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B

In this paper we define two weak types of starshaped sequences. One of them shows a close
connection between starshaped and superadditive sequences, while the other one is used for
the determination of linear operators which conserve some sequence classes. We obtain so a
discrete operator of Alexander type.

1. Introduction

Sequences with some special properties can occur in many unexpected
branches. For example, if the positive sequence (@5)n>1 has the property:

° (k+l)ak+l Skaky sz 17

then the complex function f defined by f(z) = z + az?2 4+ ... (ap = 1) is
close-to-convex and a similar condition implies that f is a starlike function (see
[6]). Also convex, quasiconvex and other sequences are used in the theory of
Fourier series (see [3] for many references), giving conditions for summability.

In this paper we deal with more classes of sequences. The following sets
are well known (see for example [4]): the set of convex sequences:

K = {(:Itn)nzg P Tpyz — 2Tp41 + 20 20, Vn > 0}
and also that of superadditive sequences:

S ={(Zn)n>0: Tngm + To > Tn + Tm, VR,m > 1}.
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In [7] we have considered the set of starshaped sequences:
§* = {(zn)nzo : (2 — 20)/n £ (Tat1 — Z0)/(n + 1), Vn > 1}
proving also that:
(1) KcS*cSs.

Then we have used in [9] a weaker form of superadditivity introducing the

set:
W = {(zn)nZO D Tpg1 + To 2 T + 24, Vn > 1}.

Here we define also two weaker kinds of starshapedness and establish their
relations with the previous notions.

In [10] there are characterized the weighted arithmetic means that preserve
the convexity. We have obtained a simpler characterization in [8] and then we
have proved that it is also valid for the preservation of the starshapedness
or the superadditivity (see [9]). In what follows we want to determinate all
the linear positive operators of another special type which conserve one of the
above properties. Thus we get a discrete operator which resembles Alexander’s
integral operator used in the theory of complex functions (see for example [5]).

2. Weakly starshaped sequences
Define the following two sets of sequences:
J* = {(Zn)n>0 : Tnm — To > n(Tm — zo); Vn,m > 1}

and
V= {(xn)nzo : Tp — Zo 2 n(z1 — To), Yn > 1}.

The first of them can be considered as a Jensen starshapedness and the
second as a very weak kind of starshapedness. We have obviously:

S*cJ*cVv*

but we want to combine it with (1). Before doing this we add also the set of

linear (or zero) sequences:

Z = {(zn)n>0: Ja,b€ R, zp, =an+b, Vn > 0}.
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Lemma 1. The following inclusions:
ZCKcCcS*cScw
(2) n N
J*cv*
hold.

Proof. The inclusions § C J* and W C V* can be proved by mathemat-
ical induction. The other relations are in (1) or are obvious.
Remark 1. The inclusions:

S*cScJ*

show a close connection between starshapedness and superadditivity. In fact a
superadditive sequence verifies even a stronger inequality than that used in the
definition of J*, namely:

Zn — To > [n/m])(Tm — To), N2> m,

where [z] denotes the integer part of z.
We have given in [7] a representation formula for sequences from K : a
sequence (Z,)n>0 belongs to k if and only if

n
T, = Z(n — k4 1)yg, with yx >0 for k > 2.
k=0

Also we have used representation formulas for sequénces from $* and in
[9] for those from W. We add here such formulas for sequences from §, J* and
V*. Each of them is easy to verify.

Lemma 2. Every sequence (Z,)n>o0 can be represented by:
n N
(3) Tn=nY_ zx—(n—1)z, forn20.
k=1

It belongs to:
i) S* if and only if

(4) zg 20 for k 2 2;
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ii) S if an(;’ only if

n+m m+n
nsz + m Ezk >0, forn,m2>1;
k=n+41 k=m+1
iii) J* if and only if
nm
(5) S 220, forn>1,m22;
+ k=n+1

iv) W if and only if
n+1

mwn 4 a2 0, fornl;
k=2

v) V* if and only if

2n
Z zy > 0, forn2>1.
k=n+1

Remark 2. For sequences from W and V* we have also simpler repre-

sentations:
n
(6) T, = Zwk + nzy — (n — 1)zo, with wx >0, for k > 2,
k=2 R
respectively:
(7) ZTn = vp + nzy — (0 — 1)zo, with v, >0, forn 2> 2,

both valid for n > 2.

