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Bernstein Inequality in Ly Norm*

D. K. Dimitrov

Presented by Bl Sendov

Natural analogs of the classical Bernstein inequality in L2 norm with Jacobi weights on
[=1,1] and general Laguerre weights on [0, oc) are proved.
1. Introduction

Denote by 7, the set of algebraic polynomials of degree not exceeding n.
Set
1 £lloe max | f(z)|-

-1<z<1
For each polynomial p € 7, the well-known classical Bernstein and Markov
inequalities hold:
Bernstein inequality:

(1) V1-22 |p'(z)| < nllpllc forany ze€[-1,1],
or equivalently
(2) 1P'(z)] < nllplloe/ V1 =22 forany z€(-1,1).

Markov inequality:
; 1P llee < n?l|Pllco-

Many extensions and generalizations of these inequalities in various norms
and classes of polynomials have been considered. Comprehensive surveys of the
known results are given by Rahman and Schmeisser [2] and Milovanovic [1].

For any pair of real numbers a > —1,3 > —1, denote by wa s(z) = (1 —
z)2(1 4+ z)? and w,(z) = z%¢~* the Jacobi and the general Laguerre weights,
and set

1/2

I las) == (/_“ wa.n(-'t)fz(z)d-‘r) ;

Wy = ([ uo(z)ﬂ(z)az)"'.

* Supported by the Bulgarian Ministry of Science under Grant MM-15
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Let P,(.a‘ﬁ) be the Jacobi polynomials, orthogonal on [—1, 1] with respect to
Wa,p and L be the general Laguerre polynomials, orthogonal on (0, 0c) with
respect to w,. Assume that P and LY are normalized by

P(1) = L{EN0) = (n i a).
n

P, := P and L, := L' are the Legendre and Laguerre polynomials.
Norms are homogeneous functionals, hence, if an equality between two
different norms holds for a function f, then it does also for a constant multiple
of f. Having that in mind we shall write that an equality is attained for f
disregarding constant factors.
The main result is:

Theorem 1. (i) For each p € 7,
(3) IV1 = 22 P(2)l(a) € (0(n + @+ B+ 1) |1pll(as)s

where the equality is attained if and only if p(z) = PP (2,
(ii) For each p € my

(4) IVz P (2)ll) < 22lIpll(a)s
where the cquality is attained if and only if p(z) = Ls,"’(;-)_

Now we want to rewrite (3) and (4) in a form similar to (2). Fora=8=0

we consider the norms
lIp(z)/ V1 = 2%l (0,0

and
[lp(z)/Vzll(0)-
They are well-defined if we restrict the set 7, to the subsets
(=1L 1):=(p€m:p(=1)=p(1)=0),n > 2,

and
72(0):=(p€ mn : p(0) = 0),n > 1,

considering ||p(z)/V1 - 1""(0.0) and "P(I)/\/;"(O)v respectively. Thus we come

to
Theorem 2. (i) Let n > 2. Then for each p € xd(-1,1)
1P(2)ll00) < (a(n = 1) Ip(2)/ V1 = 22|00y,

where the equality holds if and only if p(z) = (1 = 2?) P;_,(=).
(ii) Let n > 1. Then for each p € x3(0)

12 (2)lloy < n'/*llp(2)/ V7l (o),
where the equality holds if and only if p(z) = z L, (z).
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2. Proofs
We need the followng relations for the Jacobi and Laguerre polynomials:
4
dz
(6) A = P (@ ey =

k +a+ 0+ 1 o
___.2ﬂ__p‘(:_:"ﬁ+')(z)‘

2048+l - D(k+a+ 1)I(k+8+1)
d%kt+a+B+ITNk+ D)(kFa+B+1)

(7 4 ((1 = 2?)Pi_y(2)) = —k(k — 1)Per(2),
dz

(5) PP (z) =

d (a) a+1)
L@ = ~ L% (2),tag8

o o k+a
(9) W = 12y = ra+ (5 )

(10) % (zLi(z)) = —kLg_r(2).

Here I is the gamma function. Identities (5), (6), (8),(9) correspond to (4.21.7),
(4.3.3), (5.1.14), (5.1.1) in [3], and (7) and (10) follow immediately from (4.2.1)
and (5.1.14) there.

