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Some Fixed Point Theorems on an Arbitrary Metric Space
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Presented by Bl. Sendov

In this note some fixed point theorems, in an arbitrary metric space, has been presented which
extend the theorems of G. E. Hardy and T. D. Rogers, [2], and L. B. Ciric [5].

1. Introduction

Let S be a set and T be a mapping from S to S. An element x€S is called a fixed
point of T if

Tx=x.

The theory of fixed points began in 1912 by L.J. Brou wer, who proved that any
continuous mapping of the closed unit ball in |R"into itself has a fixed point and
was followed in 1922 by S. Banach’s contraction principle, which states that
any mapping T of a complete metric space X into itself that satisfies for some
0<a<1, the inequality:

0] d(Tx, Ty)sad(x, y),

for all x, ye X, has a unique fixed point [1].

A number of generalizations of this result have studied by various authors,
[4),[5),[6),[7). In 1971 S.Reic h proved a fixed point theorem for mapping, T,from
a complete metric space into itself which instead of the contraction property,
satisfying the condition

2 d(Tx, Ty)<a, d(x, y)+a,d(x, Tx)+a,d(y, Ty)

Vx, yeX, a,+a,+a,<1, (a,=0, a,=0, a,=0),[3].In 1973 G. E. Hardy
and T. D. Rogers generalized these results to continuous mapping T of a
Complete metric space X into itself satisfying

(3) d(Tx, Ty)Sa,d(x, y)+a,d(x, Tx)+ayd(y, Ty)+a,d(x, Ty)+asd(y, Tx)

s
for all x, ye X where a,;20 and ¥ qg;,<1, [2].
i=1
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2. Main results

In this section we prove two fixed point theorems for a mapping, T, from an
arbitrary metric space into itself satisfying some special conditions.

Theorem 1. If T is a mapping from an arbitrary metric space X into itself
such that

(a) d(Tx, Ty)< alsd(x, y)+a,d(x, Tx)+a;d(y, Ty)+a,d(x, Ty)+asd(y, Tx),
where a,20,0< £ a,<1 holds ¥x, yeX,(x #Y).
(b) There exists 'a-;:oim ueX such that

fw)=Inf {f(x) :f(x)=d(x, Tx), xeX},

then there exists a unique fixed point of T in X.

Proof. Let us Tu,otherwise uis a fixed point of T.Put x=uand y=Tu in (a)
Then we have

d(Tu, T?u)<a, d(u, Tu)+a,d(u, Tu)+a,d(Tu, T*u)+a,du, T 2u)+a 4 d(Tu, Tu)
=d(Tu, T*u)<a,d(u, Tu)+a,d(u, Tu)+a, d(Tu, T?u)+a [d(u, Tu)+d(Tu, Tu)}
So, we get

@) (1—a,—a)d(Tu, T*u)<(a,+a,+a)d(u, Tu).
Similarly, putting x=Tu and y=u in (a), we obtain
AT u, Tu)<a, d(Tu, u)+a, d(Tu, T*u)+a3 d@u, Tu)+a,d(Tu, Tu)+asdw, T'¥)
=>d(T 2u, Tu)<a, d(Tu, u)+a,d(Tu, T?u)+a,d(u, Tu)+as[dy, Tu)+d(Tu, T*W}
So, we get

&) (1—a,—a)d(T *u, Tu)<(a,+a,+ag)d(u, Tu)
From (4) and (5), we have

(2—a,—ay,—a,—a)d(Tu, T*u)<(2a,+a,+a,+a,+as)du, Tu).
But, since a, +a,+a,+a,+asS1, we have
2a,+a,+a,+a,+asS2—a,—a,—a,—as.
So, we have
(2a,+a,+ay+a,+a,)
(2—-a,—a3—a,—ay)

and d(Tu, T?u)<d(u, Tu).

d(Tu, T*u)< d(u, Tu)
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Now, from (b), we assume that f(u)=1Inf {f(x) : f(x)=d(x, Tx), xe X} for this ueX,
then we get
f(Tu)< f(u)=Inf {f(X) :xeX}
which is a contradiction.
So, u# Tu does not hold and therefore Tu=u. Thus u is a fixed point of T.

Uniqueness of the fixed point of T

Let » be another fixed point of T. Namely, assume that Tv =».Then, we have
d(u, v)=d(Tu, Tv)<a, d(u, v)+a,d(u, Tu)+a,d(», Tv)+a,du, Tv)+asd(», Tu)
=a,d(u, v)+a,du, v)+asdlv, uy=(a,+a,+as)du, v).
But, since a, +a,+as <1, this is a contradiction.

