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Let M be a conformally flat parakahlerian manifold. It is proved that M is locally flat if
dim M =6, and M is locally symmetric and its scalar curvature vanishes identically if dim M =4. Next
it is shown that if dim M =4 and M is not locally flat, then it is either locally a product of two
2-dimensional parakihlerian spaces of nonzero constant opposite Gauss curvatures, or locally some
special non-decomposable parakahlerian space appeared by Patterson.

1. Preliminaries o

Let M be a 2n-dimensional (connected) differentiable manifold of class C®.
The all objects involved on M will be also of class C*. M is said to be an almost
paracomplex manifold (P. Libermann [5]) if it is endowed with a (1,1)-tensor
field J( called the almost paracomplex structure of M) satisfying the conditions

(1.1) J?=1 (=the identity operator),

(12) for each pe M, the =+ l-eigenspaces M7, of J, are both
’ n-dimensional subspaces of the tangent space M,.

Assume that M is an almost paracomplex manifold. Define the Nijenhuis
torsion tensor N of J by putting

NX, V)=[JX, JY]-JUX, Y]-J[X, JY]+J?[X, Y]

for any X, Ye Z (M), Z (M) being the Lie algebra of vector fields on M. M is said
to be paracomplex if N =0. The almost paracomplex manifold M is paracomplex
if and only if the distributions 2* : M3 p — M*, are both completely integrable
(S. Kaneyuki and M. Kozai [2]). Suppose that g is a pseudo-Riemannian
metric on M satisfying the condition

(1.3) giUX, V)+g(X, JY)=0

for X, YeZ (M). Thus, M is an almost parahermitian manifold. Define the 2-form
Q on M by Q(X, V)=g(X, JY) for X,YeZ (M). M is said to be a parakaklerian
manifold if it is paracomplex and the 2-form Q is closed (cf. [5], [2]). In this case the
pair (J,g) is called the parakahlerian structure of M.
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It is already known (cf.[2]) that an almost parahermitian manifold M is
parakahlerian if and only if VJ =0, where V is the Levi-Civita connection on M.
Another interesting characterization of the parakahlerian manifolds gives the
following theorem.

Theorem 1. "4 pseudo-Riemannian manifold M of dimension 2n is a
parakdhlerian manifold if and only if there are two n-dimensional totally isotropic
and parallel distributions # and ¥~ on M such that # n ¥ ={0}.

Proof. If M is parakahlerian, then it is sufficient to take # =%~ and
¥ =2". The isotropy of 2~ and 2" follows from (1.3), and the parallelity from
AJ=0. Conversely, assume that on a pseudo-Riemannian manifold M,
dim M =2n, we have two n-dimensional totally isotropic and parallel distributions
# and ¥ such that # n ¥ ={0}. Then TM=# @ ¥". Let H and V be the
projections corresponding to the distributions s# and ¥, respectively. Define

=—H+ V. It is now a straighforward verification that J satisfies (1.1)-(1.3) and
moreover VJ=0. Thus, M is parakahlerian. QED.

2. Locally symmetric parakahlerian - manifolds

Recently, the global structure of parahermitian symmetric spaces (which are
necessarily parakahlerian manifolds) was investigated by S. Kaneyuki [1],
S. Kaneyuki and M. Kozai [2], [3] from the Lie group-theoretic point of
view. Especially, they gave the infinitesimal classification of such manifolds with
semi-simple automorphism groups.

On the other hand, some time ago pseudo-Riemannian 2n-dimensional
spaces (in the classical sensey admitting two non-intersecting n-dimensional totally
isotropic and parallel distributions were studied by R. Rasevski [9],
B. A. Rosenfeld [10], and independently by H. S. Ruse [11], E. M.
Patterson [6], [7]. Such spaces are of course parakahlerian spaces (cf. Th. 1).
However, these spaces were called by Patterson Kahler spaces because of the
defining condition was formally similar to Kahler’s condition in the theory of
complex manifolds (see [6], p. 117). E. M. Patterson [6], Th.4 and 5, has found
a necessary and sufficient condition for such a space to be a Riemann extension (of
order 2; cf. A. G. Walker [15]), and next he proved that such a space is locally
symmetric if and only if it is a Riemann extension with respect to the both
distributions. This enabled him to get in [7], Th. 2, canonical forms for the metrics
of all non-decomposable locally symmetric parakahlerian spaces. One of the
Patterson’s results, which we need in the sequel, can be formulated as follows
(see [7]), p.-289; correct the mistake in his formula).

