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Minimization of the Probable Error of the Mo;nte Carlo
Method for Solving of Nonlinear Integral Equation

Todor Gjurov

Presented by P. Kenderov

The paper deals with the analysis of the probable error of Monte Carlo method for solving of
nonlinear integral equation.

1. Introduction

Monte Carlo algorithms for calculation of functionals

(1) (9, ®)=f9(x)p(x)dx
are considred.

Everywhere below integration means integration in the domain G = R". The
function g(x) belongs to the space L, (G) and x=(x", x®,...,x™)e G is a point in
the Euclidean space R". The function ¢(x) is a solution of the integral equation
with polynomial nonlinearity. '

@ e(x)=f...fK(x, y1, .Vz""'y-),n q’()’t),nldyi"'f(x)
- -
(2a) (¢ =Ke™+f), (m=2, is natural number)"

where K, f are given functions and fel,(G), KeL,(Gx...xG).
It is assumed that this equation has an iteration solution corresponding to

the iteration process

Gur s () =f e [ K Y1 Y2reenrya) TL eu0) T dy 400
i=1 =
® 00 ()=/%)
or £

(3a) Ons1=Ko+f, o™= II ¢,(,), ®o=/.
1

i=
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If the method of successive approximations

¢u+l(x)=j-"j|K(x9 Y1 y:»---sy-)l 'H ¢.(y[) I d.VI+If(x)|t
=1 i=1

@0 (x)=1/(X)l,

converges, then the use of a branching process [1] (this process is described in the
next section) enable us to construct random variables which mathematical
expectations are equal to functionals (1).

2. Monte Carlo algorithms for estimation of functions (1)

In this section we present the Monte Carlo algorithms for estimation of (1).
We refer to S. M. Ermakov, G. A. Mikhailov [1] for more details.

We consider a branching stochastic process included in the following
scheme: Any particle with initial frequency function p,(x)20 (f po(x)dx=1) is
born in the domain G < R" in a random point x=x,. In the next moment this
particle either dies with probability h(x) (0 < h(x) <1) or generates a posterity of m
analogical particles (y,, y,,...,Y,) With probability p, (x)=1—h(x) and transition
frequency function

p(x09 yls )'z,---..V..)
Pm(X)
f.o (% Y15 Y20eees Y)Yy ... Ay =1—h(x).

, wWhere

The generated particles behave in the next moment as the initial one and etc.
The traces of such a process is a tree from the type sketched in Fig.1. The
description of this process is closely connected with the equation (2).

o Xg

<IN

L] ee e [ ]
X010 X011 X0im-1 a) b)

Fig. 1 Fig. 2

The used index numbers in Fig. 1 are called multi-indexes. The particle from
the zero generation x is numerated with zero index (x,). Its direct inheritors —
with the indexes 00, 01, 02,..,0m— 1 (first generation). If the particle from the k-th
generation has the multi-index v[k], then the multi-index of I-th inheritor of this
particle has the following form v[k+1]=(v[k], ), =0, 1,...,m—1. In this way the
multi-index is a number written in m-th numerical system.
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Now we consider a simple case when m=2 and the first two iterations of (3),
(see [1], p.254).

@o(x0)=f(x,)
P, (xo)=f(xo)+ﬂ K(xo, X005 X01)f(X00)S(x01)dx00dxos
@2(x0)=1(xo)+ [ K(Xo, X005 X01)f(X00)f(X01)dXo0dXo1
+H K(xq, X005 X01)f(*00 )(HK(xou X010> X011)f(X¥010)S(X011) dX010dX011)dx0o
x dxo, +H K(xq,X00> X01)f(X01 Xﬂ K(x00 X000 »X001)f (X000 )f(X001) dX000 dX001)
X dxgo dxo4 +H K(xg» X005 Xo01 Xﬁ K(xo01> X010 X011)f(X010)f(X011)dX010dX011)
@) X (H K(X00> X000> ¥001)f(X000)S(¥001)dXo000 dxg01)dxoo dxo;-
It is obvious, that the structure of @, is linked with all trees, which appear till

first generation (Fig.2), and the structure of @, is linked with all trees till the
second generation (Fig. 3).

