)+ b*(n; }.+e)+¢§(§)
(1'16)113?‘. b*(n; A—e)
which is equivalent, as we show just now, to (1.15). Note first that if h<s, then

=1 for every 0<e=<41/2,
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b¥(x; h)—b?*(x; s)= x{’f Vi) du+ ’f Y3(u) du}
h/x h/x

YOO s +930)
22— B i)+ + MO +AO) —sIO + 3O

=IO IO} + MO —vid) 20,

which means that b?*(x; h) is n(.m-increasing as a function of h. Hence

2 .
ZL(_X_’igl for x>0 and 0<e<4/2,
. b*(x; A—¢)
and since
20
b A4e) ll’n(x)

25 2THS0 e
[HES 1—a)=0’ b*(x; A.—e:)g

(1.15) means that for every 0 <e<1/2 there exists a subsequence of real positive
numbers {x,}={x,(¢)}, such that x,—oco and

0,

T
bk ©) . bxms A40) s
e Y —
b*(x,; A—¢)  bix,; A—g) ~  b*x,; A—¢)
Because of the monotonicity of the functions b?(x, ) and ¥(¢/x) in &, none of the
three ratios above increases in &. Using this, one can easily show that the above

conditions hold if and only if there exists a subsequence {n’} of the positive
integers, independent of &, such that

(1.17) ..!i-{r:o E;?%
(1.18) "!13:0 %
(1.19) nl,l_l.‘l'; E%%
The conditions (1.17)—(1.19) are obviously equivalent to
(120)  Jim b(n'; 8)+::((nn”;; :-j:))+¢'§(6/n')=

and the latter implies, of course, (1.16). Conversely, (1.16) implies (1.17)—(1.19),
again by the monotonicity of the functions b? and y3 with respect to e

—0.

=1, 0<e<i/2,

=0, 0<e<4i/2,

=0, O<e=i/2.

1, 0<e<Ai/2,
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Some results, obtained in the proofs of our theorems, will be used to establish
the following Corollary characterizing the two different ways of behaviour of the
normalizing constants in (1.1) by cpmparing A, and a,(n').

Corollary. Suppose (1.1). If > 1, then there exist two positive constants 6, <90,
such that

5 s“;(",) 5.

If A<1, then f'_szl,)_.o as n'— .

n 3
The proofs are in the next section. In Section 3, we illustrate the above results
by a concrete construction of y,, that is, a concrete construction of an infinitely
divisible random variable in D, (Poisson (4)). This construction works for all 1>0
and it will turn out that the case when A=1 is really a borderline case in the sense
that both possibilities of the Corollary can be realized.

2. Proofs

It is well known (see [4]) that for the Poisson law with mean A>0 the
constant ¢ in the representation (1.5) equals zero, 0=4/2, L(x)=0, x<0,
R(x)= —4 for 0<x<1 and R(x)=0 for x=1. Simple calculations show, that in
this case the function defined by (1.6) is identically equal to zero and the one in
(1.7), which we denote by ¢, in the sequel, is given by

V) {—1, if O<u<A,
=1 0, if uza

Furthermore we need the random variable V(O /% 0) defined by (1.10). Easy
calculations in (1.8) give

2.1) VO, ¢, 0=NA)—AI{A>1}=,Y,—A{A>1},
where, for simplicity, we put N(4)=N,(4).

Proof of Theorem 1. Let V,;(y,, ¥,, 0), j=1, 2,..., be independent
copies of V(y,, ¥,, o) and suppose (1’ 1). This means, aocordmg to the remark
following (1.10) that we have

__.{ z V(‘/’l! wz: 0') B }_’ Yl’ n'—-»oo,
. n j=1
for some A,>0 and B, . Let {V{™}2, be independent copies of {V,(¥,, ¥,,
o)}, m=1, 2,...,r, where r=r,(4). Then

{Z [Z V{—rB,}—>, Y, n—o0.
n Jj=1 m=1
Introducing
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ZU—1)7+II=V§M)! 1§m§r, j=1, 2,...

and Cy=rB,’+riA, and using (2.1) we see that the above means
1
Z—, { z Zj'—c:'}_’g V(O’ '/’nh 0)'
n j=1