Propositionl. The metric of a non-decomposable locally symmetric
4-dimensional parakdhlerian space which is not an Einstein space can be
transformed into the form

(2.1)  ds?=(x?)?dx'dx?+ {0(x3)* + x3x*} (dx?)? + 2dx'dx> + 2dx2dx*,

where 0 is a constant and (x',...,x*) are canonical coordinates. The 2-dimensional
totally isotropic and parallel distributions are given here as follows (cf.(4.3) in [6]):
H is spanned by the vector fields
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1 oxt
and ¥~ by the vector fields E,=

oo Bam = 2 (Vo — {0+ x4} 2
0 _ 0
ax3 T ax*
Remark 1. For the components of the curvature tensor R and the Ricci
tensor p of the metric (2.1), we have

1 .
R3123=R3224=§, R3,,3=0, otherwise Rhijk =0,

64’

1 .
p22=—(x3)2, p23=1, otherwise p; =0.
Hence, its scalar curvature t vanishes identically, and the components of the
Weyl’s conformal curvature tensor C are
C3223=0, otherwise C; =0.

Consequently, the rank of the Ricci tensor equals 2, and the metric is conformally
flat if and only if 6=0.

3. Curvature identities

It is known that there are analogies between the identities for the curvature
tensors and the Ricci tensors of parakahlerian and kahlerian manifolds
(P. Libermann [5], M. Prvanovic [8], G. Vranceanu and R. Rosca
[14], et al.). We recall here basic curvature identities for parakahlerian manifolds
since we need them in the next section.

Let M be a parakahlerian manifold and denote by R(X, Y) the curvature
operator [Vy, Vy,]—V,y ;. Here and in the sequel X, Y, Z, W always denote
arbitrary vector fields on M. By the parallelity of J we have R(X, Y)J =JR(X, Y).
Hence it follows for the curvature operator that (cf.[2])

(3.1 R(JX, JY)=—R(X, Y), RJX, )+ R(X, JY)=0,
and for the curvature tensor R(X, Y, Z, W)=g(Z, R(X, Y)W)

(32) RJUX,JY, JZ,.iW):R(X, Y,Z,W),RUX,Y,JZ W)=R(X,JY,Z,JW).
Let p be the Ricci tensor of M, that is,

2n
p(Y, Z)=trace {X — R(X, Y)Z} =X ¢R(E,, Y, E,, Z),
i=1

where {E,,.... E;,} is an orthonormal frame of M and ¢,=g(E;, E;)=+1. As a
consequence of (3.2) we can find
(3.3) pUY, JZ)=—p(Y, Z), p(JY, Z)+p(Y, JZ)=0.

Hence, for the Ricci operator Q defined by the condition g(QX, Y)=p(X, Y),
we have
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34 QJ=JQ.
Using (3.1) and the first Bianchi identity, we obtain

1 2n
(3.5) p(Y, 2)=—3 E &R(E, JE, Y, J2),

i=1

and consequently

1 2n
(3.6) (VxpXY, Z)=—3 E &(VxRYE,, JE,, Y, JZ).

i=1
By the relation (3.6) and the second Bianchi identity, we find
(3.7 (Vx PXY, JZ)+(Vy pXZ, JX)+(V,pXX, JY)=0.

The identity (3.7) shows that the 2-form w defined by w(X, Y)=p(X, JY) is
closed.

4. Conformal flatness in parakahlerian manifolds

Since any parakahlerian (and generally, any pseudo-Riemannian as well as
Riemannian) manifold of dimension 2 is conformally flat, we are interested in
dimensions 2n > 4. At first, using the identities from the previous section, we prove
the following theorem.

Theorem 2. Let M be a conformally flat parakdhlerian manifold. Then (i) M is
locally flat if dim M 26, (ii) M is locally symmetric and its scalar curvature vanishes
identically if dimM =4.