° Xy e Xp e Xg e Xg
/ \ / \ % .x/ \ .
° Xgo °Xg1 ®Xo0 /'\{ / \00 Xo1
X:no X.m;‘m x.mn
a) b) c) d)

o X

.{/ \- X0
VA VAN

X000 Xyo1 Xe10  Xom

--

el

Fig. 3

This similarity allows to construct a tl;:rocedun: of a random choice of
subtrees of some full tree and to calculate the values of some random variable
(r.v.). This r.v. corresponds to the random choice subtree. Thus the arithmetic
mean over N independent samples (N is very large) of such random variables is an
estimate of the functional (1).

Definition. A full tree with n generations is called the tree T, , where the dying
of particles is not visible from zero to n-2nd generation, but all the generated
particles of n-1st generation die.

Example. In fact I'; is the tree y, in Fig. 3¢, and I, is the tree in Fig.2b.

Evidently, the following density corresponds to the tree 7o from Fig.3e:

pro"Po(xo)P(xov X00s X01)P(X00> X000> X001) P (X015 Xo010» X011)
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&) X h(x000) B (x001) B (X010) h (Xoy1,)-
Then the random variable which corresponds to y, is:

9(x)K(xo, X00, X01)K(X00> X000> X001)K(X01s X010 X011)
Po(Xo)P(xo, X00> X01)P(X00s X000s X001)P(X01> X0105> Xo011)

J(X000)S(X001)S(X010)f(X011)
h(x000) h(x001) h(x010) h(x011)

This r. v. estimates the last of the additionals in (4) if the condition is that the
realization of the random process appears to be a tree from the kind y,. Thus
random variables are constructed, which correspond to trees of another type.

We consider the branching stochastic process in the general case (m=const).
First some notation is introduced.

Let A denote the set of points, which generate new points and B denote the
set of points, which die.

We suppose, the tree yeT',, i.e. y is a subtree of the full tree I', (n> 1), and
that y has more of one generation. (The case with one generation is not
interesting.)

We receive any trees y when modulating the branching process and we
correspond to everyone of them the r.v. 6 (y) in the following way:

0,()= _g__(i’ if the tree consists of the initial point.

Po($o)

If the tree consists of other points, then 6, (y) is constructed simultaneously
with the construction of y. When we have a transition from point £ to &,

&y enr &, We multiply by W, and when the point { dies — by "o

Then the r.v. 6 (y) which corresponds to y is:
0o) 1 KGg) o SCw)

(6) 0[,]()’0) =

(7) olﬂl(y)": po(fo) xw!A p(f'[ql) x"’]ea h(f,m)’

with the frequency function
® P,=po(&o) T pyy) T k()
x,(quA x‘{’leﬂ

(1 §q§n_lv l<p§n—l)v
where

K(fv(q] ) d=efK(€v(q] ’ f-(qp EREEE] E;{q)u— 1 )s
p (Cv(q] ) d=efp (cv[q] > {v[qp [EEREY {'[qh-—l )'
Thus the mathematical expectation is

Eb,(»)=(9, ®)=fg(x) @ (x)dx,
where ¢(x) is the solution of (2) (see [1], [2]).
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We propose with probability 1 that all the trees have finite number of
generations and the arithmetic mean over particles which are born in the any
generation is also finite. In this way the procedure of estimation exists really. The
points §, §;(j=0, 1, 2,...,m) (see above) are random points in the domain G with a
frequency ~ function p,(x,) (if j=0) and a transition frequency function
P(X, yis.-esym) (f j=1, 2,...,m). .

Besides, the initial frequency function p,(x,) and the transition frequency
function p(x, y,,...,Y,) are assumed to be admissible with respect to the
functions g(x) and K(x, y,,...,Vs)> correspondingly.

We call the initial frequency function p, (x, ) admissible to the function g (x) if

()= {po(x)>0, for x:g(x)#0
Po¥)=1 p, (020, for x :g(x)=0
and the transition frequency function p(x, y;,...,Y,) is called admissible to the
kernel K(x, yy,...,¥n) if

P(X ¥iseeerYm)>0, for (X, Yysee-sVm) :K(X, yg5eees V) #0

p(x, seesYm)=
¥y Ym) {p(x, Yirees V)20, fOr (X, ¥yseesVm) K6 ¥yseeesyu)=0.

