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An application of the new method of round-off error analysis proposed by Voevodin and
Yalamov [3] is discussed. The basic instrument of the analysis is the graph of the algorithm. On this
base ofe step of the bordering method is studied. It is shown that backward analysis of this method is
possible.

1. Introduction

A new method of round-off error estimation is proposed by
V.K.Voevodinand P. Y. Y alamo v[3]. This method is deeply connected with
the graph and the parallel structure of the algorithm. The notion of equivalent
perturbation is defined for every piece of data in contrast to the generally used
backward analysis where the equivalent perturbations areintroduced only for the

.input data. This fact allows us to investigate the error propagation. Under these
assumptions V. V.Voevodinand P. Y. Yalamo v[3] derived alinear system of
equations with respect to the equivalent perturbations:

(l) Be=n,

where 1 is the vector of absolute errors of all the operations and matrix B consists
of the Frechet-derivatives of all the vector operations and of —1 and 0 (see [3]).
Now, if we give some values to the equivalent perturbations of the output data,
then we can obtain approximately the equivalent perturbations of the input data
by solving system (1). The structure of matrix B is deeply connected with the
parallel structure of the algorithm.

2. Round-off Error Analysis of the Bordering Method

This method is suitable for Ritz and Bubnov-Galerkin systems when it is
necessary to make more precise an already found solution. If only one coordinate
function is needed for the more precise solution then the new system of linear
equations is obtained from the previous one by bordering. For this reason we
consider in this section one step of the bordering method. Besides, some methods
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for solving linear systems with Toeplitz and Hankel matrices are based on this
method (see [2]). :

Let us have A4, = A. Assume that matrix A is the result of bordering of matrix
Ay_, of order N—1,and the inverse Ay1, of Ay_, is known. Let us also have

a1’ B12 ceeees a1,N-1 an
asz Q22 coveee az.N._l a2N
emw e @ $eces § Sheueis B gede W e oo AN-I uN
A=Ay= = .
an-1,1 AN-1,2 «+-e-- aN-1,N-1| AN-1,N Uy ann
| any AN2  ceeene aN,N-1 ann i

Here Ay_, denotes the above mentioned matrix of order N-—1, and
Oy=(aN1s---»anN-1) Un=(@1N,...,an—1,5)"- We look for a matrix Ay"' of the
following kind:
Py_y 1y
1 ’
av —
Xy

Dy=Ax'=

where Py_, denotes a square matrix of order N—1, ry denotes a column, g,
denotes a row and ay is a number to be defined. From the equality A4 ~! =1, where
I is the corresponding unity matrix, it is not difficult to derive the expressions
defining Py_,, n, gy, ®y (see [1]). So, we have

-1 -1
ANZ uyoyANZy

-1
Py_y=A§Z,+ s
oy
-1
o= ANt
N oy
vy Axt
E __UyAn-a
dn =— s
ay
) ay=any —vy ANl uy.

These equalities are the base for matrix inversion by means of sequential
bordering. The inverses of the following matrices are computed successively:

a1 G2 Qaz3

a;; Gj2
[a11]s [ s Ay Q3 Az3|, ... .

az; Qs
a3y Q3z 433
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Each macrostep is based on (2). The algomhm of every macrostep can be
written as follows:

1. Compute the column fy= —AN L uy with components Byy,...,By-1.n-

2. Compute the row yy=—vy Ay2, with components ym, S YINN-1-

3. Compute the number

N-1 N-1 )
ay=ayy+ I ayBin=aww+ I aw¥n.
i=1 i=1
4. Compute the elements dj, of the inverse Dy as follows:
4.1. Compute matrix Py_; with elements

_J&+Az“h i k=1,...,N—1.

N
4.2. Compute ry with components

4.3. Compute g, Wwith components

YNk
= k=1,...,N—1.
Nk aN

1
44. Compute d~N=;-
N

Here d), are the elements of AyL,. It is very difficult to construct the graph of this
algorithm from the Fortran-like language asit wasdone by V. V.Voevodinand
P.Y:Yalamov in [3]. Therefore, let us consider the macrograph in which each
vertex corresponds to one of the macrooperations 1-4.4. This macrograph is given
in Fig. 1. Some of the arcs carry vectors and matrices depending on the result in
every vertex. It is clear that input and intermediate data is multiplied. As far as
there are no long paths in this graph we shall try to do backward analysis.
Further on the subscript of ¢ means that this is the equivalent perturbatlon of
the corresponding matrix, vector or number. For example, 8451, is the matrix of

equivalent perturbations of Ay1,, ¢, - is the vector of eqmvalent perturbations
of uy. Analogously, the subscript of # shows that this is the local absolute
round-off error of the corresponding matrix, vector or number. Besides, if v is a

row then ¢, and Moy, BTC also rows. Let us assume that Epy =0,s, N =Sy =0,¢, ~~=0.
Then system (1) in"this case looks like thls
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Figure 1. The macrograph of the bordering method
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lj"ror_n the last four equations we define Eaps Eyyr Eppo 84;1 1 by back
substitution as follows:

