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1. Introduction

One-parameter semigroups oflattice homomorphisms on spaces C(X) have
been characterized by R. Derndinger- R. Nagel (see [2] ). In particular they
showed that the generator of such a semigroup is always the sum of a derivation
and a multiplication operator.

In this paper we study the analogous problem for semigroups of disjoint- -
ness preserving operators on the space C(X,C") of all continuous €"™-valued
functions on some compact space X. We show that the generator is again
the sum of a derivation and a multiplication operator with values in the space
M, (C) of all complex n X n-matrices. Such operators occur, e.g., if we study
non-autonomus linear Cauchy problems

(% - A(t)) u(t) = 0,

for u(t) € €, A(t) € Mn(C€) and ¢ > 0 in the space C([0, o0}, C™).

Another motivation for this investigation comes from topological dynamics
where semigroups as studied below are called linear skew product flows
and have been investigated in connection with the Oseledec Multiplicative Er-
godic Theorem (e.g., see [5]). ~

2. Disjointness preserving operators on C(X,C")

In the following we always take E to be the Banach space C(X, C") of all
continuous €"-valued functions on some compact space X endowed with the

norm
l£1] := sup | £(=)l
z€X
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for f € E and some lattice norm || . || on €". If n = 1 we write C'(X) instead
of C(X,€) and occasionally we identify the space C(X,C") with C(X)® €™
or with C(Y) far Y the disjoint union of n copies of X.

On these spaces the following types of operators will be considered.

Definition 1.

(i) A bounded linear operator T € L(FE) is called disjointness pre-
serving if for all functions f,g € E satisfying | f(z)l] . lg(z) =0 Vz e X
it follows that |Tf(z)] . T9(=)l =0 Vz € X.

(ii) Let @ : X — M,(C) be continuous. The operator M € L(FE) defined
by

Mf(x)i‘—'Q(-"")-f(?), z€X,feEE

is called the matrix multiplication operator corresponding to Q.
(iii) An (unbounded) linear operator § with domain D(§) in C(X) is called
a *-deriv ation if D(8) is a *-subalgebra of C(X) containing the constant

function I/ and if . _
6(f9) = fég + (6f)g

for all f,g € D(6).
(iv) To a *-derivation § on C(X) we associate an operator é, on C(X,C")

on(f1y.-er Ju) = (6f1,- ces6fn)

for f :=(f1,...,fn) € C(X,C€") and all f; € D(§).

Disjointness preserving operators on C(X) have been first characterized
by W. Arendt ( see [1]). His result has then been extended to vector valued
function spaces by J. E.Jamison- M.Rajagopalan (see [4]) and we restate
their result for operators on £ = C(X,C").

Propositon 2. For an operator T € L(FE) the following assertions are
equivalent. ' :

(a) T is disjointness preserving.

(b) There ezist a continuous function Q : X — M,(C) and a map ¢ :
X — X, continuous on X \ {z € X : Q(z) = 0}, such that

Tf(z) = Q(z) - f(¢(2))

by

forze X,feE.

. L]
3. Characterization of disjointness preserving operator semi-
groups
on C(X,C")

We now consider strongly continuous one-parameter operator semigroups
(T'(t))e>0 on E. As usual its generator is Af := limiot~!(T(t)f — f) for
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f € D(A) :={f € E :limot™Y(T@)f - f) exists}. For the basic theory
of one-parameter semigroups we refer to [3], [4] or [7].

Generalizing Theorem 2.2 from [2] we find that norm continuous semi-
groups of disjointness preserving operators are rather trivial.

Proposition 1. For a strongly continuous semigroups (T(t)):>0 on E the
Jollowing assertions are equivalent. B

(a) (T(t))i>0 is a disjointness preserving, norm continuous semigroup.

