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On the |N,p,|; summability Factors
of Infinite Series

Hiiseyin Bor, M. Ali Sarigol

Presented by P. Kenderov

In this paper a theorem of Bor and Sarigél [2] on |N,p,|x summability factors has been
proved under weaker conditions.

1. Definition. Let ) a, be given infinite series with the sequence of
partial sums (s,). Let (p,) be a sequence of positive real constants such that

n
(‘l'l) Pn=zpv—'°°,a'sn_’°°, (P-i=p—i7i21)

v=0

The sequence to sequence transformation

1 &
(1'2) H, = Ezpusu-

v=0

defines the sequence of the (N, p,) mean of the sequence (s, ), generated by the
sequence of coefficients (p,). The series Y, a, is said to be summable |N, py|x,

if (see [1]) =
Z(Pn/l’n)k_ll Hy - Hp |k < o0
n=1

B In the speci‘a.lu case when p, = 1 for all values of n (resp. k = 1), then
| N, pn|k summability is the same as | C,1 |, (resp. |N,p,|) summability.
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2. Quite recently Bor and Sarigél [2] proved the following theorem.
Theorem A. Let

(2.1) Am = 0(1), and Y nP,|A%A,| = O(1) as m — o0
n=1
1
(2.2) o = o(m) as m — oo.
(2-3) > Paltal* = O(Pr) as m — oo,
n=1

where (t,,) is the n-th (C, 1) mean of the sequence (na,), then the series ) apA,
is summable |N,p,|k, k > 1.

3. The object of this paper is to prove the Theorem A under weaker
conditions. Now, we shall prove the following theorem.

Theorem. Let (\,) and (p,) be two sequences such that

(3.1) Am — 0

(3:2) SR (| A [+ Adesa DA AN ]) | = 0(1),

v=1
(3.3) STPEQ A T+ ] Aurr DFTT AN | = 0(1),
v=1
and
1
(3.4) - = 0(m) as m — oo.
If

ZPV|tu|k = O(Pp) as m — oo,

v=1
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where (t,) is the same as in Theorem A, then the series 3 ap\, is summable
'N,pnlk, k>1.

It may be noted that condition (2.1) implies conditions (3.2) and (3.3). But
the converse of this implication need not be true. So we extend the theorem A
weakening the conditions. This can be shown like this: We have

m

STWPYE(I AN |+ Adusa A AN D) |

=1

<D TP AN | +] Adoia )T 0P| A%, |

v=1
=0(1))_vP,| A, | = O(1) as m — oo, by (2.1),
v=1
because

o o]
vpy| A, | < ) nP| A%, | =0(1)

n=v

and similarly vp,| AXy41 | = O(1) as v — oo.
Also since

oo (>} oo
Pl A | S Y Pal AMa | S DR DA%
n=1 =n

n=v
e <] T (o o]
=D 1AM D P <Y vP| A | <
r=1 n=1 v=1
and similarly P,| Ay4+1 | = O(1) as v — oo, we have that

m m
DSOPEI AT+ v DT AN TS D (Pl A [+ Aua DR AN |

v=1 v=1

= O(1)i P, AN, | = O(l)ivP,,l A%), | = O(1) by (2.1).
v=1

v=1

To show the converse of these implications it is sufficient to take as P, =
2n=1/n? for n >3, \, =1/2" and k> 1.

4. We need the following lemma; for the proof of our theorem.
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Lemma. If conditions (3.1)-(3.3) of the theorem are satisfied, then

(4.1) nP,| AX, | = O(1)
(4.2) Pnl An I = 0(1)
(4.3) YRR AP || Aduia [F = 0(1)
v=1
and
(4.4) > Pial AR 1l v ¥ =0(1) as m — oo
v=1

Proof. By considering conditions (3.1) and (3.2) we have

(e o] [o o]
(NPl AXa ) = (nP)R ST A AN, [F) < Y (WP A AN ) |
On the other hand since
Al AN ) = A [F = | Adogr |F = kes™ (| AX | = | Adosa )
where c, lies between | A\, | and | A),41 |, and since ¢, < | AXy [+]| Adyi |,
we obtain
| AU AN ) 1< k(AN [+] Ahosr I AN AN D |-
So that it follows that nP,| A\, | = O(1). Similarly, using the conditions (3.1)
and (3.3), we have that P,| A\, | = O(1).
Again, since
0< P = Pi7t = (k= 1)E %P
where P, < €, < Py41, we get that 0 < Pf_;ll — Pk-1 = O(l)Pf;,zpu...] for all
k > 2. Thus,

YRR APETY) (| Adugr [F = 30" PP = PETH] Adua [f

v=1 v=1
m o0 e <]
=0(1) Y vk pusr PR Adug ¥ == 0(1) 3 v*pura P D 1 AU Adaia ) |
v=1 v=1 =v
[o <] n "
=0(1) Y1 A(l Axnr [¥) 1D v*pua PIFY
n=1 v=1

=0(1) Y (n+ 1)*PE| A(l Adnsa [F) |
n=1

= O(I)i(nl’n)"(l Adn |41 Bdnpr D7 AL AXG [) | = O(1) by (3.2),

n=1
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and by (4.5) we have, for 1 < k < 2,

(4.5) Pl — PEY = 0(1)PS 2 pusa-

So, for 1 < k < 2,
m m
Z”kpv| A(Pf_l) [| AAv41 |k = O(I)Ekaf'lpu.,.ﬂ Ayt ‘k
v=1 v=1

=0M) Y (v+ 1 PEpuyr 31 A Adnia M) |

v=1 n=v

= 0(1) S okPE(I AN, [+ 1 Adusa *' AU AN, ) | = O(1) by (3.2).

v=1

Similarly (4.4) can be shown.

