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This paper considers a controlled system with a measurable set of controls. and
sufficient conditions are given for the existence of measurable controls which guarantee the viability of
the solutions of the differential system with respect to a given multi-function. Different aspects of the
viability problem have been discussed by many authors (seec for example [3]—[10].

In the closed domain D = R x R*, where R is the line and R" is the Euclidean
space we shall consider the differential equation

) x=f(t, x, u), x(ts)=x,,

where xe R", feR", (t, x)e D, ue R?. We suppose the function f{(t, x, u) is defined
on (t, x, uye D x P, where P is a compact set and the control set is a measurable
multifunction P(t, x) = P, i.e. ue P(t, x) on the set D. In this paper we assume that
f(¢t, x, u) is a measurable function with respect to t and it is continuous function
with respect to (x, u). Finally || f(t, x, u) || Sm(t) on (t, x) e D and ue P, where m(t) is
an integrable function.

For any measurable function wu(t, x)€ P(t, x) the solutions of the differential
equation (see [1], [2])

(2) ‘ x.=f(t’ X, "t! x))s x(t.)=x.,

are all absolutely continuous functions x(t) which for a.a. t satisfy the differential
inclusion

3) xecof(t, x, U, x)), x(te)=xs,
where co A is the convex hull of the set A and
(C)] U(t, x)={ueP|u=esslimu(t, y)}.

It means that for any set N — R* with Lebesque’s measure equal to zero there
exists a sequence y,e D\N, i=1, 2,... with

lim y,=x for which u= .lim u(t, )

k-

where D, is an intersection of the set D and the hyperplane t=const. Also we shall
use the symbol “ess min” in above sense.
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The multi-function U(t, x) is not only upper semi-continuous with respect to
x when ¢ is fixed, but it is'measurable with respect to ¢ and to (t, x) as well as the
superposition U(t, x(t)) is a measurable function for any continuous function x(t),
x(t)e D, (see [2]).

Definition 1. The graph GrW={(t, x)€ R x R"| x € W(t)} of the multi-function
W(t) on the interval [t,, T] is called stable if for any ts€[ty, T], >0, te+esT,
x+€ W(te) there exists such a measurable control u(t, x)eP(t, x) so that
all the solutions of the differential equation (2) satisfy the next inclusion
x(ts +2)€ W(ts +¢).

We say that the function f(t, x, u) satisfies the Lipschitz condition with
respect to a variable x if there exists an integrable function L(t) for which the
following inequality

/e, x, w—f y, ISLEOlIx—yl

holds. Here (t, x)eD, (t, y)e D, ue P and || .| is the norm in the Euclidean space
R". We also require that W(t) be an upper semi-continuous multi-function
throughout this paper.

Theorem 1. Let there exist a neighbourhood G of the graph GrW,
GrW < G < D which satisfies the following conditions:
1. For any (t, x)eG the set

Pr,x= Argmin |x—y|,
ye W() #

consists of only one point.
2. For any (t, x)eG and ye W(t) the next inequality

essmin(x—y, f(t, y, )
ue P(t, x)

= ﬁs’t{‘ﬁg(x—y, J@ y, W)+i@lIx—yl,
is fulfilled, where I(t) is an integrable function.
Let f(t, x, u) satisfy the Lipschitz condition with respect to x with an integrable
function L(t). Then there exists a viable control u(t, x) € P(t, x) if and only if GrW is
stable.

Proof. It is trivial to prove the necessity because the viability of the control
u(t, x) is a stronger condition than the stability of the graph Grw.

It is easy to see that the stability of GrW leads to the conclusion that the
multi-function W (¢) is right side continuous. The condition 1 of the theorem leads
to the conclusion that the function Pr, x(t), where x(t)€ G, is continuous, is right
side continuous.

Let x(t) satisfy the differential equation (3) with the following control function

(5) u(t, x)= Argesslexmin(x—Pr,x, f(t, Pr,x, u)).

ue P(t, x)

Here the symbol “ess” is used in the above mentioned sense. We shall consider the



On Viable Solutions of Feedback Controlled System 179

increment of the function ||x(t)— Pr,x(7)||? on the interval [t, s]. Let ®(7), tSt<s
be any solution of the differential inclusion (3) which satisfies the following two
conditions y(t) € Pr, x(t) and y(s)e W (s). The existence of y(t) with these properties
is guaranteed from the stability of the graph GrW. Now we have

