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Presented by P. Kenderov

In this paper some properties of Lebesgue measurable sets in R, (N-dimensional Euclidean space)
have been studied under certain transformations as introduced by T. Neubrunnand T. Salat.
Theorem 1 and Theorem 2 extend some results of M. Pal[3]and N.G.Sahaand K. C. Ray [5] under
less-restricted conditions. .

Let Q be a metric space and wef. Then T. Neubrunn and T. Salit [2]
introduced certain transformations T, of Lebesgue measurable sets int® Lebesgue
measurable sets of the real line under some conditions. Among other results
M. Pal[3]in Theorem 1 extended Theorem 1.1 of [2] where the transformation T,
transforms a measurable set in R, (N-dimensional Euclidean space) into a
measurable set in R,. For this the transformations had to satisfy the three
conditions (I), (IT) and (III) as stated below, which are equivalent to the set of
conditions as imposed by Neubrunn and Salit. But before stating these conditions
we explain some notations: ‘

(1) | x| denotes the norm of the vector xin Ry. (2) 4 \ B denotes the set of all
those vectors of the set A which do not belong to the set B.(3) ForaeRy, A < Ry
the symbol {|a— A4 |} denotes the set of all numbers |a— x| where xe 4. (4) S|[a,r]
denotes a closed sphere in R, with centre at a and radius r. (5) The Lebesgue
measure of a measurable set A in Ry is denoted by |4 |.

(D). There exists w, € such that for every sphere K=S[a,r] = R, and every
sequence {w,} (w,€Q) converging to @y,

lim [sup{la—T,u(K)l}-r

N = ®

holds.
(IN). If E and F are measurable sets in Ry such that F = E, then forevery weqQ,

T,(F)<T,(E)
(IIN). If E be a measurable set in Ry and @, = @, (in ), then
lim |T, (E)|=|T,,(E)|=|E|

L Rad -]
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It appears that in condition (III) the transformation T is measure-
preserving. In this paper we see that this condition may be relaxed in the following

way: &
Let T be a non-singular linear transformation in R, given by
N
T: x,’ s z a‘Jxl, i=l, 2,..., N
Jj=1
ay, Gy an
a a
where det T= | 2* "2 N
ayy  An2 anN

IR @ Gxy g0 Xy gscnvs Xypd 559 7 Xongps Xy =5 Kog)

1+x,, X12 X1N
— X1 14X, XN
L J
XNy Xny ... l4xyy
then ®(x,,, x Xyn: -+es Xni» Xngs---» Xyn) iS @ continuous function of N2 -
112 ¥129°°°» “YIN» *°°» ‘N1’ “*N2» * “*NN. -

variables and ®(0,0,...0; ...; 0,0,...,0)=1. So, for arbitrary &(>0) there exists a
¢’(>0) such that

R(Xy1) Xy0eees Xyns ooe Xygs Xngs oo Xyn) > 1—¢

for | x;,|<d'.
It, therefore, follows that corresponding to 1/2p? (p being a positive integer)
there exists a §(>0) and a class of non-singular linear transformations J of the

form
N
x;=lz a‘jxj, i=1, 2,...,N
for which 1— 6<au<l+6whenl—]and 60<a;;<déwhen i#j(i,j=1,2,...,N)
and so

1
|det.l|>l—2—pz.

Now if J is any non-singular linear transformation defined as above, we
replace the condition (III) by the following:
(II)'. If E be a measurable set in Ry and w, — @, (in ), then
lim |T, (E)|=|T, (E)|=|J(E)

where J is a suitable non-sihgular linear transformation in R,.
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The transformation J as derived above will be applied to Theorem 1. But in
Theorem 2 we need to change the positive number 1 /2p? (and so §>0) to choose a
transformation Jfrom a different class. However, this change will be evident from
the context. ,

The result of Theorem 1 is a generalised form of Theorem 1 of [3] where the
transformations T, satisfy the conditions (I), (II) and (IIIY. Theorem 2 is an
extension of Theorem 1 in which we prove the result contained in Theorem 1 of [5]
under a set of less restricted conditions. In Theorem 3 we prove a result which may
be compared to a theorem of S. Kure pa [1]. However, in doing so we follow the
method of proof as adopted by K. C. Ray [4].

