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In this paper we analyse the convergence behaviour of the preconditioned conjugate dient
method applied to a finite element system of equations where spline elements are used, and where the
rrecondinoner is derived by incomplete factorization of the stiffness-matrix obtained from piecewise
inear basis functions. As the spline stiffness matrix can be proved to be spectrally equivalent to the
linear elements one, such an iterative method will have the same asymptotic convergence speed as the
iterative solution of the linear elements system using the same preconditioner. We present
experimental results indicating that a very favourable proportionality constant is involved, and we
give a Fourier analysis of the preconditioned system.

1. Introduction

Let us consider the numerical solution of an elliptic partial differential
equation

.1 &L =—V-(kVu)+ qu=f, (x,y)eQ
) u=0, (x,y)eI'=0Q

where k=ky,>0, ¢=0, k and qeC(Q), and Q=[a,b]x[c,d] is a rectangular
domain.

We are interested in the efficient iterative solution of the linear algebraic
systems that arise from application of the finite element method to the problem
(1.1). In particular, we pay attention to methods that are suitable for vector and
parallel computers. Many papers in recent times have considered the problem of
obtaining such methods: several powerful theoretical results are obtained about
variants of the domain decomposition method ([BW], [MK]), in the field of
incomplete factorization methods ([AE], [AP], [EV]), and for a number of other
similar methods ([AV]). These results are supported by promising numerical tests.
Most of these methods are well studied when linear or bilinear elements are used,
and often they are based on special properties of the matrices involved (for
example M-matrix properties).

From another angle, the quadratic splines from C!(Q) are very suitable for
approximating the solution of (1.1). Their main advantage is the high order of
accuracy, combined with the relatively small number of unknowns involved. We
recall the fact that quadratic splines from C!(Q) do not belong to the class of
nodal finite element basis functions. Nevertheless, we can apply standard finite
element techniques using the local basis of B-splines.
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It seems an attractive idea to apply the iterative methods mentioned above in
the context of quadratic splines for solving (1.1). In this paper, we show how to
realise this idea using spectral equivalence of the stiffness matrices of quadratic
splines and (bi-)linear elements.

Remark 1.1. The use of spectral equivalence in the case of Lagrangian
nodal finite elements was proposed in [AB].

Remark 1.2. The results presented in this paper have additional meaning in
connection with the application of spline macro elements when Q is a rectangular
polygon or a more complicated domain [M].

2. Quadratic splines from C!(Q) and their
application in FEM

Let A,={xo=a<x,<...<x,=b} be a mesh on the interval [a,b). We
denote by S,(A,) the space of quadratic splines, where
S,(A,)={s(x):s(x)€ Py[x;, X;4+4], i=0,..., n—1; s(x)e C'[a, b]}.

The dimension of S,(A,) is n+2.
We will denote by B, , the quadratic B-splines, where

k+3
(2.1 Byx(x)=3 I (x,—x)5/wpa(x,)
r=k+1
where
( ), = x,—x whenx=x,
% =X)+=0 when x> x,
and

@y, 2(X) = (X — X HX — Xp+ 1 (X — Xp 42X — Xk +3)

Now let A,>A, be an extension of the mesh A, into the form A, ={x -2
<X_1<Xo=a<X; < <X,=b<X,4+1<Xn4+2}. Under the above assumptions it
is known that {B,(x):k=—2,...,n—1} is a basis for S,(A,).

We let $,(A,) = {s(x)e 5,(A,): s(a)=s(b) =0} and let {o(x):i=1,...,n} be the local
basis for S(A,) defined by the formulas
ay(x)=B_(x)—B_1(x)
2.2) a{x) = B;_(x) i=2,...,n—1
a,,(x) = Bn - 2(x) —B,- l(x)

In a similar manner we define the mesh A, in the interval [c,d], its extenision
A, oA, and the space of B-splines S,(A,,), equipped with a local basis denoted by
{B»:j=1,...,m}. . .

We now apply the FEM to, the solution of problem (1.1) with the element
space S, = S,(A, X A,)=S,(A,) x S,(A,). Let us denote the numerical solution of
(1.1) by u*(x,y)€S,. It follows that u" can be written in the form

23) W)= T T EaBL).

i=1 j=1
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B2 k(x)

Xk XK+ XKae2 XKe3

Fig. 2.1. A quadratic B-spline determined by notes x,, X,.;, Xx+2, Xx+3

The vector of unknowns ¢ is the solution of the systém
(2.4) KE=F,

where K is the stiffness matrix of the problem.
We emphasize the following error estimate:

(2.5 o =l Sch?ull,
where u(x, y) is the exact solution of (1.1) and | - ||, stands for the usual Sobolev
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norm. The corresponding esimate using linear or bilinear finite elements would be
O(h). This means that we can obtain a more accurate solution using splines from
C!(Q), while at the same time needing practically the same number of unknowns.
An approximation based on piecewise quadratic finite elements, which is also of
order h2, would have either a double mesh width, or, when using the same h, four
times as many points.