N
Then, the series %( T 6,(»), = (g, @) is an estimate of the functional (1);
(0(,1 (), is the value of 0[,,' (-yi for the “s™ trial of the tree y; N is the number of the
tnials.

In this case the probable error is [1]
Ty= ko (0['] (7))N— 1/2’
where 'k ~ 0.6745 and o (f;(y)) is the standard deviation.

3. Minimization of the probable error of the Monte Carlo method

The problem of optimization of the Monte Carlo algorithms consists in the
minimization of a2 (0, (y)).

We process to the minimization of the dispersion o2 (6, (%)) by means of a
suitably chosen frequency function p, of (8).

Let us introduce the functions

K2(X, YyseeosVm) o 220\ o )1/2
9 ={}... ) § ] I1d
) ® ) (I Ip(xv Yp----y..) i=1 (y‘)g-l Y
(10) d)={...fIK(X, ygs--esYm) T d’(.v,)liflldy.,
i=1 =

where p(x, y,,...,»,) is an admissible frequency function to the kernel
K(x) y,,...,y,,).

-Lemma 1. The transition frequency function



242 : - Todor Gjurov

m
IK(%, ¥y5--e3Vm) IT @)l
PO Yiseeos V)= =1

§.IKCs, y,....,y..)‘ﬁ a>(y.)|‘ﬁ1 d,
-y -
minimizes ®(x) for any x from G and
min ® (x)=d (x).
r

Proof. Let us substitute p(x, y,,...,¥,) in (9)

K%, yy,e-sym) T 0%(3,) .
<b(x)== j‘”J. ‘:‘ (I..IIK(X, ylv-"!y'u) I1 o(yl)l

IK(x, y,,...,y..)‘l'lld’(y,)l =1

i=1

x IT dy,)‘l'Ildy,) ={..fIK(x, yx,...,y_)‘l'll00,)|‘Hldy,=d>(x).

Now we must show that for any other admissible to the kernel
K(x, yy,...,y,) transition frequency function, there holds

d(x)=0(x).

In fact, if we multiply and divide the integrand in (10) by p*/3(x, y,,...,,)>0
and apply the Cauchy—Schwarz inequality, then we. have

fb’(x)=(f...§|1<(x, Vireiooy) T OGP~ 2%, yysees )

i=1
xXpH3(x, yy5eeesyy) I dy,)
=1

SI K3 % yisee V) T O2(3,)p7Y(x, yyy-..,9,) I dy,
. i=1 i=1

XI.-.IP(X, ViseeosVm) ﬁ dy,

i=1

=f...JK*x yp--.,y..)‘ﬁ‘d”(y:)p“(x, YiseoesVm) n dy;=®*(x),

i=1

. N
because [...fp(x, ¥;s...,¥p) I dy,=1—h(x)=p,(x)<1 for any xeG.
i=1
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Lemma 2. The initial frequency function
Po(x0)= |0(xo)°(xo)|/f lg (xo) @ (xo )l dxo
minimizes the functional

5 gz(xo )oz(xo WPo 1 (x0)dx,.

The minimum of this functional is equal to
(§lg (x0) @ (xo)l dx ).

Proof. The proof is similar to the proof of Lemma 1

I gz(xo ) d’z(xo o t (xo)dx,

={ g%(x0) (X0 ) g (x0) @ (xo )l ~* (19 (x0) @ (x0) | dxo ) dx
=(§ lg (x0) @ (xo Ndx, )2

It remains to establish that for any another frequency function the inequality
holds

U lg (xo) @ (xo Ndx, )z §Igz(xo ) Oz(xo ) 23 A (xo)dxq.
In fact v : .
(19 (x0) @ ()l dxo)* =(f Ig (x6) ® (x)IP5 */* (xo JP5'* (o) dxo )*
- I g2(xo) ®*(x )P0 1 (xo)dx, I Po (xo)dxo
=Igz(xo)¢2(xo )P-l(xo)dxo- |

Before we prove the main result we consider the r.v. 8y, (y,) (6), which
estimates the last of the additionals in (4) in private case when m=2. We prove the
following theorem 1.

