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1. Introduction

Consider the function of two complex variables represented by Dirichlet
series

oo
(l) f(S],$2) = Z amne"’\"\"":#n

m,n=1

where
O< A< X< ...< A< ...> 00,
O<p <pe<...<pp<...— 00,

amn € C and s1,82) € C?, C being the field of complex numbers.
If (1) converges for s; = oy + it;, s2 = 02 + ilz, then the series converges
in the domain ;

D' = {(o] + it1, oy +it;) € C? : 0] < 01, 0y < 02, —00 < 1,12 < 00} ;

- o1 and o are called the abscissae of convergence.
Let ' '

oo
afsy,sy) = § : amnes\/\m+swn
m,n=1
be a fixed Dirichlet series where none of the coefficients a.,,, is equal to zero
and A,,’s and pp,’s satisfy the condition

(2) lim ogm =0= lim logn

m—+00 m n—oo pn
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From (2) it follows that its abscissae of absolute convergence coincides with
its abscissae of ordinary convergence [2]. Let ¢;,¢2 > 0 and suppose that the
maximal abscissae of convergence of the series for a(s;, s;) are greater than or
equal to c; and c; respectively, i.e., the series for o converges in the domain

D = {(o1 + it1,02 + ity) € C?

o1< ¢, O2< €2, —00 < 11,12 < OO} .

Let A represent the class of all functions f = f(sq,s2) represented by (1)
for which the exponents A,,’s and uy,’s satisfy the same conditions (2) as that
of a and let further

(3) lim |=mnf—g.

m—+n—ok

077171

It is easily seen that if the maximal abscissae of convergence of a are greater
than or equal to ¢y, c; respectively, then every element of A has its maximal
abscissae of convergence greater than or equal to ¢;, ¢, respectively. It is clear
that A does not include all functions whose maximal abscissae of convergence
are greater than or equal to ¢;, c2 respectively.

In this paper, for brevity, we consider functions of two variables only,
though the results obtained here can easily be extended to any finite number
of variables.

2. Now define the following operations, namely addition(+), scalar mul-

tiplication (.), multiplication (o) and || . || for the elements of A in the following
way: )
oo
(i) (F+9(s1,82) = D (Cmn + by )e™ ¥,
m,n=1 ’
oo
(ii) (e.f)(s1,82) = z (Clmpn )€ AmF33kn ¢ being a complex number,
m,n=1
o~ @ynb
(ili)  (fog)(si,sx)= » T TRemAmtoan
Qon
m,n=1
and
@) Al = supp s |22,

where f,g € A such that

13
f(s’l’s’l) = Z a'rnnes”\m-’-“#"’

mn=1

)
'\m 2Hn
g(31732) =" E bne’ +aup .

m,n=1
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It is easily verified that under these operations, A becomes a normed linear
space over C'.

Further it will be shown that A is a nonuniformly convex Banach space.
A characterisation of linear functionals on A has also been obtained. This
generalises some of the results obtained in [3] for analytic Dirichlet functions of
one complex variable.

Theorem 1. A is a nonuniformly convex Banach space which is separable
also.

(A normed linear space X is called uniformly convexif, to each ¢ > 0,
there corresponds 8(¢) > 0 such that |lz+y|| < 2(1-6(€)) when [|z|| < 1,[ly|l £ 1
and ||z — y|| = €. This concept is due to J.A. Clarkson [l

Proof. (i) A is a Banach space.

Let {f,}, where >
o0
folsr,82) = Y alBhestntsain (p=1,2,..))
m,n=1

be a Cauchy sequence in A so that

(»)

Amn

— 0 for each p as m + n — oo (by (3)) .

Qmn

Since {f,} is a Cauchy sequence in A , for a given € > 0, there exists a positive
integer po such that .

I fp = foll <€ for p,q > po.

This gives
sup ————as',g‘ - ailh <€
m,n>1 Qmn
for p, g 2> po.
Therefore,
(» _ ()
(4) Amn — Gmn <
a‘mn
for p,q > po and for all m,n > 1.
(»)
This relation shows that { Zm" } is a Cauchy sequence in C for each fixed
mn

a
m,n and so converges to ——

(say) € C as p — oo.

mn
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Hence we obtain

(p) (») (») (»)

Amn Qmn Amn Amn Amn - Qmn Amn
= - < . + — 0as m+ n — oo.

Amn Qmnn Qmn Qmn Qmn Qmn Qmn

o0
-/
This implies that f, where f(s1,2) = Z Ay €t A H2kn belongs to A . More-

m,n=1
over,
(p)
Amn — a
_mR MRl ., Qas p — oo, by (4).

mn

lfo — fll = sup
m,n>1

Hence A is complete and A is therefore a Banach space.

(ii) Aisnotuniformly convex.
Let f,g be defined by

f(sl,32) - amonoeau\mo+a=#no

and 3
9(31932) = a1non0831 mo+S24ng + amknke.ﬂ/\mk'ﬁ-h#nk

where (mo, no) and (mpg, nx) are pairs of fixed integers.
Evidently, f,g € A and |[f|l =1 =|lgll , If —gll =12 ¢, but ||f + gl =
2 £ 2 — 26(e) for any positive 6(€) proving that A is not uniformely convex.