Remark. 1) Foracompact metric space Xandcontinuity of T,
condition (b) always holds but the converse is not always true.

2) If we take a, =0 and a; =0 on the theorem, we obtain the result
of S. Reich [3] in an arbitrary metric space.

3) If we take a,=a,=a,=as;=0 on the theorem, we obtain
non-complete metric space generalization of S. Banach’s theorem with
condition (b).

Now, let us give an example for our theorem which does not satisfy the
conditions of G. E. Hardy, T. D. Rogers [2].

1
Example. Let X=(0, 5] with the metric d(x, y)=|x—y|. Define the mapping
T:X-X

T(x)= L;_x

1
Then, Vx, ye(0, 5] we have

= i
(T, Ty)=|Tx—T;4=|\/%i‘—\/—2—y|=ﬁ|\/1—x—\/1—y|

1 - 1 1 1
=—| = | <—=|x—yl, (because 0<x=<-,0<y<- and x#}y).
V2 S1=x+/1-y /2 2 2

s
So, we can find the numbers 4,20, with 0< £ a;<1, such that
i=1

d(Tx, Ty)<a, d(x, y)+a,d(x, Tx)+a,d(y, Ty)+a, d(x; Ty)+agd(y, Tx).

On the other hand, we have
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1—
d(x, Tx)==|x—Tx|=|x_\/_2_f|.

This attains its minimum at d(x, Tx)=0.

1—x 1—x
So, |x— [—|=0ex— [——=0
o, |x 2 | X 2

1—x
- 2_ 5

X 2
- 1

"’xx.2=—1,§-

1 1
But, since —1¢(0, 5], function attains its infimum at x=5 and this point is also the
fixed point of T.
1
On the other hand, since (0, E] is mot complete, then the theorem of

G.E. Hardy and T. D. Rogers [2] can not be used in this space.

L.B. Ciric(See [5]) defines a mapping T on a metric space Xinto itself to bea
quasi-contraction if and only if there exists a number ¢, with 0=c<l
such that

d(Tx, Ty)<c. Max {d(x, ), d(x, Tx), d(y, Ty), d(x, Ty), d(y, Tx)}

for all x, yin X.He defines Xto be T-orbitally completeif and only if every
Cauchy sequence which is contained in the sequence {x, Tx,..., T"x,...} for some X
in X converges in X.

He then proves the following theorem: :

“Let T be a quasi-contraction on a metric space X into itself and let X be
T-orbitally complete. Then T has a unique fixed point in X",

Now, we prove a similar theorem without any condition on X.

Theorem 2. If Tis a mapping from an arbitrary metric space X into itself such
that

1
a) There exists a number k, with 0<k<—2-, such that

d(Tx, Ty)<k.Max {d(x, y), d(x, Tx), d(y, Ty), d(x, Ty), d(y, Tx)}
for all x, yin X, x#y.
b) There exists a point ueX such that
f@)=1Inf {f(x) : f(x)=d(x, Tx), xeX},
then there exists a unique fixed point of T in X.

Proof. Let u# Tu,otherwise uis a fixed point of T.Put x=uand y= Tuin (8)
then we have
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d(Tu, T?*u)<k .Max {d(u, Tu), d(u, Tu), d(Tu, T?u), d(u, Tu), d(Tu, Tu)}
=k .Max {d(u, Tu), d(u, T?u), d(Tu, T?u)}

But, we may omit the term d(Tu, T?u) in the right hand part of the previous
inequality (otherwise it gives a contradiction). So we get

d(Tu, T*u)<k .Max {d(u, Tu), d(u, T>u)}
<k.Max {d(u, Tu), d(u, Tu)+d(Tu, T?u)} =k [d(u, Tu)+d(Tu, T?u)].
Therefore, we obtain :
(1—k)d(Tu, T*u)<kd(u, Tu) or

d(Tu, T*uw)< -lf—kd(u, Tu).

1 k
i —or —<1 h
But since k<2or1_k< , we have

d(Tu, T*u)<d(u, Tu).
On the other hand, we know from (b) that
S@)=Inf {f(x) : f(x)=d(x, Tx), xeX}
for this u. Then, we obtain

S(Tu)< f(u).

But this contradicts to the definition of f(u). Uniqueness can be seen easily
from (a).
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