We are in the situation of part (v) of Theorem 12 in [1], which necessarily implies

1 s .
2.2) 2—'411(;)—»0,. if s>0,
1 s —1, if O<s<ri,
2.3 —
23) A,.’wz‘m’).’{ 0, if s>rai,
as n'— oo, and
24) lim limsup 223 M _q,
h—=o n'—o A,'
Also,
s
e
limsup———<o, for s>0, j=1, 2,

oo ay(rn’)

since otherwise we would have a,(rn’)/4,/—0 as n’—oo0, which by part (iv) of
Theorem 12 in [1] is impossible because the limit in (2.3) is non-zero for 1 <s<rA.
Therefore, again by part (v) of the same Theorem 12, there exist an {n”"} < {n’} and
a constant 0<a,<oo such that

ay(rn”) 1

————>—, as n"—>oo0.
Aﬂ’ af

Putting this together with (2.2), (2.3) and (2.4), we obtain (1.11), (1.12) and (1.13)
along {n"} since a,(rn”; h)=\/r_'al(n”; h/r) and, obviously,

- a,("; hfr)_ .. . a,(n"; h)
S o™y oy — i Bl G

This completes the proof of necessity.

Now we show sufficiency. Writing n;, for the k-th term of the sequence {n'} in
(1.11), (1.12) and (1.13) and setting
Wil =)=V, ( /m)/ay(rm) : =y (- Yay(rni),
j=1, 2; k=1, 2,..., by the’ distributional equality (2.42) of [1] we get
1
{Z V1, ¥, O —tmp(y,, ¥,)}

a,(rny) j=1

=g V(wlks ¢2ka \/"_ka)

ay(rmy”
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where
1

1
MoV 15 ¢2)=n{lj; udy,(u)— | udy,w)}.

1/n

The general convergence theorem for infinitely divisible laws, that is, Theorem 11
in [1] states that under the conditions (1.11), (1.12) and (1.13),

VWikr Yo /Mi0/arm))— 5 VO, a,¥,, 0)
as k—oo. By (2.5) and (2.1) we get
|

{Z V01, V2, )=y, ¥}V, —T{A>1}),

a,(rmy) "=,

as k—oo, which proves sufficiency. ]
The following four lemmas are required for the proof of Theorem 2.

Lemma 1. Let A>1 be a fixed number and {n'} be a subsequence such that

(2'6) . az(n/)wl( ) s>09
@) L ( ) {—a, 0<s<A,
) aZ(n,) 2 0, S>A,
as n’—» oo, where a>0 is some constant, and
(2.8) lim llm sup 4,0’; v h)—O.
h=+o n'—wo 2( )
Then, as n'-»> o0,
b*(n'; h) '
29 bz(n ) -1, 0<h<A,
and )
b (n h)
. -0, .
(2.10) Bor- 1) o 1) h>A

Proof. By (1.14) we have

h h
bi(w; B al(n'; h) ht i/lf(n) lﬁz(—,) ;
bin'; 1) ai(n'; a3(n 1) aj(n’; 1)

First we investigate the behavior of thc right-hand side of (2.11). Let 0<h<s and
consider

(2.11)

s/n s/n
a3n; W—ad(n, =n{ ] Wit)du+ | Wiu)du}.
h/n h/n

Then
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=1 A0 a0y S el W—aln, 90— H WA+
and hence
S S
(s_h){ 'p%(;;) N W%(;) a}(n; h)_af(n; S)
ai(n; 1) ad(n; 1) Tadn; 1) ain; 1)

h h
Yic) Y30
n + n }
3n; 1) aj(n; 1)
Let h>A. By (1.14), (2.6) and (2.7) the right-hand side of (2.12) goes to zero as
n'—oo and this gives :
aj(n’; h) ai(n’; s)
“aj(n'; 1) ad(n’; 1)

(2.12)

S6-h

—0 as n"—» oo, A<h<s,

which implies

; ai(n’; h)_ .. ain'’y ) _ .,
(2.13) llyﬁs:p 2207 1)—11:1,14sgp 2 1) 1 A%(s).