(iii) Ais separable.

m n
To show this, let Ag be the set of all functions Zzbme"’\""”“" with
p=1g=1
rational complex coefficients, where m and n are finite, positive integers.
It is easily seen that the set Ag is enumerable. Also, it is everywhere
dence in A. To see this; let ¢ > 0 be given and f € A, where f(s1,32) =

oo
E Amne®*m 324 5o that gm-l — 0 as m+n — oo which gives that
m,n=1 g

€/2 for m + n > N which then implies that

Amyn o
Omn | <

a
sup Tl <e/2.
m,n mn
m+n>Np

Let g € A be defined as follows:

[~
g(3113‘2)= Z bmne""\m‘*"?l‘n

m,n=1
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where .
bpn =0 form+n > Ny

and

amn

Amn — bmnl < 6/2

for m,n with m+n < Nog .

Then
Amn — b a 1 1
If—=gll< sup ||+ sup |—=|<-e+-e=¢.
m,n Amn m,n Qmn 2
m+n<No m+n>Nog

Thus A is separable and this proves the theorem.
From our definitions and also in view of Theorem 1, we may now state the
following

Theorem 2. A is a comutative Banach algebra.

3. .Linear Functionals on A

In this section we give the characterisation of bounded linear functionals
on A.

Theorem 3. FEvery bounded linear functional F defined for f € A is of
the form

F(f) = E (S)amntmn )

m,n=1
where
oo
— 81 Am+s
f(s1,82) = D ampeintobn
m,n=1
o0
E |amntmn| < oo,
m,n=1
oo
and E (S)@mntmn stands for some convergent rearrangement of the terms of
m,n=1
oo
the series _s_ Amntmn as a simple series.
m,n=1

To prove this theorem, we require the following
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Lemma. fy — f(N — o), where

m4n=N
fN(’l.Sc) = 2 a,n,.e"'\'+"“' )

m.n=1
and -
[(s1,82) = Y amaent=tons
m,n=1
Jor (81, 83) belonging to the domain of convergence of a(sy, s3) if
' Gmn

Qmn

| =0asm+n—ocoie iffEA.
Proof of the Lemma. Let f € A, where

I("h’ﬁ)= Z amne.'x-.’“”. ’

mn=1

so that

a
==l —0asm+n—o0.

Qmn .
Hence

—0as N —o0.

Nf - fnll= sup [2mm

m.n Qmn
m+4+n>N

Proof of the Theorem. Let F be defined for f € A as follows:

F(f) = 2 (S)amntmn,

mns=]
where .
!("'aﬂ) = Z %‘e‘lx-+.“‘. s

mn=)
and -
Z lamntmnl < oo .

mnam)

Since

oo o
Z l%u‘ﬂn‘ < sup I = l Z '“mn‘mn'
mn

«
mnml MR ol

o0
- "I" Z 'Onu'mnl < oo,
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F is a well-defined functional on A, and it is linear. Furthermore,

IFOOS Y lamutunl S TSI Y- l@matinnl

mnu=1 mnu=1

whence

o0
IFNS Y lamntmal -

mn=1

Thus F is a bounded linear functional on A. Consequently F € A®, the dual
space of A.
Conversely, let FF € A" be defined as

F(émn) = tmn, where 6mn € Ais gi\'en by

bmn(81.82) = etk > 1.

Then for any f € A, where

f(sy,82) = Z a,.,,e"“‘-*‘w- .
mna=l
= Z Amndmn(51.52) ,
mn=|
[lez)F(f) = P(h!i_u.n S~) (by the lemma)
mén=N
= F(&!i—'onco Zl ﬂm.'b"".)
meyn=N
= o’ﬁll,-l.“m[ ng-‘ a"‘ﬂr(bm-)]
ménm=N
= ~\!"—“'x«[ Z] a'-~'m"] .

So, for every f € A, the series Z Aunlmn cOnverges for some arrangement
m o=l
as a simple series and

F(f) = Z (S)amnten -

m.onml
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It will now be shown that

oo

> lamatmal < |1F

mn=1

so that

o
Z lamntmnl < oo.
1

m,n=

Take any k£ > 2 and let

S { [amn| sgn (tmn) form+n <k
mn 0 form+n>k.

Define f by

(o)
f(s1,82) = Z Ampe®t Amto2sn ,
1

m,n=

Evidently, f € A and || f|| = 1.Therefore

‘m4n=K
IF(HI =1 D lamnl 5g0(tmn) F(6,nn)|
m,n=1
m4+n=K It
= Z Iam,,tmnl(sgn(tmn)= L"l)
m,n=1 tmn

But [F(f)| < [|FIlILfII = IFIl (since [|f]] = 1 )so that

m4n=K

> lematmal < ||F

myn=1

and consequently

(oo}
Z lemntmal < || F ,

m,n=1

and this prove the theorem.
In conclusion, the author is thankful to Dr. N.C. Mazumdar f is ki
help and guidance during the preparation of this paper. ar for his kind
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