We concentrate on methods for the solution of the system (2.4). The matrix
K is symmetric positive definite, and has a pentadiagonal block structure,

(2.6) K = pentadiag (A;,- 2, Aii- 15 Aiis Aii+ 15 Aii+2),

where A, ,j=i—2,...,i+2 are pentadiagonal submatrices of order m. It follows
that K is a band matrix, but note that the band is relatively wide and contains
a great many zeros. Taking this into account, direct methods for the solution of
(2.4) should be avoided. In the next section we propose an approach to the
iterative solution of (2.4) using the preconditioned conjugate gradient method.

3. Spectral equivalence of stiffness matrices

In this section we will prove the spectral equivalence of finite element
matrices based on splines and based on linear or bilinear elements. From this we
conclude that preconditioners for the latter type of matrices can also be used for
the former type, and we derive an upper bound for the ratio of the numbers of
iterations for both kinds of coefficient matrices when using a conjugate gradient
method preconditioned by an incomplete factorization on the linear elements
matrix.

For simplicity of presentation we consider from now on the Poisson model
problem, i.e.

— U —u,,=f, (x,y)eQ=(0,1)x(0,1)

u=0, (x,y)eI’'=0Q
Moreover, let A=A,xA,, where A, is a uniform mesh in [0,1], i.e.,
A,={x;=ih:i=0,...,n; h=1/n}. We also assume that A, is a uniform extension of

A,. It follows that in this case we can write the matrix K as a sum of tensor
products. To this purpose we need the matrices

3.1)

C= {_l[a,(x)a,(x)dx ti,j=1,...,n}
(3.2) H
B={faix)afx)dx:i,j=1,...,n} .

o
The system of linear algebraic equations corresponding to (3.1) is then

3.3) K¢=F, K=C®B+B®C,
where the sign ® stands for the tensor product of matrices defined by the relation

P11Q-...P1aQ
p ®Q=( : : )
ple-'-qu
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Note that the matrices C and B are symmetric positive definite and
pentadiagonal. .

We denote by K the stiffness matrix corresponding to (3.1) when bilinear
finite elements based on A,41.+1=An+3 XA,s, are used. The uniform mesh

A, 4+, is defined as above
Ayiy={x;=ih:i=0,...,n+1; h=1/(n+1)}.
The basic result in this section is the following theorem.
Theorem 3.1. There exist positive constants 0<d,<d, such that
(3.9 d,x'Kx<x'Kx=d,x'Kx
for every vector xe R">. Moreover, d =d,/d, is independent of h.
Proof. We will use an auxiliary mesh A, ,, defined by
A,..=A,xA,
A,={x,=0, x,=3h/2, x,=x,+h, i=2,...,n—1, x,=1; h=1/(n+1)}.

Let us denote by I the set of the indices of the finite elements e; corresponding to
the mesh A, ,, and let the set I be split up in the following way:

I=1,01,0l,, ¥, I;nl;=0

I,={i:e,nT =0}
I,={i:e;nI is exactly one of the sides of e;}.

We denote by k; the element stiffness matrices corresponding to the elements of
A,.. and to the basis {a;8;:i,j=1,...,n}. It is easy to see that, if we use a suitable
local ordering of unknowns, all element stiffness matrices corresponding to
elements from the same subset I; are identical. The dimensions of these matrices
are respectively

dim (k,)=9 x 9
dim (k,)=6x 6
dim (k;)=4 x 4.

Let now k; be the element stiffness matrices corresponding to the elements of
A,. and to the bilinear basis defined on A, .+;:. We assume that the same
splitting of I and the same local ordering of the unknowns are used as above.
Then dim(k;)=dim(k)) for i=1,2,3 and the following equalities hold