Since A%(s) does not increase, there exists lim A%(s)=:A=0. Now (2.13) and (2.8)

$—*

imply A=0 and this tdgether with (2.6), (2.7) and (2.11) prove (2.10). To prove
(2.9), put first s=1, 0<h<1 in (2.12). By (2.6) and (2.7) and by A>1 the
inequalities (2.12) give.

lim (91003 B _ @it 1)
wow @i’y 1) ad(n’; 1)
while by putting h=1, 1 <s<A, they give
2(s! - 2(3!
. ain’; 1)  ai(n’; s)
1 -
wow @3y 1) a3(n; 1)

}=01—h)x?,

}=(s—1)a?.
These two limiting equalities together with

1 1
I % )

ai(n'’; 1)

B R A, l 2
a3(r’; 1) a3or; 1) a3r; 1) s
as n'—o0, imply that
2(se' -
' ai(n’; h) ,
(2.14) a_é—(;’—;_lil_haz’ as n — oo, O0<h<A.

Now by (2.6), (2.7) and (2.14) used in (2.11) we easily get (29). ®
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Lemma 2. Let A>1 be a fixed number and suppose (2.9), (2.10) and that

G
(2.15) m«»ﬂ, as n'—oo.
Then there exist a subsequence {n"}={n’} and a constant a>0 such that (2.6), (2.7)
and (2.8) are satisfied with n' replaced by n". ‘
Proof For h>A, (2.10) and (2.11) give
ai(n’; h)
aj(n’; 1)
which implies of course (2.8) along the original {n'}. Furthermore, the definition of
b? and (1.14) easily imply that for h<s,
ai(n; h) ai(n; s) _b*n; h) _b*n; )
aj(n; 1) aj(n; 1) b*m; 1) b(n; 1)

-0, as n'—

s s h h
lﬁi‘(—) w%(—) 2(—) 'Ili(—)
Sl o g Dm0 e D
We substitute the right-hand side of the above equality into (2.12) and get

nh  wd  wd
Mg Dl D ek D adm D
<bz(n; h) b3(n; s)
=b*n; 1) b%*n; 1)
uh  wd w0 o
w0 am D @ D a@m D
By putting O0<h<1, s'=1 into (2.16), and by (2.9) we get

0 i)
Saz(n 1) az(n 1)

for 0<h< 1. From (2.15) and this, (2.6) follows for 0 <s <1. Since for s> 1 we have
by (2.15)

(2.16)

).

—0, as n'—» o0,

vid) g

—< 0’ ¢ s
ai(n’; )" a3(n’; 1) as m—w
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(2.6) is true for all s>0. When s=1 and 0<h< 1 in (2.16), then by (2.9) we obtain

h 1
I )
(2.17) Oéaz(n’; D - T 1)—»0, as n'—oo.

1
'P%(—) y
Since peT )_1 we can find an {n"}<={n’} such that
az(n
1
!P%(—,,)
————>a%20, as n"—> o0,
az( 3 1) -
which and (2.17) give
h
V’%(—,,)
—a2, as n"—o0, for 0O<h<]1.
ai(n”; 1)

When putting h=1 and 1<s<A in (2.16) and using (2.9) we obtain that this
relation holds true for 1<h<A as well. Using this and the relation
h
2(__
'ﬁz(nu) bZ(nn; h)
_a3(n”; )T b¥n"; 1)
which according to (2.11) and (2.10) is true for h>A, we get

—0, as n"— o0,

h
F Vhi
218 Vi) {az, if 0<h<A.
. —_—
( ) aj(n"; 1) |0, if h>A,
as n”"—oo. We claim that a®>>0. Suppose not. Then
1
W%(—;)
—0, as n"— o0
az(" 1)

and together with (2.15) this leads to
1 1
2(_ 2(
aosy | ViR Vi
adn”’; 1) ain"; 1) ad(n’; 1)
The condition above, the already proved (2.6) and (2.18) with a =0 show that we

are in the case (i) of Theorem 12 of [1]. Then part (v) of the theorem gives that
along {n”} we must have

—1, as n"—>o0.
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1(n", h)

Jim limsup e 1)~
whic? contradicts the already proved (2.8). Hence a?>>0 and this completes the
proof. ]

Lemma 3. Suppose (2.9), (2.10) and (2.15) are satisfied along {n’} and A>1.
Then for every 0<e<A/2,

b(n'; )
(2. 1 9) gm—b 1 ’
b*(n’; A+e)
(2.20) b A—2) 6)—>0,
£
'H(?)
(2.21) bT(n—,?—ATe)-PO,
as n'—oo.