(b) The generator of (T(t))i>0 is a (bounded) matriz multiplication opera-
tor.
Proof. Assume that (a) holds. Since each T'(t) is a disjointness preserving
operator for all ¢ > 0, there exist by Propositions 2 continuous functions Q, :
X +— M,(®) and mappings ¢¢ : X + X, which are continuous on
U := {z € X : Qi(x) # 0}, such that T(t)f(z) = Qi(z) . f(pe(z)) for all
z€ X, feE. :

By the semigroup property of (T'(t))¢>o it follows that ¢py, = ¢ . ¢, for
0 < s,t. Therefore it suffices to show that ¢; = idx for each ¢ in a small interval
[0,20). Assume to the contrary that there-exist ¢ | 0 and z; € X such that

Pu(zk) # 2k

for all £k € IN. .
Then we choose functions fi € C(X) satisfying 0 < fi < U, fi(zx) = 0

and fi(pe (z)) = 1. .
Denote by 1; the function 1/ ® ¢;, where ¢; is the i-th canonical basis vector

in €". The strong continuity of (T'(t)):>0 implies that there exist ¢, > 0 such
that :
1

T()U; > 3 1r;
for1 <i<nand 0 <t<t. Since T(t)U;(z) = Qi(z)e; for all z € X we
conclude that all entries of Q;(z) are greater then or equal to zero, while the

diagonal entries have lower bound % for all z € X and 0 < t < t3. Therefore
we obtain ;

I7(t)(fr ® e)(zh) — (fi @)@l = WQu, - fi(ua(zr)) - e 2 °21'
for all k£ € IN. This contradicts the norm continuity of (7'(t))¢>0, hence ¢ = idx
for all £ > 0 and :
T()f(z) = Qu(=) - f(=),

which implies that the generator A is a matrix multiplication operator.

The implication (b) = (a) follows since the semigroup generated by a
bounded matrix multiplication is a semigroup of a matrix multiplication oper-
ators, hence disjointness preserving. .

For the characterization of the strongly continuous disjointness preserving
semigroups we need one more concept (see 2] or [6], B-III ).
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Definition 2. A family of maps (¢¢):>0 is called a flow on X, if

(i) ¢t : X — X is continuous for every ¢t > 0,

(ii) wo = idx,

(iil) @45 = ¢t 0 @, for every s,t > 0.

The flow is continuous if the map ¢ : IRy X X +— X defined by
@(t,z) := () is continuous.

Remark 3. We refer to [6], Theorem 3.4 where it is shown how a con-
tinuous flow on X induces a strongly continuous semigroup on C(X) whose
generator is a derivation. : .

Definition 2 combined with the notions from Definition 1 allows to formu-

late our main result.

Theorem 4. et (T(t)):>o0 be a strongly continuous semigroup on E =
C(X,C"). Denote by (A, D(A)) its generator and assume that 1I ® e, € D(A)
Jor each canonical basis vector e, € €". Then the following assertions are
equivalent.

(a) Each T(t) is a disjointness preserving operator.

(b) There ezists a matriz multiplication-operator M on E and a *-derivation
6 generating a strongly continuous semigroup on C(X) such that A = 6, + M.

(c) There ezists a continuous flow (p¢)i>0 on X and a matriz multiplication
operator M on E such that

1()f = (Jm VEIr) fow
where

t
V(%) = exp /0 ™ M(ps(z))ds

Jor fe E,ze€ X andt > 0.

Proof. “(a) = (b)": Since (T(2))e>0 is a disjointness preserving operator

semigroup, there exist continuous functions @; : X — M,(C) and mappings

¢t : X — X, wich are continuous on U; := {z € X : Q¢(z) # 0}, such that
T()f=Q:. fou

for f € E. By using the semigroup properties we obtain

(*) Qi+s(2) . f(Pers(2)) = Qe(2) - Qs(e(2)) . f(e(s()))

for all f € E,z € X and t,3 > 0. Let Q¢(z) = (¢4,ij(Z))nxn. For f =
I ® e, we obtain from (*)

Geraik(z) = ) 03 (2) - Go,k(pe(2))

i=1
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for all z € X,t,s > 0 and 1 < 7,5 < n. This equality gives us the following
identity

(%) Qe++(2) = Qi(2) - Qu(pe(2))
for all z € X and t,s > 0. From (%) and (**) we obtain
(+ %) f(@e+s(2)) = f(pe(2s(2))) € KerQuss(z)

for all f € E and t,s > 0. Next we show that @ ,(z) = ¢u(ps(z)) for

all z € X and t,3 > 0. Let Q¢45(0) = (Gt+5,ij(%0))nxn # 0 for a zo € X.