3
x'Kx= X I xtk;x;
Jj=1 ie Il
3.5) X
x'Kx= X I xtkx;,
Jj=1 ie lj 3
where x; are the corresponding subvectors of x. It suffices to prove that k; and k;
are spectrally equivalent, as (3.4) then follows immediately from 3.5).
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2 10 -2 10 —13 -7 -2 -1 -1
10 60 10 —13 —14 —13 -7 —26 —1T
—2 10 12 =7.:=13 10 -1 =7 =2
10 —13 -7 60 —14 —26 10 =13 —7
k,=y, —13 —14 —13 —14 108 —14 —13 —14 —13
—7 —13 10 -2 —14 60 -7 —13 10
2 -7 -1 10 =13 -7 12 10 =2
—7 -2 -7 —13 —14 =13 10.. 60 ‘10.
1 -7 -2 -7 -13 10 -2 10 12
2 1 0 1 -4
1 216 .1 =d =0 i
0 .1 2 .0 =4 %1
1 -4 0 16 —10 0 1 —4
K=y, —4 —10 —4 —10 56 —10 —4 —10 —4
-4 1 0 —10 16 0 -4 1
1 -4 o0 2 1 0
-4 —10 -4 1 16 1
-4 1 0 1 2
204 36 36 0 54 =3 3 —4
_, 3652 012 Fo, —3 12 -4 1
3=V 36 0 52 12 7 T 3 _4 12 1
0 12 12 12 —4 1 1 2

As we would like to obtain explicit values for the spectral equivalence bounds
d, and d, we consider the stiffness element matrices k; and k; in their respective
representations. By way of illustration we show ky,ky, ky, and ky, with
y,=1/(360h*), v2=1/48. _ >

The matrices k, and k, are symmetric and positive semi-definite. Moreover

kie=ke=0 e'=(1,...,1)

3.6 x'kyx>0 °
(3.6) x>0 Vx#eeR®.

Because of the boundary conditions, the matrices k,, k,, k; and k, are symmetric
and positive definite.
Let us now consider the generalized eigenvalue problems

3.7 vakx=Ay,kx, j=1,2,3.
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The eigenvalues A{¥ are independent of h. They are real and can be ordered as
follows

j= 1=,0<A(12)§ §1(19)
’ j=2=0<i< - 2P
j=3=0<)~9)§ §AS4)~
Note that, as the unit vector is mapped onto zero by both k, and k,, the
eigenvalue A{" can be chosen arbitrarily. We denote the minimal and maximal
eigenvalues by A_,, =min ({2, A, A{") and A,,,=max (1, 1%, A§) respectively.
It follows from (3.5), (3.6) and (3.7) that

3
}'min ’le‘K-x= z z ()“min ‘)"lxil ij!)

i=1 el
3.8
(3.8) s
S I Z(yyxikx)=7y,x'Kx
and j=1 ier;
3
AV X Kx= X X (A ..7,xkx
max / 1 max /1 J
(3 9) Jj=1 islj

3
= X I (ypxikx)=y,x'Kx.
j=t el

Thus we obtain
;‘min ('Y I/YZ)X'KX é x'Kx é A’mlx(‘y I/YZ)X'KX

i.e., we have (3.4) with d=(4,./Amin)» Which is independent of the mesh
parameter h.

AP =0,4724 A =8.2093
AN =08140 AP =12.05

AW=1272 1P =11.84
Table 3.1

The extreme eigenvalues of the generalised eigenproblems (3.7) are given in
Table 3.1. We conclude that d=~25.508.
We can take another step in finding spectrally equivalent matrices. Let us denote
by K the stiffness matrix corresponding to a linear approximation on the mesh

An +1,n+1-

Theorem 3.2. The inequalities

(3.10) x*Kx §x‘Kx§3x'12x
hold for every vector xe R

Proof. The proof is straightforward, and can be performed using the
techniques found in [AB]. @
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In conclusion of this section we will comment briefly on the above results. There
exist several preconditioners for the solution of the linear systems arising from the
approximate solution of (3.1) by linear or bilinear finite elements. Let C be such
a preconditioner, and let 7i(e) and 7i(e) be the respective numbers of iterations
needed for the solution of these linear systems by a thus preconditioned conjugate
gradient method to some relative accuracy e. It follows from theorems 3.1 and 3.2
that, if we use the same preconditioner for the solution of the system (3.3), the
number of iterations n(e¢) needed can be estimated by

n(e) < S5.1n(e)

n(e) < 8.8ii(e).
The results in the next section show that the constants involved are more
favourable than this. We conclude that we can use all preconditioners for linear

and bilinear element (the properties of which are well studied) for the efficient
solution of the spline system (3.3).

Remark 3.3. The results given in this section can be generalized to
non-equally spaced domain. In that case one must use the so-called normalized
B-splines, defined by the formula

(3.11) N, () =(1/3h)xx+3—x)B2x(x); h=1/(n+1),

then the first relation of (3.6) holds and the proof follows along the same lines.

