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Weak Fragmentability
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Presented by St. Negrepontis

We introduce the notion of weak fragmentability which is identified with the weak-Radon
Nikodym property and also with the Pettis property in weak®-compact, convex subsets of
a dual Banach space. Also we prove that the characteristic properties of a convex, weakly-

fragmented set K are that convF = conoF ! for every weak®-compact subset F of K and

that L = conveth" " for every weak*-compact subset L of K. Finally is proved that a convex
weakly fragmented set is affine homeomorphic to a weak®-compact subset of the dual space
of a Banach space not containing ;.

Introduction

The central theme of this paper in the notion of weak-fragmentability (Def-
inition 1) which is inspired by the fragmentability defined in [8] and is identified
with the scalar point of continuity property ([9]) in weak*-compact subsets of
dual Banach spaces. .

By K.Musial ([7]) and L.Janicka ([6]) it is proved that the dual Ba-
nach spaces with the weak-Radon-Nicodym (w-R.N.P.) property are character-
ized as spaces with predual not containing /3. Also it is known ([11]) that a
dual Banach space has the w-R.N.P. if and only if its weak*-compact subsets
are weakly fragmented. On the other hand , every convex, weakly fragment-
ed subset of a dual Banach space is affine homeomorphic to a weak*-compact
subset of a dual space with the w-R.N.P. (Corollary 13).

Every convex, weak*-compact subset K of a dual Banach space X* is
weakly fragmented if and only if it has the w-R.N.P. or equivalently if it is
a Pettis set (Theorem 9). Other characteristic properties of a convex weakly
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fragmented set K are that convF” = convF“ W for every weak*-compact subset
F of K and that L = conveztL! ! for every convex, weak*-compact subset L of
K (Theorem 9 and Corollary 10). Using a version of the Superlemma ([1], [2])
we prove that K is weakly fragmented if and only if for every z** € X** the set of
extreme points of K which are also points of continuity of z**/k : (K,w*) - R
is a dense , Gs set in (extK,w*) (Proposition 4). /

Finally, we prove that every bounded linear operator 7 : X — Y* from a
Banach space X into a dual space Y* such that the weak*-closure of the image
of the unit ball of X is a weakly fragmented subset of Y'* factors through a dual
space with predual not containing /; (Corollary 14). This can also be proved by
using a theorem of E.Saab and P.Saab ([11]), here we give a direct proof,
which uses the notion of weak-fragmentability.

Notations

Let Z be a topological Hausdorff space and f a real valued function on
Z. If A C Z, the oscillation of f on A is O(f,A) = sup{|f(y) — f(=)|
z,y € A} and the oscillations of f at a point z € Z is O(f,z) = inf{O(f,U):
UC Zisopen and z € U}. Obviously, f is continuous at z if and only if
O(f,z) = 0. We denote by f/4 the restriction of f to A.

Let X be a Banach space. We denote by X* and X** the dual and the
second dual of X respectively. The closed unit ball of X is denoted by Bx and
its surface by Sx. If A is a subset of the dual space X* then we denote by 71-" I
the norm closure of A, by A" the weak-closure of A by A" the weak*-closure
of A and by convA the convex hull of A. The symbol (A, w*) means that A is
endowed with the relative w*-topology. If K is a convex subset of X then the
set of extreme points of K is denoted by extK.

If F is a bounded subset of a dual space X* then a w*-slice (or w*-open
slice) of F'is a set of the form S(F,z,a)={f€F: f(z)> M(z,F)—a} where
z € X, a>0and M(z, F) = sup{f(z); f € F}. The corresponding w*-closed
slice of S is the set $; = S1(Fyz,a) ={ f€ F: f(z) > M(z,F)—a }.

Definition 1. Let X be a Banach space and F a non-empty subset of
the dual space X*. Wesay that Fisweakly fragmented if for each
non-empty subset A of F, ¢ > 0 and z}*,...,z5* € X** there exists a non-
empty relatively open subset U of (A,w*) such that O(z*,U) < ¢ for every

i=1,...,n.
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It is easy to check that F is w-fragmented if and only if for every non-empty
relatively closed subset H of (F,w*) there exists a non-empty relatively open
subset U of (H,w*) such that O(z**,U) < ¢ for every i = 1,...,n.