Theorem 1. Introduce the next constant
Co=(“9(xo)¢(xo)|dxo)_l,
where & (x) is a function of kind (10) for m=2 and the next function
[F{e3]

R
Then the frequency function _
p,0=c0 lg (xo 1 1K(X9, Xo00s Xo1)l IK(X005 X000> X001 )l IK(X01, X010 Xo11)l
xh(xooo)h(xoox)h(xom)h(xou)d-ﬁfpo("o)ﬂ (%o» Xo0s Xo1)

h h h h
X P (X005 X000s X001) P (X015 X0105 Xo1 1) ) ((xx:::))d’g::i;"b(;:::o)) d?(‘:::)

O (x)=

minimizes the second moment E6%;(y,) of the r.v. 0,1 (o) i-e.
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min (E6 (vo)) = EB (o), when p, =P, .

b4
Proof. Let 9[,,?%) is the r.v. 6 (y,) for which p.,o=p,o. Then
Ef%y(0)={... [0 (0)P,, d%o ... dXos
=I---Igzz(x°)K2(xo’ Xo0> X01) K*(X00, X000> X001) K*(X01, X0105> X011)
po(xo)pz(xo, X00> X01)P*(X00,> X000 X001) P*(X01, X0105 X011)

5% S4(%X000)/%(%001)/*(X010)/*(X011)

X Xo> Xo00> X
hz(xooo)hz(xoox)hz(xom)hz(xou)I,O( 0)P(¥o, Xo0, Xo1)

X P(X00s X000s X001) P(Xo01s Xo0105 X011)h(X000)h(X001)h(X010)
X h(xo11)dxo...dxoy1y
=f Ig’(xo)Kz(xo, X005 X01) K*(X00, X000> X001) K*(X01, Xo105 Xo11)
B Po(x0)P(Xos X005 X01)P (X005 X000s X001)P (X01> X010s X011)

X ®*(x000 ) ®*(X001) P*(X010) ®*(x011)dX, ... dXoyy

gj.gz(xo){ sz(xo. X00>» xon)[ K*(x00, X000> X001)
Po(xo) P(xo, Xo0, Xo01) P (X005 X000> Xo001)

d’z(xooo ) oz(xoox)

K*(x01, X010, X
deooodxom][ﬂ ol _0to ou)d’z(xoxo)@z(xou)dxoxodxou]
P(Xo01> X0105> Xo011)

(11) x dxoo dxox}dxo
Eéz[ﬂ](?o)=j"'Iézb](yo)prodxo"'dell

=I I[ g(xo) K(xo, X00, X01) K(X00, X000> X001) K(X01, X010, X011)
Colg (xo ) 1K(xg, X00, X01)l IK(X00> X000, X001 )l IK(X01, X010, Xo11)l

J(X000)S(X001)f(X010)f(X011) |2
h(xooo)h(xoox)h(xbxo)h(xou)] Colg (X0l 1K (X0, Xo0, o1 )

% |K(x00> X0005> X001l |K(X01s X0105 X011 A(X000)h(X001)h(X010)
X h(xo11)dxXp...dXo11
=c5 ! flg (xo N { §§ I K(xo» Xo00> Xo)Ilff1K(X00> X000s X001)® (X000) P (X001l
deooodxom][“"((xon X010> X011) @ (X010) @ (X011)ldxgs0dX0y;]
% dxoo dxo, } dx,
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={ I lg (xo)I H | {K(xq, X00> Xo01)l UI IK(x00> X000s> X001) P (X000) P (X001l
% dxgo0 dx001 ] LU IK(x01> X010> X011)®(X010) ®(xo11)ldx0109dX011]
(12) x dxgo dxoy } dx, }2

According to (9), (10) the functions ®(x) and G(x) are non-negativ; for any
x€G, and so the frequency function p,, may be written in the following form:

p,°=co lg(xo)HK(xo, Xo00> Xo1)l IK(x00» X000 X001l (K(X01, X010 xou)|
xh(xooo)h(xom)h(xom)h(xou)

_ lg (x0) ® (xo)l IK(x0> Xo00, X01) D (X00) ® (xo1)l
- co! . d’(J‘o)