Theorem 1. Let T, be the tran.sformauons satisfying the conditions (I), (II)
and (I11IY and @, —»wo('m Q). Let A be a set of positive measure in Ry and p be a
positive integer. "Then there exists a positive integer N, such that for N,, N,,..
N,2N,,
An Ta"; ) n T,,,N2 A nT,, (A4)

. P ) 4
is a set Of positive measure.

Pro of. First, we observe that in view of [6] the expression in condition (III)
may be stated as follows:
lim | T, (E)|=|T, (E)I=IJ(E)|=|detJ||E|=a|E|
n— o
where 1—1/2p><a<1+1/2p%
Next, since A4 is a set of positive measure, there éxists a sphere K; =S{a, r]
1
such that |K,\ 4|<¢| K, |, where 0<s<m. Let K,=S][a, s], where
s=(/p+1)"Nr and sup {|a—T, (K,)I}—d By (I) there exists a positive
integer N, such that for nZN,. |d,—s|<r—s.So,fornzN,, T, (K NnA) cKk,.
Also by (III) there exists a positive integer N, sch that for nZN,. | IT (K 2N A) |
|X ap? I say where 1—-§l—z<¢:z<l+2 3
Again, let Ny=max(N,, N,) and C=K, n 4, C,-sT (K,nA) (k=1,2,...,
p). Since CnCin...nC,=K,\[CUCiLuCu.. uC’l (dashes denote the
complements with respect to K,), we have for N;, N,,..., No=N,

ICAC,NnCon...aC |2 |K -[IC|+ICi +... +|Cl]

—alK;nAll<y

k=1
>|K,|-[IK;\4|+p|K,|—pe| K; nA|+pp]

=|K,|—[|K,\A|+|pu<,|—{ zIT, (K,mm}l

1
>|Kx|'[|K1\A|+P|K1|-P(l_'2'?)(|Kz|_|K2\A|)+P#]
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=|K, |- |K;\4]|+p|K, '_P|K2|+(P__)|K2\A|+ IKz|+PIl]

- K - | K |4+ —
>|K, |—[el K, |+| K, |+(p 2p8|K2|+2p| z|+4p|Kz|]

p+1 _4p+3 _82p2+2p+1

"IKz'[ 4p 2p

]

2p2+2p+1
2p
___r
2(2p*+2p+1)°
Thus for N, N,,..., N,=N,, we obtain by (II), that
ANnT,, A nT,, A n...n T,, (4)

2 P

1
=|Kzllzl;—8- ]

>0, since 0<e<

s P 1
is a set of positive measure.

Corollary. If p=1 and |det J|=1, then follows Theorem 1 of [3].

For the next theorem we require the following condition:

(i) For every pair of points a, bin Ry and w,€Q, o, = @, (in Q) and for any
two spheres K,=S[a, r,), K,=S[b, r,] (r;<r,) we have

lim [sup {l(a—T, (K;)|}]1=r,.

Theorem 2. Let A and B be two sets of positive measure in Ry and a and b be
points of density of A and B respectively. Also let T,, (w,€Q) be transformations
satisfying (i), (1I) and (1IIY with respect to (a, b, w,). Then there exists a positive
integer N, such that for nZNo, AN T, (B) is a set of positive measure.

Proof. Since A and B are of positive measure, there exist spheres
K,=S[a, r,] and K,=S|[b, r,](r,<r,) such that

IK,\Al<¢|K,| and |K,\B|<e|K,]|

pN

27 121 P
Now, if sup {|a— T, (K;)| }=d,. then by condition (i) there exists a positive
integer N, such that for n= N,

where 0<e< (>1) being a number such that p|K,|2|K,|.

Thus fornzN,, T, (K,) = K,. so that T, (K, n B) < K,. Also, by the condition
similar to (IIT) there exists a positive mtegcr N, such that for n=N,,

T, (K
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1
where 1— <cz<1+—

2p 2p" 2pN
Next, if C=K,nA4 and C,=T, (K,nB), then CnC,=K,\[C'UC]]
(complements being taken with respect to K,). If Ny=max(N,, N,), then for
nzN,,

ICACI 21K, - 1ICI+IGl]
= 1K, |=[IK,\ 4| + K|~ T, (K, A B)]
=| T, (K: 0B |- 1K, \ 4]
>a|K,NnB|—-A|K,|—|K,\A4]|
LA AV EST AR AV

1
>(1—2 N)|K2| (- p,.,)SIKI pe|K;|—41K,|

1 pN—1
—|K2|[1—F—8+Fa—pe— 2 ——]
ik, e 2 ) ¢
=|K, o .
Pl

>0, since O0<e< 21)"+_‘-|—2;ﬁ—_1

Finally, by (IT) we have, for n= N, is a set of positive measure 4 N Tm. (B).