Proposition 2. Let X be a Banach space and F a w*-compact subset of
the dual space X*. The following statements are equivalent:
(i) F is w-fragmented

(%) For every non-empty, w*-compact subset H of F, ¢ > 0 and z** € X**
there erists a non-empty relatively open subset U of (H,w*) such that
O(z**,U)< e.

(iii) For every non-empty, w*-compact subset H of F and z** € X** the re-
striction of =** to (H,w*) has a point of continuity. (scalar continuity
property), ([9]).

(iv) For every w*-compact subset H of F and z** € X** the set of points of

continuity of the map z**/y : (H,w*) — R is a dense G5 subset of (H,w*).
Proof. The implications (i) = (ii) (iv) = (iii) and (iii) = (ii) are obvi-

ous.

(ii) = (iv). Let n € IN and Z, be the set of all z € H for which there exists

a relatively open subset U of (H,w*) with z € U and O(z**,U) < ;lt- Clearly

the sets Z,, n € IN are relatively open subsets of (H,w*) and from (ii) they are

dense in (H,w*). The set N;Z, Z, is precisely the set of points of continuity of

z**/y : (H,w*) - R and it is a dense, G5 subset of (H,w*), because (H,w*)

is a Baire space.

(iv) = (i). For each ¢ = 1,...,7n let T; be the set of points of continuity of
zf*/H : (H,w*) - IR. From (iv) the sets T; are dense G5 in (H,w*). Hence
n

n T; is also dense, Gs in (H,w*). Let e € T. Then there exists a relatively open
=1
subset U of (H,w*) such that e € U and O(z}*,U) < e foreveryi=1,...,n.

We will prove that the set of the extreme points of K which are also
points of continuity of z**/k : (K, w*) — IR for some z** € X** is dense, G in
(extK,w*) if K is a w*-compact, w-fragmented, convex subset of a dual space.
This can be proved using analogous arguments as in the proof of proposition 8
in [11]. We will give a more elegant proof for this result using a version of the
Superlemma [1], [2].

Lemma 3. Let X be a Banach space, K, Ko and K, are w*-compact,
convex subsets of X*, € > 0 and z7*,...,z;* € Sx-. . Suppose that:
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1. Ko is a subset of K and O(z}*, Ko) < € for. everyi=1,...,n.
2. K is not a subset of K;.
3. K is a subset of conv(KoU K1). Then there ezxists a w*-slice S of K that:
intersects Ko and O(z!*,S) < € for everyi=1,...,n.
The proof is virtually identical with that of the Superlemma (weak* ver-
sion). (See [3] Theorem 3.4.1.(w*)).

Proposition 4. Let X be a Banach space, K is a w*-compact, i - frag-
mented, conver subset of X*, and z** € X** . Then the set T N extK is
dense, G5 in (extK,w*), where T is the set of the points of continuity of
z** [k : (K,w*) = R. Consequently, K = conv(T N e:ctK)"'..

Proof. Let E = extK. For each ¢ > 0 let B, be the set of elements of F
which have a w*-open neighborhood V such that O(z**,V N K) < €. Every B,
is open in (E,w*) and we will prove that B, is also dense. Let W be a w*-open
subset of X* with W N E # 0. Since K is w-fragmented there exists a w*-open
subset U of X* such that UC W, UNE #0 ar}d O(z**,conv*"(UN E)) < ¢,
([11] Proposition 7). Define Ko = conv(U N E)  and K; = conv(E\U) )

The sets Ko, K1, K satisfy the properties 1, 2, 3 of Lemma 3, hence we
can find a w*-slice S of K that intersects Ko, misses K1 and O(z**,S) < €. Let
u € ENS. Since O(z**,5) <¢, we have that U € B.. Alsoue€e ENU C W
since K3 NS = (. Therefore B, is dense in (E,w*).