Then there exists a pair (%o, jo), 1 < 40, jo < m, such that gi4,;,j,(za) # 0.
Assume that .

z1 = Prrs(To) # Pi(Ps(20)) =

Let f be a continuous function on X satisfying

o={} il
Then we have f ® ej, € F and
(®) Fera(0)) - €in = Fpe(pa(z0)) - e30 = ey #0.
And so
(e0) Qt+s(20) - €jo = Qt42,50(z0) # 0

for the jo-th column of the matrix Q:+,(zo). By the relations () and (ee) we
have shown

f(#t+4(20)) - €50 = f(pe(Ps(20))) - €50 & KerQus(2o),

_but this is a contradiction to (* * *). Therefore @i4,(z) = ¢i(s(z)) for all
z € X and t,s > 0.

Let S(t)g := g o, for arbitrary g € C(X) and ¢ > 0. Then (5())e>0
satisfies the semigroup properties. If course g ® ex € E for all g € C(X) and
1 < k < n. On the other hand,

lim [|S(t)g — gl < lim [lg o pr-ex — g-exll
< llm I(Id — Qe)g o pr-exll + im | T(2)g ® ex — 9 ® el

< yg,x,z_: llgo e(Td - QU @ ex)l| + limy IT(8)g — gll = 0

for all g € C(X ). Therefore we obtain from the last inequality that (S(t))¢>o
is strongly contmuous and S(t)I = U for U € C(X). By Theorem 3.4 in (6]
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the generator é of (S())i>o0 is a *-derivation. Now let S,(8)f := fo ¢, for
f=(f1,.---,Ja) € E. Then (S(t)):>0 is a strongly continuous semigroup on E
and its generator is the derivation 6, on E. Let M := lim;.ot_1(Q; — Id).
Since Y ® ex € D(A) for all k,1 < k < n, this limit exists. Therefore
t= (T(2)f(2) — f(2)) = 71 (Qu(2) f(e(2)) — Qu(=)f(=))+

t71(Qu(2)f(z) - f(z)) =

= t71Qu(z)(Sn(t) f(2) — f(2)) + t71(Qu(z) — Id) f(2)
forall f€ F and t > 0. If we let ¢ tends to 0 then we obtain

Af =6f+ Mf.

The compactness of X gives us M € L(E) and therefore the domain D(é,,) is
equal to the domain D(é, + M). , ,
“(b) = (c)”: Define the operator family (W(t)):>0 by

W) = exp ([ Mlpe)ds) - Slou(e)
for f € E,z € X and t > 0. Then (W(t)):>0 satisfies all the assumptions of
the Chernoff Product Formula (see [3], Theorem 1.2.4) and it is easy to show
that W(0) = é,, + M. Hence the limit of [W (%) as n — oo coincides with
the semigroup generated by 6, + M and has the form stated in (c).
“(¢) = (a)”: Each |V % y o ¢ is a disjointness preserving operator.

Therefore the same holds for its limit with respect to the strong operator topol-
ogy. .

Corollary 5. Let (T(1))¢>0 ;satisfy the assumptions and one of the condi-
tions (a) — (¢) of Theorem 4. If the matrices M(z),z € X, commute then the
semigroup is given by

T f(z):= exp (/o‘ M((p,(z)jds) . f(pe(2))
Jor feE,z€ X andt >0

Proof. Suppose that the condition (b) of Theorem 4 holds. Let us define

5@ = e ([ MlpaNds) - oa)
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forallf € E,z € X and t > 0. Then it is easy to see that (S(t))i>0 is a strongly
continuous dxspmtness preserving semigroup. Let (B, D(B)) be the generator
of (5(t))t>o0. Then

2 $(t)jemo = 8af + M

for f € D(6,). Therefore 6, + M C B. Since §, + M is already a generator we
conclude 6, + M = and S(t) = T(t) for all ¢ > 0. .

We conclude this paper with an example originating from non-autonomous
Cauchy problems as mentioned above. For simplicity we assume the matrix
family (A(%)):>0 to be periodic.

Example 6. Take X := {z€C : |zl =1}and E := C(X,C"). To
the continuous flow ;

pi(2) = (e"z), z€e X,

corresponds the derivation

§f(2) = z.f'(2)

on C(X). If M is the matrix multiplication operator on E corresponding to
the continuous function
Q: X - M, (C),

then the generator 6, + M generates the disjointness preserving semigroup on
E given by the formulas in Theorem 5(c).
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