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1. Introduction

Let A be a self-adjoint operator on a Hilbert space H. We say that
ml <A< MI,
where I is the identity operator, if
m(z,z) < (Az,z) < M(z,z)

forall z € H.
The following three theorems were proved by Mond and Shisha in [1]:

Theorem A. Let B, C be permutable, bounded, self-adjoint operators,
having positive lower bounds. Letp > 1, p"' + ¢! =1, 0 < a < S, and
suppose

(1) ol < BViCc-VP < I,
Then, for every point z(# 0) of H,

P 1/ 1/
(BPz,2)Y/?P(C2,2)'/9 <K

(2) < (Bz,C7) E

where

3) K=[ q 7”—7"’]1/“[ P 7”—7“’]”"
ptgl-n"" ptq 7P -1
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and v = f/a.
Theorem B. Assume the hypotheses of Theorem A, and set

h(t) = t'/? — (at + b)~1/9
(4) a=(B7"—a"?)/(B? - aP), b= (BPa”? - B7aP)/(B — o).

Then for every point z(# 0) of H,
(5) 0 < [(BPz,2)/(Bz,Cz)|Y/? — [(Bz,C2)/(Cz,2)]'/* < A

where A = maXar<t<gr h(t) = h(t*), t* being the unique solution of h'(t) = 0
in (aP,f?).

Theorem C. Assume the hypotheses of Theorem A, except that instead
of (1), assume

(6) al <[B(B+C)'|<BI, al <[C(B+C)"V1<BI.
~ Then with v = 3/, we have for every point z # 0 of H,

(sz’ z)l/p + (sz’ z)l/p
((B+C)pz,z)t/r —

) 1<

where K is defined by (3).

Moreover, with the same proofs as in [1], we can give extensions of the
previous results. Namely, let ¢ < 0, so that 0 < p < 1 and p'l +¢ ! = 1. Then
the reverse inequalities in (2) and (7) hold.

In this paper, we give extensions of the previous results to the case of

several operators.

Results

Theorem 1. Let p,q,a,f3 be real numbers such p™' + ¢ ' =1,0< a <
B. Further, let Br,Cy be permutable, bounded, self-adjoint operators having
positive lower bounds such that

(8) al < BYC7VP < BI
for every k =1,2,...,n. If z € H (2 #0), then if p > 1,

[Zk I(szk’zk)]llp [k (Clzk,s 7)) /e
©) ; > k=1(Bkzk, Cr2i) s K
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where K is defined by (3). If 0 < p < 1, the reverse inequality holds in (9).

Proof. This first inequality in (9) is a consequence of the first inequality
in (2) and the classical Holder inequality for sums. Indeed, we have, in the case

p>1,

n 1/p n 1/q
E(BZZk,Zk)} [Z(C'sz,Zk)] >
k=1 k=1

> > (BRzk, 20)/P(Clzk, 26)'/9 2 Y (Bizk, Crzk).
k=1

Bzl

For p < 1, we have the reverse inequality.
On the other hand, the following operator inequality is given in [1]:

(10) r(A" —uA® —vl) >0
if s > r, Ais a positive operator with
al < A< BI,
w=(§ —a")/(B - o), v=(B'a" - fa’)/(F" — o).
Setting s =p, 1= —q, A = B,lc/qck_l/p, we get

(11) qC} — agBf < bqBiCy

where a and b are defined as in (4).
Thus for every z, € H,

q(C’sz, 2k) — aq(B,’sz, zk) < bq(Byzi, Crzk)-
Summation gives
n n n
(12) q Z(CZ'Z“’ zk) — aq Z(Bzzk’ zx) < bq Z(Bkzk, Ckzk).
k=1 k=1 k=1 ‘

Suppose ¢ > 1, p > 1. Then (12) is equivqglent to

1| < 1 -
(13) - [q Z(szk, zk)} + - [—aq Z(szk,zk)} < bZ(Bkzk,Ckzk).

71 =1 p k=1 k=1
Using the AG (Arithmetic-Geometric) inequality, we obtain

n 1/q n 1/p
(1) [qz(c:zk,m] [~aqzwzzk,2k>}
k=1 k=1

which is second inequality in (9). If ¢ < 0, the reverse inequality in (13) holds
and, in this case, we use the reverse AG inequality. .

n
< b (Bzk,Crzi)
k=1
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Theorem 2. Assume the hypotheses of Theorem 1 and let a, b, be defined
by (4). If zk(# 0) are points from H, then, for p > 1,
n P 1/p n /9 _
(15) 0 < { z;k:l(Bkzk’zk) } _ {Ekil(Bk‘z’"Ckzk)} < A
2 k=1(Br 2k, Cr2r) > k=1(Ci2k, 2k)
where A is defined as in Theorem B.
Proof. (12)is equivalent to
E::l(czzk’zk) —a 22=I(B:zk’zk)
2 k=1(Brzk, Cr2k) > k=1(Bkzk, Ckzi) —

Thus

{ Shey (BRzw,2) |7 _ 2:=1(Bkzk,ckzk>}"" <
S=t=1(Brzk, Crzi) St Clenen) S
< { Sk (BEak, 2) }"" _ { Skea Bz 2) b}"’q
2 k=1(Bkzk, Crzk) 2 k=1(Bkzk, Cr2k)
2 k=1 (B 2k, 2k) }
=h 5= < ax h(t) = h(t").
{Zk=1(3kzkackzk) = tearpr) (&) = A(#")
Thus we have proved the second inequality in (15). moreover, the first inequality
in (15) is, in fact, the first inequality in (9).

Theorem 3. Assume the hypotheses of Theorem 1, ezcept that instead of
(8), assume
(16) ol < [Bk(Br+ Ck)™' Y9 < BI, oI <[Ch(Bx+ Cy)™'V7 < BI
foreveryk =1,2,...,n. Ifp>1and 2, #0 (k=1,...,n) are points from H.
Then

n 1 1
[y Bz, 20] 7 + (S (Czin 20)] 7
[Crar((Br + Cr)pak, z4)]/7 B
where K is given by (3). If p < 0, the inequality in (17) holds.

Proof. The inequality in (17) is a simple consequence of the first in-
equality in (7) and the classical Minkowski inequality for sums. If p > 1, then

[ n 1/p n 1/p
Z(Bzzk,Zk)] + [Z(Cka,Zk)]
k=1

Lk=1

[ n 1/p
S ((BEox, )7 + (Czn,zkwv}v]
Lk=1

(17) 1< K

v

v

[ n 1/p
Z((Bk + Ck)Pz, zk)] L
Lk=1
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For p < 1, we have the reverse inequalities.
The second inequality is a consequence of Theorem 1. For p > 1,

Z((Bk + Ci)P2k, zk) = Z(Bk(Bk + Ck)P 2y, i)

k=1 k=1
+ S (Cr(Bx + C)P " 2, 21)
k=1
[ n 11/P 1 n 11/q
> K718 (Bhzk, z) > ((Bi+ Ck)Pzx- )
Lk=1 J Lk=1 J
[ n 1P g 11/g
+ Z(szky 2k) Z((Bk + Ck)Pzk, 2k)
Lk=1 J Lk=1 d

This is equivalent to the second inequality in (17). For p < 1, the reverse
inequalities hold.
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