Finally, extk N T = N, By, is dense, G5 in (extK,w*), since (extK,w*) is
a Baire space. '

Corollary 5. Let A be a bounded subset of a dual space X*. If K =
convA" is w-fragmented then for every € > 0 and z1*,...,z3* € X** there
ezists a w*-slice S of K such that SN A # 0 and O(z}*,S) < ¢ for every

i=1,...,n.

Proof. Let E; i=1,...,n be the sets of extreme points of K which are
points of continuity of z}*/k : (K, w*) — IR respectively. By Proposition 4 the
sets E; are dense, G5 in (extK,w*) for every ¢ = 1,...,n. Since (extK,w*) is a

" :

Baire space the set £ = ﬂ E; is also dense, G in (extK,w*). Let e € E, then

=1
there exists a w*-slice § of K such that e € S and the corresponding closed
slice S; of § has O(z!*,S1) < e foreveryi=1,...,n. '
Of course SN A # 0 and O(z}*,conv(SN A) ) < e foreveryi=1,...n.

Proposition 6. Let F be a w*-compact subset of a dual Banach space
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X*, such that convF" s w-fragmented Then convF" = convF“ I

Proof. Let f € K = convF" . Then thereis a regular Borel probablhty
measure g on (F,w*) whose resultant T(u) is equal to f. Let ¢ > 0 and
TT*, ..,z € X The support M of p is a nonempty, w*-compact subset of
F and M; = convM"” is w-fragmented subset of K. From Corollary 5 there
exists a w*-closed slice S; of Mysuch that O(z}*,conv" "(851 N M)) < ¢ for every
i=1,...,nand S; N M # (. Therefore u(S; N M) > 0.

Let A be a maximal disjoint family of w*-compact subsets A of F such that
u(A) > 0 and O(z}*,conv*" A) < € for every i = 1,...,n. Then A is countable
and we will show that u(UA) = 1. If g(UA) < 1, then by the regularity of u
there exist a w*-compact subset L of F such that L C F\U A. and p(L) > 0.
Let u; the Borel measure on F with y,(B) = u(LN B) for every w*-Borel subset
of F. If C is the support of pu;, then C is a non-empty, w*-compact subset of
L and C, = conv“ C is w-fragmented. From Corollary 5 there is a w*-closed
slice Sy of C; such that O(z!*,conv* (S1NC))<e and S; N C # 0. Hence

1(51NC) > 0. Therefore AU{S; NC} is properly larger than A, contradicting
maximality. Hence p(UA) = 1.

k '
Let Aq,...,Ax € A so that Zp(A,-) >1—¢. Then p =typy+---+tepr+

i=1
tk41, where p; for i = 1,...,k and X are regular, Borel, probability measures
k

of (F,w*) with p;(A;) =1,0<t; < 1fori=1,...,k, tyy1 < € and Zt' =1.

Therefore f = T(p) = tiT(p1) + - + tkT([.l,k) + te41T(A). Choose f, E A; for
i=1,...,k and fry1 € F. Since T(;L.) € convA;” ,i=1,...,k we have that
zj(f,«‘* - T(u,)) <e¢foreveryj=1,...,nand i=1,...,k. Hence

k+1 k
zi” (f = Z fi) = Z ey (t(pi) — fi) + k1257 (7(A) — frg1) < € + diam F°
i=1

i=1

for every j =1,...,n.
Since ¢ > 0 and z3}*,...,zy* are arbitrary we conclude that f € convF~ =
convFII I

Remark?. For every w*-compact, w-fragmented, convex subset K of
a dual Banach space we have that K = convextK | This can be proved with

the same arguments as in the proof of Proposition 3.1 in [5]. Proposition 7 can
be proved easily using the previous result. We gave a direct proof which has
ideas of an analogous result of . Namioka [8].
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In the following we will prove that the property which is described in
Proposition 6 is a characteristic property of convex w-fragmented sets.