A=x(s)— Pr,x(s)|* = llx(t)— Pr, x(t) |*
S Ixs) =) 12 = lIx()) — mD) 1

= 2] ()= y(0), (r)— H(2)) dr S2 [ (x(x) — W(x), ¥(x)dr

=2 essinf (x(r)—¥2), f(z, Y(2), w)dr.
¢ ue P(z, y(1)
According to the paper [2], for a.a. t€[t, s], we have
n+1

X'(‘L')= ‘?l a; (T)f (ta X(T), ui(t)),

nt+1
where a;(t) and u,(r) are measurable functions, X g,(7)=1, a,(t)=0,

u;(tv)elU(z, x(7)), i=1, 2,..., (n+1). So we have =
n+1

ASZI x(®) =M1, T a;()f(z, x(1), u;(7r))dr
i=1
n+1
—2j essinf (x()— 1), Z a,())f(zr, Y1), w)de
t we P(z, y(v))
n+1

=2 I L) lIx(x) =yl df+2]' (x(7)— M), 12 a,(1)f(z, Wr), u;(7)))dr
—2] essinf (x(7)—¥(7), .Eil a,(1)f(z, (1), u)dr.

¢ we P(z, y(1))
Note that

[ (D)= y0), @S, W), D) de
< [ (ee)— Pr, x(z)+ Pr. x(t)— /1), a,()f(z, He), w(@))dr
< [ (x(t) = Pr,x(x), a()f(z, Pr.x(x), uo)de

+ [ Ix(t)— Pr, x(0)ll a;(x) () | W) — Pr, x(x) | de
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+ I | Pr, x(x)— ®(z) | a,(z) m(z) dz

<§ essmin ((0)—Pr,x(0), a0z, Pr,x(0), W)dr+ols—1

ue P(z, x(z))

< f essmin (x(t)— ), a)f@ o), W)de+ols—1).

t ue P(z, x(z))
According to the condition 2 of the theorem, we obtain

AS2 essmin (x(0)—)(@), f5, W2), W)de+o(s—1)

t ue P(z, x(z))

—~2] essmin ((9)— 30}, f(5, (o), w)de

t ue P(z, y(v)

+2[ L(3) ()= ¥0) | 2 de
<2 [ (L) + 1) Ix(x) = Wo) 2 de + ofs —1)

=2[(L@+I@) Ix()— Pr.x(z) | dr + o{s—1).
t .

Suppose that for 4> &> 0 the interval [t, s] can be partitioned on numbers of
intervals. An analogous estimate as above can be written for every partitioning '
~ interval. Let the partitioning points be r;, i=0, 1,..., k, r,=t, r,=s and r be the
' length of any partitioning interval. Summarizing all inequalities, we obtain
lIx(s)— Pr, x(s) I <2 f (L(z) +1(z)) || x(r) — Pr, x(z) | dz

1 4

+1x(8)— Pr,x(t) | > + OG).
According to Gronwall’s inequality (see [6]) we have

lIx(s)— Pr,x(s) lI* < (Il x(t) — Pr,x(t) ||> + O(r))
x (14 [ 2AL(x)+ Ix)) exp ( 2AL(0)+ (o)) do)d1).
If ¢ is the first mom‘ent when the traj;ctory leaves W(z) then we can write
lIx(s)— Pr, x(s)| = O(rX1 + ; (L) +I(x) exp( ,:f(L (0)+1(0)) do) dg).

According to the integrability of the functions L(t) and I(t) the inequalities
Ix(s)—Prx(s)||>=&>0 contradict the above mentioned inequality for all
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sufficiently small r. So, every solution x(t) of the differential equation (2) with the
control u(t, x) from (5) can not leave W(t). The proof is completed.

Some viability criteria for the constant sets are formulated using the
contingent cone. In the case when the multi-function W(t) can be represented as
an intersection of the hyperplane t=const and the solutions of some differential
inclusion we shall formulate a sufficient condition for the existence of a viable
control. We denote the interior of the domain D with int D.

Theorem 2. Let W(t) be the intersection of all solutions of the differential
inclusion

(6) xe Y(ts x)s x(to) =Xos

and the hyperplane t =const. Let the multi-function Y (t, x) with compact and convex
values be measurable with respect to (t, x) and upper semi-continuous with respect to
x on intD. If

Q) St x, Pit, x))nY(t, x)#0
then there exist a viable measurable control u(t, x)e P(t, x).

Proof. Let u(t, x)e P(t, x) be any measurable selection of (7). Filippov’s
lemma (see [2]) guarantees the existence of such measurable selection. Since the
multi-function Y (¢, x) with convex values is upper semi-continuous we have

cof(t, x, U(t, x)) = Y(t, x).

So, we obtain that every solution x(t) of the differential inclusion (3) satisfies
x(t)e W(t). The proof is completed.
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