Proof of Theorem 1. (i) Obviously every p € ¥, can be uniquely
represented in the form

p(z) = iakl’é"*"’(r).

k=0

From (6) we have
A n
Pl 5 = Y akh™.
k=0
On thlie other hand
v -z? P'(I)"(zn,a) = “p'"(20+1.3+1)

n

k+a+3+1 (at+1,8+1)
I SPRALELEIT Ll I
k=0

where the second equality follows from (5). Because of the orthogonality we
have

n

k+a+B8+1)? (a4,
IVT= 2 PNy = 3 ot Lijs1oen

k=0 4

=3 adk(k+a+ 8+ DA™,
k=0
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Here we used (6) and the recurrence relation for the gamma function MNz+1) =
zI'(z). Therefore

IVT =22 p'(@)lI2, 5/ 1Pl )

n n
= (Z aik(k+a+8+ l)hia'm)/ (Z a'fch}:"m) .
k=0 k=0
Obviously the quotient on the right-hand side is less than or equal to n(n +a +
3 + 1) and the equality holds if and only if ap = ... = a,_; = 0 and a, is an
arbitrary nonzero constant.
(ii) Representing p in the form

p(z) =Y arl{®(z)

k=0
we obtain "
IPlfay = D akhi.
k=0
On using (8) and (9) we get

vz PI(I)"(za) = "P'"?a-n) = Z OZkhr’).

k=0
Thus
Iz P'(@)fa)/ IPll{a) =
n n
o (Z aikhi"’) / (z aZh(®)
k=0 k=0

< n.

Moreover, the equality is attained if and only if ag = ... = a,_, = 0 and a,, is

an arbitrary nonzero constant. The proof is completed.
Remark 1. Inequalities (3) and (4) can be rewritten as Markov inequal-
ities with different weights:

1P la+1.841) < (a(n+ @+ 8+ 1)) |1pll 0.7
1P a1y < 22112l (o)-
Corollary 1. For each p € 7,
12l < (r(n + 1) 1pll0.0)
with equality only for p(z) = Pn(z) and .
1P l(1 /272y < nllPll(=1/2,-1/2)

with equality only for p(z) = Tn(z), where Ty, is the Tchebycheff polynomial.

Taking into account (5) and (8), we can prove
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Corollary 2. For eachp € n, and for allk =1,...,n

1/2 :
1P Plarrarer < (g T e sy ) IPles

where the equality is attained only for p(z) = P,‘."’m(z) and

n! 1/2
1P arn < (o) Pl

where the equality is attained only for p(z) = Ls.o)(.t).

Proof of Theorem 2. (i) Every p € x3(—1,1),n > 2 can be uniquely
represented in the form

n—-2
px) = (1-2%) > arP{"V(2).
k=0

It follows from (6) that

n-2

" |
lp(2)/ V1 = 22|30y = Y aZhl™.
k=0

Applying (5) for a = § = 0 and (7) we get

n-2
Py = Y aeas (-2 P())

k=0
n-2
2 d 2
=Y kg ar (1=2)Pia(2)
k=0
n—-2
= "'22 ai(k + 1) Piya(z).
k=0
Therefore
n—-2 n—-2
1P 110y = 4 3 adtk+ 1225 = 3~ al(k + 1)(k + 2)a{"".
k=0 k=0
Thus

"P'"(zo.o)/"P(-r)/V 1 - 32"(20.0) <n(n-1)
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n-2

and the equality holds only for p(z) = (1-z2)P{"}(z) = const(1 —22)P!_ ().
(ii) Every polynomial p € #2(0),n > 1 can be uniquely represented in the

form |
Pa)=2 3 axli’(2).
k=0
Then
n-1
lo(2)/ vy = 3 aZafh.
k=0

For p’ we have

n-1

/ —_ d (l)
p'(z) = g""ﬂ (J:Lk (:c))
n-1
d
= Z""_ (zLy4r(2))
k=0 dz
n—1
=3 aw(k + 1)Li(2).

k=0

Hence » |
1Py = D ak(k+ 1A = 5 af(k + 1A,
k=0 k=0

Thus

"P'||(20)/"P(1')/\/5"(20) <n

where the equality holds if and only if p(z) = J—'Lf,l_),(z) = const zL'(z).

Note: While this paper was in print the author was kindly in"formed by
Prof. Gradimir Milovanovic and Prof. Allal Guessab that they discussed the
inequalities obtained in this paper independently from different point of view.
Their results will appear in "J. Maht. Anal. Appl.” and "Rocky Mount. J.
Math.”
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