4. The spectrum of the preconditioned system

We have used a number of preconditioners to solve systems with spline finite
element matrices. In this section we will define the preconditioners (this is largely
the presentation in [AE]), and give a model Fourier analysis of the spectrum of the
resulting preconditioned system.

All preconditioners used were incomplete block factorizations; they can be
described as follows. Let

A_X B\ (X 0 I X B
“\B E/) \B E-BXx'B/J\0 I

be a typical step in a block factorization, where X is the current block pivot, then
the incomplete factorization can be written as

% =1 0 I ZB'
"\ B E-BYB)\O I )

where Y and Z are two approximations to X !. As the efficiency of the
preconditioner mainly depends on the choice for Z, we only varied this; we have
chosen Y=[X ']V, i.e., the inner tridiagonal part of X', throughout. The
preconditioners now correspond to various choices for Z:

— C, is the recursive preconditioner obtained by letting Z=X"!. This is
realized by storing a factorization of X. Note that solution of systems with
C involves solving systems with X, which is not a vectorizable operation.
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— C, is an explicit (whence vectorizable) preconditioner, obtained by letting
Z=Y; as is shown in [AP] this preconditioner is positive definite for the Poisson
problem, but not necessarily so in general, so if we were to use it for other than
Poisson problems it may lead to a divergent method. Two ways of mending this
(while ‘retaining easy vectorizability) are given in the last two preconditioners:

— C, is a so-called ‘product-expansion’ preconditioner; if X is factored
X=(U—-L)D"YI—L", we let Z=(I+L)D(I + L). This is the smallest instance of
the general product expansion approximation (see [AE])

2P-1 P x
(I-L) '~ T L= II(I+L*).
k=0 k=0

It is easy to see that this preconditioning matrix is positive definite.

— C,n, finally, is the ‘modified’ recursive factorization, i.e., it is a recursive
factorization like C,, but modified by adding a positive diagonal to Y, in order to
satisfy a generalized rowsum criterion Cv= Av, where v is a positive vector (in the
numerical tests we have taken v'=(1,...,1)). It is readily proved that this
preconditioner is positive definite (see [AP], [AE]). For modified point
factorizations as asymptotically faster rate of convergence can be proved (see
[AB]), and for block factorizations this seems to be true under certain conditions
too, see [B] and for model type problems [AE]. The tests presented in the next
section indicate that, at least for the Poisson problem, an order reduction occurs.

We will now analyse the spectrum of the peconditioned spline system with
a C, preconditioner (from now on denoted just C) for the Laplace problem. In this
analysis we consider the eigenvalue spectrum of C 'K as the product of
C~!(—A,) and (—A4)™ 'K, where we use the limit form of the peconditioner, i.e.,
we consider the preconditioner to be built solely from the limit blocks appearing
in the factorization of a constant-coefficient matrix. Also we neglect the boundary
of the domain in the construction of the spline matrix.

Symmetric ‘block Toeplitz matrices with Toeplitz blocks, for instance
deriving from constant coefficient problems, all have eigenvectors

Unm(X, y)=sinnnx sinmmy.

As A, the spline matrix, and the limit form of the preconditioner all of this type,
we have, denoting

A,=4sin? nnh/2
B.=4A,+21,,
a,=120—264,—A,,
the following eigenvalues corresponding to the eigenvectors u,,:
for —As:0,m=4,+14,,
for the spline system: 6,,= 8,0, + Bm,
for the preconditioner C=C,:ypm=¢&,+ & 1 +4,,—2,

Cn=d(ﬂlu+(l —ﬂ)z)

where
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is an eigenvalue of the limit pivot block; the quantities d and u (the limit pivot and
decay rate of the pivot block) can be determined numerically for any given
(constant coefficient) differential equation.

We need a measure of the ‘smoothness’ of the eigenvectors; for this we use
a scaled L,-norm of the gradient of the vector. Thus eigenvector u,, has
smoothness n2+m?.

After these preparations we can analyse the spectra of C™1(—A,), (—Ag) 'K,
and C~ K. In particular we will be interested in how smooth and fast oscillating
eigenvectors are treated. The easiest way to investigate this is graphically*. Thus
we will plot (for n,m=1,...,h~ ! —1) eigenvalues against n and m, and we will plot
the smoothness n?+m? against the eigenvalues.

We start by plotting the eigenvalues 5,6, of (—As)™ 'K for h=1/40 in
figure 4.1. It is seen that such a preconditioned system has fairly uniform
eigenvalues for fast to medium fast oscillating eigenvectors, but that it has large-
eigenvalues for the smoothest eigenvectors. This behaviour is born out by figure
4.2 where we plot the smoothness against the eigenvalue. Note that we know the
large eigenvalues to be bounded uniformly in h from the spectral equivalence
shown above.