.2
Eapy = T XN May e

= — PN, =& —a
87~ aN"qN"'a N an N"qN N"‘NN?N’

@
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ety =’1PN_"r~7N—ﬁN Nan+ 3Mayy Bu vy
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For every element (¢ ,-1 )u of matrix &5, we have:
AN—! A

O] (e a3l 1)"‘ =)= )i i B (Mg i+ 304y, Bin Y-

Further on assume that the operations are realized with accumulation (see
[4])) where it is possible. Round-off error computation gives

~ l ~
du=Mdu+—BuIm1+pNA+pR) 1PRI1Sp™", 5=1,2,
N

where pis the radix and ¢ is the number of digits. Hence, neglecting terms of second
order in p~**! the following equality is valid:

1 ~
(6) (’lpn)u':dupg)'*'a?'ﬂm?m(l’w+Pg)): |Pﬁ)|§P-‘“’ s=1, 2.
¥ .
From 4.1 we have
. 1
) —Binym=dn—du.
&y

Then from (6), neglecting terms of second order in p~**! again, it follows that

t] (15, )ul S (1.5 |dial +Idul)p™** .
Now, we turn to (n,N)‘. We have

dw=g-Ful+o) 10]S05p™,
N
hence
1 -t1+1
()] (’Ir")i=a_ﬂm°'b lo,|=0.5p .
N
Analogously we obtain that
1 -
(10) , ('lqn)k=a_')'m"b || =<0.5p i
N
At last we have
— 1 -t+1
(11) m,,,-—;;f. 1§1=0.5p77 7.

From (5), (7)—(11) we’'have the following estimates:
- (12) |34;11)a|§(4|du|+3-5|d'u|)l’_'“-
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If the range of the results is not so wide these estimates are acceptable.
Further on by | - || we mean one of the following norms ||« ||, || * |l - From
(12) using these norms we have .

(13) leAgt IS@NAR2N+3.51Pyl)p~"

Thus we have estimated the equivalent perturbations of one part of the input
data, namely A51,. Now let us estimate the equivalent perturbations of the other
part of the input data — uy, vy and ayy. From the first three equations of (3) we can
define ¢, , €, , &, .. We have

N N NN
8'N= —("y~+81N+vN s_A;l l) A;-l-l

8"NN . "’N + auN 25 3.," ﬂN — Uy 8ﬂ~'
These equivalent perturbations are estimated with the help of the norms. Let us
start with e,_. For this purpose we have to estimate the norms of , , &, at first.
We have N

(, =N ARt i Pis |Pg|§0-5p“’+ it
N

Then

(15) I, I SO.SIAR2LN Noylp™* "
Analogously, from (6), (10) and (11) we have

(16) e, ISIARELI Nowllp™*"
About &, from (13)—(16) it follows that

an  le IsGSxy-1+351Pyll 1 4x-11) loyllp™* 1

Here xy_, is the condition number of Ay_y,i. €. %y-1=[Ax211l | Ay-y|. Asfar
as Py and Ay_, are principal submatrices of Ax!, and A, correspondingly we
have that :

IPyll 1 An-1 IS IARLLI 1 AN-1 =%y
Then (17) can be rewritten as follows:
(18) ey, I S(5.5%n-1+3.5%) loxll p~ttY,
and the relative estimates look like this:

—"‘—II Soy | S(5.5%xn-1+35xy) p L
loxll '

It is seen that the last estimates depend only on the condition of Ay_;, Ay.
Analogously we can obtain the estimates of €yt



Round-off Error Analysis of the Bordering Method 331

I8y, | S(5.5xn-1+3.5%y) luyllp™*"

Mé(S.an_l +3.5xy) p~t L
fluyll

At last from the inequalities
Mgy, | SOSlay| p~**", leg, |S 0.5yl p™** Y,
and from (4), (14), (18) we obtain the estimate of |s,~~|:
&gyl Slanlp™ "1 +(5.5% n-1 +352y+1) | ALyl llull Mollp™*™

Thus it was shown that backward analysis of one macrostep is possible and
the corresponding estimates were obtained. Some other applications of the new
method of round-off error analysis are described in [5].
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