Theorem 3. Let A =Ry be a bounded set of positive -measure. Let the
transformations T, (w €) satisfy the condition (I). Then there exist a sphere K,
(with centre at the origin) and a positive integer N, such that for every xe K ,, there
are vectors ay(x), ay, x),..., aNp(x) in A such that for Ny, N,,..., N,2 N,

ao(x)=a,,(x)—T¢. (x) (k=1.2,..., p).
Proof. Since A is a set of positivé measure, there exists a sphere K=S[x,, r]
in Ry such that |[K\ A|<¢|K|, where 0<a<m.

To prove the theorem we shall prove that there exists a positive integer N,
such that for N, N,,..., N,2N, "
X(x)=(A—xo) A[A—xo—

"Nl

@10 AlU=x-T,, )]

is a set of positive measure for every xe K,=S][0, r/4].
Now, in view of condition (I) we can easily verify that there exists a positive
integer N, such that for Ny, N,,..., N,2N,,
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S[xo+ (x) r/4]c:K
for every xe K,=s[0,r/4] and k=1, 2
If possible, let | X(y) |=0 for some yeKo. Then for N,, N,,....N, 2 N,,
[ Kol=IS[0, r/4]1=| Ko\ X() |
=Ko\ [(A—xo) n(A—xo—T, () N...
O (A=xg=T,, (M]]

P
SIK\A=xol+ Z |Ko\(A=x0—T,, O)| .
k=1

=|S[xq, r/4]\ A+ 2 ISxo+T,,, (y) r/4]\ 4|
k=1

SIK\A+ 2 IK\A4]|
k=1
=(p+1) | K\ 4|
<(+1)k|K]|
‘ IKI since 0<e<—l—.
<~ 4" (p+1)
This is clearly a contradiction. So, for each xe K, and N, N,,.. .» N, 2N, there
exist vectors a,(x), a, (x), a;(x),..., a,(x) in 4 such that
ao(x)—xo=a,(x)—xo— ,,Nl(x)= e = ,(x)-xo—TmN’(x)
i e,
ao(x)=a,,(x)—T.,~.(x) (k=1, 2,..., p)

For the next theorem we require the following condition:
(V). If A and B are measurable sets in Ryand o, = @, (in Q), then
lim AN~ T,'(B)I =|An T,o(B)|=|A N Bj|.

Theorem 4. Let A and B be two sets of positive measure in Ry, and T, be a
sequence of transformations in R, satisfying the conditions (I1I) and ( ). If there is
a common point of density of A and B, then there exists a positive integer N, such
that for Ny, N,,..., N,2N,

An T,,NI(B) N T,,NZ(B)n...n T,,N’(B)
is a set of positive measure.

Proof. Let a be a point of density of 4 and B . Then there exists a sphere

1
K =S[a, r] such that | K\ 4|<e|K| and | K\ B|<g| K|, where 0<3<_2(p+l)2'
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Now by condition (IV) there exists a positive integer N, such that for n=N,,

_ K|
IK AT, B)I=IKnBll<z

=4, say,
|IKnB|—A<|KAnT, (B)|<|KnB|+l.
Let Ny, N,....,N,ZNoand C=Kn 4, C,=KnT,_ (B) (k=1,2,....p). Also
lexX=CnC‘n nC Then k
IXIEIKI"HK\A|+IK\T..,1(B)I+....+IK\T.,~'(B)|]
=|K|—[|K\A|+p|K|—|KnT,,~l(B)|-...-|Kn?‘,~'(B)|]

¢ >|K|-[IK\A|+p|K|—p|Kn B|+pi]
=|K|-[IK\4|+p|K\B| +pi]
>|K|—-[e|K|+pe| K|+pA]

1
>|K|=31K]>0,

_IK|

1
eIy A 2(p+1)
Thus by (II), for Ny, N,,..., N,2N,,

Toy,B) 0Ty (B)0...0T,, (B)

since 0<e<

is a set of positive measure.
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