" IK(x00» xc;oo» xoox)d’(xooo)‘b(xool)l IK(x01, Xo0105 xou)d’(xolo)d’(xou)l

®(x00) [ (x01)

h(xooo)h(xoox)h(xoxo)h(xon)
d’(xooo)‘b(xoox)‘b(xono)‘b(xou)

— Ig(xo)ﬁ(xo)l IK(xo> Xo00, xox)d’(xoo)d’(xoxﬂ
¢! ﬁ|K(xo: X005 X01) P (Xo0) P (Xo1)l dXo0 dXoy

= IK(x005 X0005 xoox)a’(xooo)d’(xoox)|
I I IK(x00> Xo000> X001) ®(X000) P (’Foox ) dX000 dX001

X IK(X015s Xo105 xou)é(xom)a’(xou)l
I“K(xou X010 X011) @ (X010) @ (x011) dX010dX011

h(x000)h(X001) B (X010) B (X011)
®(x000) P (X001) P (X010) P (X011)

=P (xo)P (Xo, Xo00> X01)P (X005 Xo000> X001) P (Xo1> X010 X011)

h(x000) B (x001) B (X010) B (X011)
‘D(xooo)q’(xoox)d’(xoxo)‘b(xou),

Because &(x)=0.
Lemmal (for m=2) should be applied to the frequency functions
P (Xo1, X010+ X011k B (X00s Xo00» Xoo01) and P (X, Xo0s Xo1) in (11) and (12),
use:
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K2(x, 40 )’z)¢2 ()’1)61 ()

HKz(x, Yi» Yz)d’201)6202)
P (x i ¥2)

P(x, ¥15 ¥2)

=HK2(xr Y1"Yz)®z()’1)d’z()'z)
IK(x, yy, .Yz)a’(yl)@()'z)l

=H‘K(x’ Y1 Y2)d’(yl)d’(}'z)|dyld.Vz_”lK(x’ Yi» .Vz)d’(yl)d’(}’z)ldyld.}’z-

It should be taken into account that for

_ _ IK(x, y1» Y2)d’(_y1)d’(.)'2)|
PE% Y1 Y2)=P (5 Yo Y2)= TR N0 (5,) © (0,1 dy; A,

d}’xdyz"ﬁ

dy,dy,

(H IK(x, y5, ¥2)O0,)®(»,)ldy, dYQ.)dyl dy,

the corresponding functions ® (x) and & (x) are equal to each generation point x in
the branching process, i.e.

2 ()=d(x),

because the corresponding frequency functions minimize ®(x) and their minima
are equal to the functions ®(x) for any xeG.
So, for any frequency function p,(x,) which is admissible to the function

g(xo)
m.in (I ' (xo) ‘bz(xo )2 ! Xo)dx, )= _‘ gz(xo )62("0 )23 : (xo)dxq

holds and in this case
P,0=Po(xo)|K(xo, X00> Xo1)l IK(X00> X000s X001)l IK(Xo1, Xo105> Xo11)l
(13) % h(x000) B (X001) B (X010) B(X011)

According to Lemma2, the last functional is minimized by the frequency
function (13) if

Po(’%)"po(xo)'IG(xo)d’(xo)l/“9(xo)¢(xo)ldxoa
since
<b(x)=d>(x)

under the condition (13). This completes the proof. m
We consider the branching process in the general case (m=const). Now we
prove

Theorem 2. Introduce the next constant
c=(,“9(xo)6(xo)ldxo)—1’
where ®(x) is a function of kind (10) and the mext function
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&)

=G

O (x)

Then the frequency function

Py=clg(xo)l T [K(xgg)l I h(xy,)
*g)eA xjp)eB
minimizes the second moment E63,(y) of the r.v. 8,,(y) for any yeT,, i.e.

n:inEB’M(v)=EBM(7), when p,=p .