Consider next the system C~!(—Aj). It is known that the eigenvalues satisfy

'Yn_ml 5'1»! € (81 ’ 1 + 62)9

where ¢, is a small number, and &, = O(h?), with a clustering of eigenvalues around
1, see [AL]; from figure 4.3 we see that the eigenvalues tending to zero correspond
to the smooth eigenvectors.

Now combining these two preconditioned systems, we find essentially the
same behaviour as for the preconditioned spline system for any but the smooth
eigenvectors. For these we see the product of big, but bounded, eigenvalues from
(—As)" 'K, and eigenvalues tending to zero from C~'(—A,). The resulting plot is
figure 4.4. If we now plot the smoothness against the eigenvalue (in figure 4.5 for
h=1/40 and in figure 4.6 for h=1/80), we obtain the same shape as in figure 4.2,
but the smooth eigenvectors do not have increasing eigenvalues this time. Instead
they can be seen to ‘travel to the left’ through the spectrum for subsequently
smaller meshsizes.

The resulting behaviour of these multiplied preconditioned systems, then, is
that of a spectrum that stays essentially bounded for all mesh sizes up till a certain
limit; for smaller values of h the smoothest eigenvectors will make the lower
bound on the spectrum decrease. From well-known bounds for the convergence of
preconditioned conjugate gradient methods (see [AB]) we now expect for these
preconditioned spline systems a number of iterations that increases slowly for
meshsizes coarse enough, until the eigenvalues corresponding to smooth
eigenvectors start protruding at the left end of the spectrum (for the Poisson
equation this can be calculated to happen at h™'=58). For finer mesh sizes the
number of iterations will increase in the same way as for linear element systems.

* Note that we have full knowledge of eigensystems, so any qualitative result can be backed up
computationally. However, such calculations are tedious, and probably less insightful than graphs.
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Fig. 4.3. 4,,.(C; ' A) eigenvalue plot, 40 points per line
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Fig. 44. 4,,(C, ' K) cigenvalue plot, 40 points per line
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Finally we note that for C, and other vectorizable preconditioners the
clustering of eigenvalues of C~!'(—A;) is less pronounced, so we gxpect any
levelling effects in the numbers of iterations to be less strong.

5. Numerical tests

We have performed some numerical tests using the above approach of
employing a preconditioner for a linear element system on the regular mesh
A,+1..+1 (see above) in order to solve the quadratic splines equations. This was
done by using the conjugate gradient method with a coefficient matrix arising
from discretization of (3.1) by spline elements and various preconditioners based
on linear finite elements. The method used as initial vector C ™ 'rhs and as halting
criterion g°C ™ 'g <10~ '%rhs|2, where C is the preconditioning matrix, and g is the
residual.

At first we tested the actual spectral equivalence of the spline system and the
matrix arising from linear finite elements. This was done by preconditioning the
CG by the full factorization of the A, linear elements matrix. Table 4.1 shows that
for mesh sizes of 1/20 or less the number of iterations remains essentially constant.

Table 4.1
Numbers of iterations for a CG method
on (3.1) preconditioned with Ag

h-1|5 10 20 40 56 80
#it |6 15 28 30 31 30

Next we used some preconditioners based on the linear finite elements matrix
to precondition the solution of the spline equations. For purposes of comparison
we furthermore included the numbers of iterations needed to solve the linear
element system using C,.

Table 4.2
h™! 5 10 20 40 56 80 113 160
C, 15 21 30 31 31 35 41 52
C, 14 26 34 36 42 46 S5 75
C 19 28 33 37 40 49 59 80

x

Crm 15 24 36 43 48 55 64 75
C,onAgl 2 4 7 12 16 22 27 35

r

Looking at the numbers of iterations for the splines system, first of all we see
a leveling off (most noticeable for the C, preconditioner) for mesh sizes in
the order of h=1/20, 1/40, 1/56. This was predicted on the basis of the spectrum
of the peconditioned system in the previous section.

For finer meshes the number of iterations increases proportional to that of
the preconditioned solution of A, systems. It is important to note that the
proportionality constant involved is rather lower than what would have been
expected from the theoretical estimates in the previous section. In fact, we see that
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the iterative solution of the linear system arising from a quadratic splines
approximation takes about twice the number of iterations it takes to solve a linear
finite elements system, which is much less than what would have been obtained if
we would have preconditioned by an iterative solution of (— A,) itself. Taking into
account the higher accuracy of the splines approximation this makes it a very
attractive scheme for the solution of elliptic equations.
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