3. Linear operators

Let Q = (gnm)o<m<n be a strictly positive triangular matrix. For a se-
quence z = (Zn)n>0 consider the associated sequence L?(z) defined by:

n
L3(z) = Z Gnk Tk, YN 2> 0.
k=0

We get so a linear operator L? defined on the space of all real sequences with
values in the same space. It is also isotonic, that is L?(z) is positive if z is
positive. Given a set X of sequences, an usual problem is to characterize the
matrices Q with the property that X is invariant under L9, thatis L9(X) C
X. We have such characterizations for the set K of convex sequences (see [1]
and [2]). We have also the following general result:



Alexander’s Operator for Sequences 301

Lemma 3. If one of the sets K,S*,S,W,J* or V* is invariant under
LR, then Z is also invariant with respect to it.

Proof. Let £ be an arbitrary sequence from Z. If the set
X € {K,S*,S,W,J*,V*}

is invariant under L2, as z € X , we have L?(z) € X. By (2) we get L9(z) €
V*. But —z also belongs to Z, which gives L?(z) € Z

In what follows we want to give explicitly the matrices ) with the property
that Z is invariant under L@, supposing @ of some special types. We begin with
the case of weighted arithmetic means studied in [8] and [10]. Let p = (pn)n>0
be a strictly positive sequence. For any sequence £ = (Zn)n>0 We define the
sequence AP(z) of weighted arithmetic means of z by:

n
8 AP(z) = 22k=0 PEZk s g
(8) n(2) S o pr
We note that one can define a matrix Q using p by:

Pm
=" _ 0<m<n.
dum 22:0 Pk -

Lemma 4. The inclusion:
(9) AP(Z)C Z

is valid if and only if there is an u > 0 such that:

(10) Pn = Po(u+n—1), Vn >0,

n

(g) -1, (Z)z v(v—l)..r:lgv——n+1), n>1.

Proof. If (9) holds, we must have a,b € R such that:

where

Z:—o kpk
11 == _—~=an+b, Yn2>0.
( ) Zk=0 Pk

Forn =0 weget b=0 and n = 1 gives a = p1/(po+p1) so that (11) becomes:

- np1 Y r—o Pk
12 S kp = “PLZk=0PR g > .
( ) . k=0 P p0+pl
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Thus, by subtraction, we have:

(n+1)pns1 = (P1/P0) Y Px-

k=0
Denoting p1/po = u, we obtain, again by subtraction:
_ Pn(u+n)
Pn+1 = “"n'_+ 1

which gives (10). :

Conversely, if p, is given by (10) then (9) is valid, because (12) means
AP(z) = (u/(u + 1)) z, where z = (n),30.

The second case which we study is obtained by putting ¢,x = px. Thus we
have the linear operator BP defined by:

n
B2(2) = 3 pazk, Va2 0.

k=0

We denote by:
Zo = {(Zn)n>o0 : Ja,z, = an, Vn > 0}.
Lemma 5. i) There is no sequence p with property:
(13) B?(Z) C z;
ii) The operator BP satisfies the inclusion:
| B?(Zy) C Zo

if and only if
Pn = p1/n, Yo 2>1.

Proof. To obtain (13) it is necessary and sufficient that for arbitrary a
and b there exist constants ¢,d,e and f such that:

n

n
Zakpk=cn+d, prk=en+f, n>0.
k=0 k=0
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For n = 0 we haved = 0, bpg = f and for n > 1: anp, = ¢, bp, = e.
Since b # 0 leads to a contradiction, we must have b = 0, e = 0, ¢ = ap; and
Pn = p1/n.

Remark 3. Taking p; = 1, we get an operator which we denote simply
by B, thus:

n

(14) » Bn(z) = ) @k/z, Vo2 1.
k=1

As we pointed out in the introduction, this operator resembles Alexander’s
integral operator.

4. A hierarchy of starshapedness

In what follows we want to investigate the sufficiency of the previous con-
ditions. First, we denote:

MYT = {z : AP(z) e T},
where T is an arbitrary set of sequences and AP is given by (8) with p taken
as in (10). We have proved in [8] and [9] that:

KcM*KcCcS*c S cw
(15) n N
MuS*CM‘uSCMuW

that is, the condition is sufficient for the sets K,S* and W. We try to extend
this result by taking into account (2). But, as in the case of the set .5, we are
not able to prove the inclusion J* C M*J* because the representation given:
by (3) and (5) for the sequences of J* is too complicated.

Lemma 6. For ci¢ry u > 0 the inclusion:
V*Cc M*V*
is valid.