Proof. Introduce the following function

_ [ ®(xyq) for x €A

Flru) = {Q(x“), for x,,€B
Let B,(y) is the r.v. 6,(y) for which p,=p . Then
x‘{‘]sAuB

9 (go0) K’(x,m_) 2
=(... 11 II F I dx
I Ipo(xo) EFPLLY p(x‘dl) xyq)€B (x'(d) Xyjq€AUB "
(15) EFM)=f...[0,0p, I dxy
x,«]eAUB
;([...jlg(xo)l M [K(xg) T F(xg) IO dx,(,,)’.
x,“]eA x,mea x,chuB

According to (9), (10) the functions ®(x) and ®(x) are non-negative for any
x€G, and so the frequency function p, may be written in the following form:

P,=clg(xo)l II |K(xg)l II h(xy)

g €A xp)€8
_lg(xo)F(xo)l n IK(x@)F(x@)...F(x,m._,)l n h("m)
T o F (oqq) cpres FOu)
_lg(x0) F(xo)l
= P

x TII IK(xyg )F (Xgj0) - - - F (Xuigym—1
xgeA I...IIK(X“)F(x‘do)...F(x‘kl._lxdx,‘do..dx“-_l

h(xy) h(xy,)
1 o —u II II __sz’

Llince F(x)20.
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Let the total number in the set A is M (m < oo, because the branching process
is finite). Then Lemma 1 should be applied “M” times to the frequency function
P (x,q) in (14) and (15), as we begin of the frequency functions, which describe the
last generation and we go to the first generation. It can be separated in (14) terms
of the following form

K%, Y1re-e1Vm) o -
L = ¥ Fy,) I dy,,
J IP("’ YiseoosYm) t=1 * 1 !
depending on the generation for that we consider the corresponding frequency

function p (x4,).
Thus Lemma1 should be applied “M” times to the frequency function

p(X, ¥4s.--»Yn) in (14), because:

K3(X,Yys-+-sYm) ™ hd K3 (%, y(s..2 V) ™ =
2T Tml 1 FXy,) M dy, ={... T oml 11 F3(y,) IT dy
j Ip(x’ .Vp---,)’. i=1 (y‘)l-l Y I Ip(x9y1""’y- i=1 (y')l-l ‘

Kz(x’yl"-"yu) ﬁ Fz(yi) »m w L J
=[...f =1 (f---JIKC,pys---»¥) T F(y)l I dy) IT dy,

L]
i=1 i=1 i=1

IK(X, Y552 Ym) T FO)
jm=1

=(f...JIK(X, ygs.--»y0) T F(y)l I dy,)%

i=1 =1

It should be taken into account that for

IK(x, ¥ys---2Ym) T F(¥)l
i=1

P(x, .Vp---.)’..)=p (x9 yl""’yu)= - L]
§.--SIKG, yyoe-nsya) TLF ()] T Ay,
=1

=1

the corresponding functions ® (x) and ® (x) are equal to each generation point X in
the branching process, i.e.

O (x)=d(x)=F (x),

because the corresponding frequency functions minimize ®(x) and their min
are equal to the functions @ (x) for any xeG.

In the end, for any initial frequency function p,(x,), Which is admissible t0
the function g(x,) it holds:

min (j gz(xo ) d>2("o )po ! (x¢)dxg)= I dz(xo n:("o )po (x0)dxo
®

imé

and in this case
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17) P,‘Po(xo) I IK(xv(q])l In h(xq,])-
x,uch x.{dca

According to Lemma 2, the last functional is minimizes by the frequency
function (17) if

Po(Xo) =P o(xo)=1g (o) ®(xo)l/ f 9 (0 ) (x,)l dxo,

because

O(x)=d(x)
under the condition (17). This completes the proof. m
Since

o? (em )= Eozm - (Eom ”)?

it is easy to show, that the frequency function p , minimizes the standard deviation
o (6, (). It is so, because Ef,(y)=const for any admissible frequency function.

4. Algorithms with null probable error

These algorithms could be very important for solving calculation problems,

which need a big calculation resource.

Let us write the expression for o2 (6, (¥)): ,
o? (ou] = Eo’m (—(E 0[,] »)?
=[...f0ap, M dxg—(f...[6,0p, T dxu)

x«]eAvl x,chu!

It is easy to see that the necessary conditions for the zero probable error for
the optimal frequency function (when p,=p,) are: The functions K(x, y,,...,¥.)
J(x), g(x) to be non-negative for any x€G.
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