Proof. Take any g, 0<e<A/2. By (2.9),
b (s &) _ bXn'; ¢) [b*(m'; A—e)]! .
B Ag) bw; | b D) | DT
which is (2.19). Further by (2.9) and (2.10) for the ratio in (2.20) we have
b*(n'; A+e) b*n'; A+e) I:bz(n'; A—g)|™

1
b A—e)  bAm; 1) | b(m; 1) ] =0, w'—eo,
and finally (2.15) and (2.9) give

€ &
b2(n'; A—e) b3n’; 1)
which is (2.21). -

Lemma 4. Suppose that (2.19), (2.20) and (2.21) hold true along some
subsequence {n'} with A>2. Then (2.9), (2.10) and (2.15) hold true along the same
subsequence and with the same A.

. Proof. The condition A>2 implies that for 0<e<A/2, A—e>1. Then by
(2.19),

A-g ]! ,
bZ(nl; 1) ] -0, n'— o0,

b3(n'; €) b3(n'; )
b =< 4 -1, n , 0 <1,
1—bz( n; )Tb¥n'; A—e) n.—-voo <&=

and
b 1) b 1)
<
' b3(n’; €) ébz(n’; A—1)

which together give (2.9).

—1, n">o00, 1<e<A/2,




Infinitely Divisible Laws Partially Attracted to a Poisson Law... 313

Furthermore, by (2.20) and (2.19) for 0<e<A/2 we have
b’(n'; A+e) b*(n'; A+e) b*(n'; A—e)

b(n'; 1)  b¥n'; A—e) b¥n'’; 1)
and since for every h> A there exists a small ¢, such that h>A+¢ and then
b%(n’; h) _b*(n'; A+e¢)

=<

b*(n’; )T b¥n'; 1)

we have (2.10) also satisfied. Finally we use (2.21) with ¢é=1 and get

Vi) i)
b*n'; 1)< bz(n’; A-1)

-0, n'> o0,

-0,

-0, >0,

~ which is (2.15). -

Proof of Theorem 2. First we prove necessity. Assume (1.11), (1.12) and
(1.13) for some A>0, a fixed r=r,())=1 and some {n’}. Then we have

2.22) az(m)'lll( -)—0, s>0,
559 ( { a,, O0<s<ri,
(2.23) a (m)!/'z - 0, s>ri,

as n'— oo, where a,>0 is some constant, and

a,(rn’; h)
(2.29) hlirg llin_’sgp ayrm) =0.

By Lemma 1, (2.22), (2.23) and (2.24) give

b3(rn’; h) {l, O<h<ri,
2.25 —_
(225) b3(rn'; l)_’ 0, h>ri,
and, as a special case of (2.22), we have also
1
V(=)

m

(2.26) W—b y

as n'—»oo. By Lemma 3, applied along {rn’} and with A=ri, we obtain
‘ b2(rn’; h)+ b2(rn’; rA+ h) + rqp}(’—:%)
(227) Jl_l"l’:o bZ(rnI : rA— h)

for 0<h<ri/2. Since

=1
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h h h h ,h h
bon's By=radr's b+ hUAC) +WAC) =rladtns D+ i) +waCEN)

=rb*(n’; h/r),

by putting e=h/r in (2.27) we obtain (1.20) and hence (1.16).