Definition 8. Let X be a Banach space and K a w* compact set of the
dual space X™.
K is called a Pettis set if the identity map I : (K,w*) — X™ is universally
scalarly measurable, i.e. for each z** € X** the function z**/k : (K,w*) > R
is p-mea.suréble for every Radon probability measure u on (K, w*).
K is called weak- Radon- Nikodym set (w-R.N. set) if for every proba-
bility space (2, F,p) and every bounded operator T : Li(p) — X* for which
T(zg/u(E)) belongs to K for each non-null measurable set E, the operator T
is represented by a Pettis integrable function with values in K.

Theorem 9. Let K be a w’“-bompact convez subset of a dual space X*.
The following are equivalent: )
(i) K is w-fragmented.
(i) K is Pettis set.
(iii) K has the weak Radon-Nikodim property.
(iv) For each w*-compact subset F' of K we have convF”" = convF I,

Proof. (i) < (iii) K is w-fragmented if and only if K has the scalar point
of continuity property, from Proposition 2. Hence we have the equivalence from
the results in [9] and [10].

(ii) ¢ (iv) This equivalence is proved in [12].

(ii) = (i) In [12] is proved that a w*-compact subset F’ of X* is a Pettis
set if and only if conv¥ (K U (—K)) is a Pettis set. Since every w*-compact
absolutely convex subset of X* is w-fragmented ([9]) we have that every Pettis
set is w-fragmented.

(i) = (iv) It is obvious from Proposition 6.

Corollary 10. A convez, w*-compact subset K of a dual Banach space
X* is w-fragmented if and only if L = conveth" for every convex subset L
of K.

"The following Theorem is unfluenced by the methods of
W.Davis- ILFigiel- W.B.Johnson- A.Pelczynski [4] and
I.Namioka [8].

Lemma 11. Let F be a w‘-compact,.w-fragmented subset of a dual space
X*, B the unit ball of X*, € > 0, § > 0 and z}*,...,23" € Sx+. IfAisa
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non-empty subset of K + 6 B* then there is a w*-open subset V of X* such that
VNA#Q and O(z*,VNA)<26+¢ for everyi=1,...,n.

Proof. We can assume that A is w*-compact. We define the function
f: Fx 6B — X*by f(z*,y*) = z* + y*. If F x 6B has the product of the
weak*-topologies and X* the weak*-topology the function f is continuous and
of course A C f(F x éB).

Let M be a minimal compact subset of F X éB such that f(M) = A.
Then IT;(M) (where II, is the projection map) is w-fragmented subset of F,
hence there exists a relatively w*-open subset U of F such that UNII;(M) # 0
and O(z!*,VNII;(M)) < ¢ for every i = 1,...,n. By the minimality of M,
F(M\IIT}(V)) is a proper subset of A, hence W = A\f(M\IITY(V)) C f(M n
I;1(V)) is a non-empty, relatively w*-open subset of A. Let z*, y* € W, then '
z* = z§ + =3 and y* = ¥} + v} with (2},23), (37,3) € (V NI7(M)) x 6B.
Then

(2" =y ) =2z - v) + (2 —yr) <e+ 26

and O(z!*,W) < 26 + ¢ for every i = 1,...,n as was to be shown.

Theorem 12. Let X be a Banach space and K a w*-compact, w-frag—
mented, absolutely convez subset of a dual space X*. Then there ezists a bound-
ed linear operator T from X onto a dense subspace of a Banach space E not
containing l; such that K C T*(B), where B is the unit ball of E*.

Proof. Let V be the unit ball of X*, U, = 2"K + (1/2")V for every
n=1,2,...and || ||» a norm for X* whose unit ball is U,. The norms || ||, are

o

dual and equivalent to the original one on X*. Let p(z*) = Z |lz*||n for every

z*e X*,H={z*e€ X*: p(z*) < oo} and U = {z* € X* :n;)(lzc‘) <1}

As proved in [8], (H,p) is a dual Banach space and U is a w*-compact,
absolutely convex subset of X* with X € U. We will prove that U is also
w-fragmented. Let F' be a non-empty, w*-compact subset of U, ¢ > 0 and
z** € X**. Fix n_€ IN such that 1/2" < (&/3)||z**||.