Proof. Let z = (Zn)n>0 be an arbitrary sequence of V*. It may be
represented as in (7) by:

Ty = Up + nz1 — (0 — 1)z
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with vg = v; = 0 and v, > 0 for n > 2. So:

n (u+k 1)
A::(x) = Z (u+n)
k=0
s () w
2N

= wn + nAf(2) — (n— 1) Ag(2),

Tk

(u+k l)
k + (z1 — zo)nu/(u+1) + zo

where wo = wy; = 0 and w, > 0 for n > 2, that is A*(z) € V*.

To use the operator B given by (14), taking into account Lemma 5, we
must use only sequences which have the first item zero. So, for a given set T’
of sequences, we denote by:

= {& = (Zn)n0, z €T, 7o = 0}
its subset ‘with desired property. Also we denote:
M°T, = {z: B(z) € To}-
We get the following characterizations:

.Lemma 7. The sequence (Z5)n>1 belongs to:

i) M°Ky, iff zn41/(n + 1) > za/n, for n > 2;

i) MOSE, iff iy (Zn/n — zi/k) > 0 for n > 2;
iii) MWy, iff z,/n > zy for n > 2;

iv) MOVy, iff Sp_, (zk/k — z1) > 0 for n > 2.

Proof. We have only to compute:

i) Bny2(2) — 2Bn41(2) + Bn(z) = Zny2/(n+2) = Znt1/(n+1);

nTapr/(n41) =" =z /k
i) Buy1(2)/(n+1) — Bu(z)/n = =% nn(n+lz): —

iii) Bnt1(2) — Bn(z) — B1(z) = Znpr/(n+1) — 213
iV) Bﬂ(x) - ’nB](QJ) = Ez:l $k/k - nry = EZ=1 (zk/k - Z]).

Lemma 8. The inclusions

Il’oCSSC So C Wy CVJ
(16) nnN
MKy c M°SE c M°Sy ¢ M°W, ¢ MOVy
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hold.

Proof. The inclusions from the first and the second lines follow from (2),
while S € M°K, and Vo C M°W, are proved in assertions i) respectively iii)
of Lemma 7.

Remark 4. It is easy to see that a superadditive sequenhce satisfies the
condition ii) of Lemma 7 for n. = 2,3,4,5, so we conjecture that:

So C M°S%.

To the contrary, Wy ¢ MO°S,. For example, the sequence z given by
z1 =0, z, =1 for n > 2, belongs to Wp, but not to M°S,.
Also we can combine the diagrams (15) and (16).

" Lemma 9. For every u > 0 the inclusions:

MuSt C M*SoC M*W, C M“Vg
n n N

M°S§ C M°Soc M°W, C M°Vy

hold.
Proof. i)Ifz = (l‘n)n>o € M“S then ‘using (3) and (4)we can represent

A¥(z) by:

Apx(z)=n sz, with zx > 0 for k£ > 2.

k=1

But then, as in [9], we have:
(17) =1+ )A (=) - —A"—l(l‘)»

hence .o : )
.a:n =n ((n—l)zn + (u+1) Z zk> [ u.

. k=1
We deduce that:

4

n

r, +1
n+1

Tk
k
1

)Zn+1 + Z

_..]; Zk>0,
n

k

that is z € M°S§.
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ii) If £ € M*W)y, we have by (6):
Ai(z) = Z wg + nwy, with wg >0 for k > 2

k=2

if n > 2 and A}(z) = wy. Then z; = (1 + 1/u) w;, and for n > 2, from (17):

= n
Tn = nwy + Y wi + —(witwa) 2 n(l+1/w)w = nay,
k=2

that is z € M°Wo.
iii) For x € M*Vg we have from (7) A¥(z) = v; and:

Ai(z) = vn + noy, with v, > 0 for n > 2.

So z; = (14 1/u)v, and from (17):
n n 1
Ty = (1+;)‘Un - Zvn_l + n(l+;)vl
Thus:
n *n
D (ze/k = 1) = va/u +
k=2 k=2
and by Lemnia 7,2 € MOV{. _
We summarize the above results in the following:

vk > 0

Theorem. For arbitrary u > 0 we have the inclusions:

Ko C Se . C So C Wo - (- Vo
2 < ) e 2 ¢

N . M°K, C© M°S; C M°S, C M°W, C MOV}
< < | < <

M*K, - M*Sf C M*Sy C MW, C MV
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7
8
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