Now assume (1.16). Then of course we have (1.17), (1.18) and (1.19) along
some subsequence {n’}. Take r,=r,())=min{r: r positive integer, rA>2} and
write (1.17), (1.18) and (1.19) in the form of (2.27) with r=r, and h=r,e. By
Lemma 4 the latter implies (2.25) and (2.26) with r=r,. By Lemma 2, used for the

subsequence {r,n’} and A=r,A>2 we can find an {n"} = {n’} such that (2.6), (2.7)
and (2.8) are satisfied along {r,n”} for A=r,1 and some a>0. Further we
substitute t=s r, and get (1.11), (1.12) and (1.133 with n’ replaced by n”. Then, as
shown in the sufficiency proof of Theorem 1, (,, ¥,, a)eD, (Poisson (4)). -

Proof of the Corollary. Suppose (1.1). Following the necessity proof of
Theorem 1, one can see, that if r=r, (1) then for every {n"} = {n’} there exists an
{n""} = {n"} such that we have (2.6), (2.7) and (2.8) along {rn"’} with A=r4 and, as

n”’ — o0,
az(rnlll)

AnIH 5,
where 0<é<oo. This is nothing but
(2.28) 5,525,

where 0<d8,=98,(r)<8,=35,(r)<co. If A>1, then r,(4)=1 and we get the first
statement of the Corollary by putting r=1 in (2.28). Let A<1 and r>max(r,(4),

1
m) Then

<53y 2D

ad(n) b*(m';1)  b*(n';1) ad(rm)
rb%(n’; 1/r)

A2 AL b¥(rn';1) Al
83 b)) b’ 1/r)
T r bXn';A—1/r) b3(n'; 1)r)

—0, as n'— o0,

since, using first Lemma 1 along {rn"’} and with A=rA and then Lemma 3 along
{rn’} and with A=rA and e=1 and noting that r>A+e¢

b3 (n’”’; 1) b*(n'”; A—1/r)
207, _ -V, 2(" .
b3(n”";A—1/r) b*(n'"; 1/r)

and since {n"} was arbitrary. a

—1, as n'""—>o00,
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3. A Construction

Denote )
tj=t_,-(c)=c2_2’, j=0, 1, 2,...,
where ¢ is a number, 0<c=<1, anq
2271

by=b;(c)=(t;-—t)~" IR

j=12,...

Introduce the function
—bk’ tk§s<tk—ls k=1, 2,...,

W0

and the corresponding infinitely divisible random variable

to )

VO, ¢, 0)= | N(s)dy(s)= Z N(t,)(bi+1—by),
0 =

k=0

where b,=0.
Fix A>0. We will illustrate the results of Theorem 1 and of the Corollary by

choosing X=V(0, ¢, 0), {n'}={n}<,, where

A
3.1 n,,=l1£]=min{l:l integer, lgt—}, k=0, 1, 2,...,
k

k
and A,,k=bk+l, k=0, 1, 2,..., and discuss a bit the situation when n, above is
replaced by m,, where

3.2) mk=[tiJ=max {I:1 integer, I§;1}, k=0, 1, 2,...
k

k

Let n, be defined by (3.1). Then by elementary considerations we obtain that
for ail k large enough,

s ;
L1 <—<t, if s<4,
n,

n, Gl &

3.3)
t,=—<t if —)'— —i
T, ko Gl %

s ) .
L <—<tp—y, if s>A
n

These together with the asymptotic equality
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(34) b2 ~(1/c?)2%*
imply that if s#A4,
S
(3.5) N ¥:(5) {—1’ os<h
. e d S)=
| 4, 0, if s24,

as k—oo. Further we want to know the behavior of the ratios a,(n,; h)/a,(rny)
and ay(nJ)/A,, . For this we first analyse the function

‘o
ai(n; h)=n, ,‘. Y3(s)ds.

h/ny

Relations (3.3) show that when h<Ai or h=4 but [i—l >t£, then

k k
k h
an;h)=n{ X (tj-y—t)b]+(t,— —bZ+1 )
j=1 e
By simple calculations this implies that when k—oo,
(3.6) af(n,,;h)~c—lz(1 —2)22"“, if h<a,

and

k
af(n,‘;,l)~‘—?2-22k{ T 272"
i=1

ot () o« 2

Again by (3.3) when h>4, or h=4 but l-i_l=ti we obtain

k k

3.7

k-1 h
i ai(n;h)=n{Z (tj—l—tj)b}+(tk—l_n—)bk2}’
j=1 k

and this implies that when k— oo,

(3.8) a%(n,;h)~£5z="22"", if h>4,

and
k -1
(69  altni~2* = 221“[1—2-21"] i [i]=i.

j=1
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1
Now the relation a3(n,)=aj(n,; 1)+ wz(;l—) and also (3.6)-(3.9)' show that we have
k

to distinguish four cases.