Proof. By the vanishing of the Weyl’s conformal curvature, we have
1
—9(X, W)p(Y, Z)—g(Y, Z2)p(X, W)}
T
T 22n—1)n—1) —g(X
2(2,,_1)(”_1){9()(, Z)g(Y, W)—g(X, W)g(Y, Z)},

t being the scalar curvature of M. With the help of (4.1) one immediately gets
2n

2 T
Y R(E,JE;, Z, IW)= ———— Z,W+—
il ;R(E; JE,; ) _IP( ) @n—1Yn—1)

in which we have also used the identities (1.1) and (3.3). The last equality
compared with (3.5) leads to

9, w),

4.2) @n—4)p(Z, W)=— 5;’;’—1g(z, w).
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2n
Since t=traceQ= X ¢, p(E;, E;), from (4.2) it follows that t=0. Thus, if

i=1 .
dim M =2n=6, then from (4.2) we have p=0, which together with (4.1) gives the
local flatness of M. Assume now that 2n=4. By (4.2) we have T1=0. Moreover, as it
is well-known, (4.1) implies the following identity for the Ricci tensor

1
(Vx pXY, Z)—(Vy pXX, Z)=g{(X1)g(Y,- 2)—(Y)g(X, Z)}.

This, by t=0, yields
@4.3) (Ve PXY, Z)—(VypXX, Z)=0.
On the other hand, note that from (3.3) it follows that
(Vx XY, JZ)+(Vx pXZ, JY)=0.
Using the above equality and (4.3), we show that
(Vx XY, JZ)+(VypXZ, JX)=0.

This together with (3.7) gives Vp =0, which by virtue of (4.1) implies VR =0. QED.
Now we are going to describe completely the local structure of conformally
flat parakahlerian manifolds of dimension4. We need the following resuit.

Proposition2. If M is a conformally flat and locally decomposable
pseudo-Riemannian manifold, then M is locally symmetric and we have one of the
followings :

(1) M is locally flat,

(ii)) M is locally a product M, x M, of pseudo-Riemannian or Riemannian
spaces M, and M, , where M, is of constant curvature K >0 and M, is of constant
curvature —K, ’

(iii) M is locally a product My x M, of pseudo-Riemannian or Riemannian
spaces My and M, , where M is of nonzero constant curvature and dim M =1.

The assertion of the above proposition seems to be known, and can be
obtained by the direct analysis of the products of metrics. For Riemannian
manifolds (the metrics are here positive definite), this assertion follows from results
of M. Kurita [4]

Corollary 1. Let M be a 4-dimensional conformally flat parakdhlerian manifold.
Assume that the pseudo-Riemannian metric g of M is locally decomposable. Then M
is either

(@) locally flat, or

(b) locally a product M, x M, of two 2-dimensional parakdhlerian spaces M,
and M ,, where M, is constant Gauss curvature K >0 and M, is of constant Gauss
curvature —K.

Proof. The case (a) is obvious. Assume that M is not locally flat. For the
metric g we have two cases (ii) and (iii) as in Proposition2. With the help of
Theorem 2 we easily eliminate the case (iii). Thus, we shall concentrate on the case
(ii) only and show that the almost paracomplex structure J of M is locally
decomposable according as the metric g decomposes. But it easily follows by
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using the relation (3.4) and the following two facts: QX = KX (resp., —KX ) if and
only if X is tangent to M, (resp., M,). Finally, from the parallelity of J it can be
deduced that both almost parahermitian structures induced on M, and M, are
indeed parakahlerian. QED.

Corollary 2. Let M be a 4-dimensional conformally flat parakéhlerian manifold,
whose the metric is not locally decomposable. Then locally, in appropriate
coordinate systems, the parakdhlerian structure of M can be given as in
Proposition1 with 60=0.

Proof. From our assumptions and Theorem 2 we see that M is locally
symmetric and p#%g at each point of M. The assertion follows now from

Proposition 1 and Remark 1. It could be added that one has also to take into
account the homogenity of the curvature (or the Ricci curvature) of M and
Corollary 1. QED.

Remark 2. The assertion of Theorem 2 holds good for Kahlerian
manifolds. Indeed, the analogy of the case (i) is proved by K. Yano and . Mogi
[16], and the analogy of the case (ii) follows from results of S. Tachibana [12]
and S. Tanno [13]. Our Corollary 1 is related to results of S. Tanno [13], and
Corollary 2 does not have any analogy in the Kahlerian case.
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