Then FCU C U, =2"K + (1/2")V C 2"K + (¢/2||z**||)V. From Lemma 11
there is a relatively w*-open subset W of F with O(z**,W) < €. Hence U is a
w-fragmented subset of X™.

We will show that (H,p) has the w-R.N.P.. It is sufficient to prove that U
is a w-fragmented subset of (H,p). Let F be a non-empty, w*-compact subset of
U,e >0, and z** € Sy.. If m = sup{p(f): f € F}, then we choose an fo € F
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Mo
such that p(fo) > m — /3 and consequently no € IN such that Z | folln >

n=1

Mo

m — ¢/3. Write q(g) = Z llglln for every g € X*. Then q is an equivalent
n=1

norm in E* and also ¢ is w*-lower semicontinuous. Let W = {f € F: ¢q(f) >

m — ¢/3}. Then fo € W and W is a relatively w*-open.subset of F'. We define
Z = (D Xn)1 where X, = (X*,|| |la) and ¢ : H — Z by o(F) = (jf,if,...)

where j : H — X* is the inclusion map. Then ¢(H) is a closed linear subspace
of Z and (H,p) is isometric to ¢(H). Hence ¢* : (Z X2)oo — H™ is onto H*
R n

(o o]
and therefore there exists y* = (z},73,...) € Z X, with ||y*||c < 1 such that

n=1

Mo

v*(f) = ) _an(f) for every f € H. Let z* : X* — R with 2*(g) = D _ z}(9)
n n=1

for every ¢ € X*. Then z* € X**, because the norm ¢ is equivalent to the

original norm of X*. Since U is a w-fragmented subset of X*, there exists a
non-empty relatively w*-open subset G of W such that O(2*,G) < ¢/3. The
set G is relatively w*-open in F and O(z*,G) < €. Indeed, let g;; g € G, then

oo Mo (o]
(g1 —g2) =D zn(gr1—g2) =D anlgr —92)+ D zi(91 - g2)
n=1

n=1 n=no+1
[>°<] (o]
<e/3+ > lallnt+ Y llgzlla<e
n=no+1 n=no+1

because g1, g2 € W. This shows that U is w-fragmented in (H,p).

Let C(U) be the Banach space of all continuous scalar-valued functions on
(U, w*) with the supremum norm and let R : X — C(U) be the bounded linear
operator defined by R(z)(u) = u(z) forevery z € X and u € U. Let E = R(X)
and T : X — E be the map which is obtained from R by restricting the range.
Then T* : E* — X* is an isometry onto (H,p) and K C T*(B) where B is the
unit ball of E*.

Corollary 13. Every Pettis set (F,w*) of a dual Banach space X* is
(affine) homeomorphic to a w*-compact subset of the dual E* of a Banach
space E not containing l1. .

Proof. If F is a Pettis set then K = conv(FN—F) is also a Pettis
set [1]. According to Theorems 9 and 12 there exist a space E not containing
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l; and a bounded linear map T : X — E with dense range such that k' C
T*(Bg-). Since the restriction of T*/p,. : (Bg-,w") — (T*(Bg-),w*) is a
homeomorphism we have that (F, w*) is (affine) homeomorphic to a w*-compact

subset of E*. ‘ '

Corollary 14. Let X, Y be Banach spaces and T : X — Y* a bounded
linear operator such that T(Bx) is w-fragmented subset of Y*. ThenT factors
through a dual Banach space E* with E not containing ly. .

Proof. Apply Theorem 12 to K = T(Bx)w . Then there exists a dual
Banach space (H, p) with predual not containing /, such that K C By, H C Y*
and the inclusion map J : H — Y* be continuous. Hence T = J o S where
S=J1oT : X* > H.
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