5. Proof of the Theorem. Let (7,,) be the sequence of (N, p,) mean
of the series }_ a,A,. Then by the deffinition, we have that

Zpu Z a A\, = Z(P u—l)au’\u

" v=0 r=0 ™ =0 -

Then, for n > 1, we have that

Th—Tha =

—1Ay Ay = Pnll):_ ;v"lP,,_lv Ay Ay

Applying Abel’s transformation, we have that

1 n
Tp —Tpho1 = P P EA( P,_1), )Zra, o pn/\nzva,,
n-1 o1
= A
P Pn—lg v PP-,,_ =1

1
+PP,._ ZP,\M R (n+1)pn«\ tn

v=1

=Thy + Tn,2 + Tn,3 + Tn.h say.
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To prove the theorem, by Minkowski’s inequality, it is sufficient to show that

(> o)
(5.1) > (Pa/pa) N Ty |¥ < o0, for r=1,2,3,4.

n=1

Now, applying the Hoélder’s inequality, we have that

m+1 m+1
Zz(Pn/Pn)k_l| Tn.l Ik = 2—:2 P, Pk }_:put W (v+ 1)
n= n v=1
m+1 n—1 . k-1
k
= 0(1) 2 P {Epul ty | | Av | } X { Zpu}
n—2 v=1 u-l
m+1 A
—om Sl A S S om 3 A Fal e
v=1 n=v+1 n—1 v=1

=0(1) 2: | (—| AN, %) IZm t, |* +0(1)—| Am I"Zpul t, |

v-x r=1 v=1
—0(1)32‘11(—| AN, [*) [P+ O(1)] Am | —0(1)§|A(|A ) |
+ ouff@"“ | Aotr [F 4+ 0(1)] Am [* = 0(1) 5:‘;0 Mo L4 Aver DET AN, |
+0(1);( B2 F 0] Am l"—ou)f;l(u |41 Aver ¥ AN, |
+0(1)Z;|A(| M | )IZ;"' +O(1)] Am [* Z_;E’—+0(1)I Am [*
= 0<1)"§<1 Mol | Augr DF1 AN, | + 0(1)'"2_—;1&(1 Mo L1 Aver DET AN, |

+O(1) Pl Am ¥ + O(1)] Am [F = O(1) as m — 00, by (3.1), (3.3) and (4.2).
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Again,

m+1 . X m+1 n-1 k
k-1
2 (Pa/pn)* ! Taz | -O(I)ZPP,, {EP.,I A, i m}

n=2 v=1
m+1 k
= 0(1)2 opE {EvP | ANy [pol o |} (by (3.4))
n—1 v=1
m+1 k-1
n=2 n-1 u-l
m+1
= O(l)Z(vP,,)k| A, |’°p.,| t, F Y P1;+
v=1 n=v+1 n—1
m-—1
—0(1)2ka* AN Fpol to |F=0(1) D v* P A(l AX, [F) |P,
v=1 v=1
m-—1 '
+0(1) Y| Aot | | A(vFPEY) [Py + O(1)(mPr| AXn |)*
u—l
-1
= 0(1) Z(uP I Al AN [F) [+ 0(1) Z | Adur [Fo¥| A(PEY) |P,
v=1
m—l
+ 0(1) Z | Adyr [FPE L AWF) |+ O(1)(mPa| Adm |)*
v=1
m-—1
=0(1) Y (vPYE( AX |+ Adua DM A AN D |
v=1
m-—1
+ 0(1) Z o*| A(PEY) || Adsr *P,
v=1

+0(1) Z PEL L A@F) || A [ 4 O(1)(mPr| Adn )F = O(1),

as m — 00, by virtue of lemma and (3.2).
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Considering (3.4), we have that

m+1 " m+1
k-1
g(f’n/pn) | Tns | = Z 7 Pk ;Z_;IP o Aut | ~t,
m+1 n—1 k
- O(l) Z P, Pk {val ’\v+l lpvl ty I}
n=2 =1
m+1 n—1 k-1
k
=om 3 Z2 S rtan e x 55
k sy p
= O(l) (Pul Au+l |)kpv| tu I e
uz=:l n=v+1 P'nPn—l
m
= O(I)Z P:—ll Avtl lkpul ty Ik
v=1
m-—1 v
=0(1) E | AP Avir Ik) |Zpr| tr |k
v=1 r=1
m
+ 0(1)P7,:l_ll Am41 Ik zprl t, |k
r=1
m-—1
=0(1) D | APS™Y Autr %) [Py + O(1)(Prm| A )
v=1
m~—1 .
=0(1) Y PHA( Avtr M) ]
v=1
m-—1
+0(1) D | Atz [ AR [Py + O(1)(Prma] Amea 1)
v=1
m—1 m-—1
=0(1) 3 Phal AU Avrr D¥ 1+0(1) Y- Pl APFTY) | Avz IF
=1 v=1
’ m
+ O(1)(Pms1] Amar )F = 0(1) D PE(I A |+ A DM AN
v=1
m—1
+0(1) Y Pl APE™Y) || Avez |¥ + O(1)(Prmta| Amar )
v=1

On the other hand, by following the way of the proof of the lemma and consid-
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ering (4.5) and (4.6), it follows that

m-—1
D P AP [ Auga |F = O(1), as m — oo by (3.3).
v=1
So that,
Y (Pu/pa)f!| Ta |F = O(1), as m — oo by (3.3) and (4.2).
n=2

Finally, as in Ty, 1, we have that

Y (Pa/pa) M Tug ¥ = 0(1), Y (0a/Pa)l An *] ta |F = O(1), as m — 0.
n=1 n=1

This completes the proof of the theorem.
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