Case 1: ).>.1. By (3.3), dlz(;;—)=bf+ ;. and then by (3.6) and (3.4) used with
k

h=1 we get

}b k+1 A:
200 Vo 2kt
(3.10) a3(n,) c22 -

From the above and using consecutively (3.8) and (3.4) we obtain that
when k— o0,

la%(n,‘), k—oo.

2
ai(n,;h)
—0, for every h> 24,
a¥(n,) d
and "
as(n,)
yE —A.
L

These relations together with (3.5) illustrate Theorem 1 and the first case of the
Corollary

Case 2: A<]. Since for every r=r,(4) we have 1/r<A and since
1/r
airm)=r ad(n; 1) =r{alln U9 +02C0D),
k
by using (3.6) with h=1/r and (3.3) with s=1/r we obtain

A _
a%(fﬂd"%”“ ', koo

Then (3.8) implies that when k— o0,
ai(ny; h)
ai(rny)

Furthermore, in this case by (3.3), n/lz(nl)=bf and then by (3.8) and (3.4),
k

(3.11)

—0, for every h>A.

A -
(3.12) a%(n,)~a§(nk)~?22h22k ' k—oo,

which implies, of course, that
a3(n,)
2
A"u
This, (3.5) and (3.11) together illustrate Theorem 1 and the second case of the
Corollary. ‘

-0, k—oo.




318 Sandor Csorgd, Rossitza Dodunekova

Case 3: A=1 and we choose O<c<l1 so that 1/c is not an
integer. By (3.6) and (3.3) used with h=1/r<1 and s=1/r correspondingly,
where r=r,(1)=2, we get

2r—
ay(rm) ~ = Lt o,

This and (3.8) imply that when k— o0
ai(n,; h)

a%("k)

(3.13) —0, for every h>1.

Furthermore, by (3.3), wz(nl)=bf+l,and since by (3.7) and (3.4),
k

a%("k)
bi+1

(3.149) —0, k—oo,

then in this case
(3.15) a3(n)~bi, =A%, k—oo.

It is seen now by (3.13) and (3.15) that we are in the situation of Case 1. (The
present case also illustrates part (iii) of Theorem 12 in [1])

Case 4: A=1 and c=1. Relations (3.6) and (3.3), used with h=1/r<1 and
s=1/r, give

aA(rn)~(r—122*"", k—co.
and then this and (3.8) imply (3.13). By (3.3), ¥*(1/n,)=>b{, and by (3.4) and (3.9),
used with A=1, we get
'pz(l/nk)
—_—

an) O o

which means that
(3.16) a3(n)~ai(n), k—co.
Using again (3.9) and (3.4), we obtain

a3(n,)
A,fk
The latter and (3.16) show that we are in the situation of Case 2.

It is perhaps interesting to remark the following. As we see, the role of the
“natural” normalizing constant for our problem is taken by a,(n), while in the
general case, that is, when the limit in (1.1) is an arbitrary (infinitely divisible)
random variable this role may be taken either by a,(n) or by a,(n), as Theorem 12
of [1] shows. Relations (3.10), (3.12) and (3.16) show, that in cases 1, 2, and 4 of the
above construction the ratio a,(n,)/a,(n,) is bounded away from zero and infinity,
as k— oo, while in Case 3, a,(n)/ay(n,)—0 and ay(n)~ A4, , k—» o0, as (3.14) and

—0, k—oo.
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(3.15) show. The situation changes if we replace n, by m, of (3.2). This second
construction illustrates the same results in the same way, but in all four cases, that
is, for every A>0, the ratio a,(m,)/a,(m,) is bounded away from zero and infinity. .
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