Provided for non-commercial research and educational use.
Not for reproduction, distribution or commercial use.

Mathematica
Balkanica

Mathematical Society of South-Eastern Europe
A quarterly published by
the Bulgarian Academy of Sciences — National Committee for Mathematics

The attached copy is furnished for non-commercial research and education use only.
Authors are permitted to post this version of the article to their personal websites or
institutional repositories and to share with other researchers in the form of electronic
reprints.
Other uses, including reproduction and distribution, or selling or licensing copies, or
posting to third party websites are prohibited.

For further information on Mathematica Balkanica visit the website of the journal
http://www.mathbalkanica.info
or contact:
Mathematica Balkanica - Editorial Office;
Acad. G. Bonchev str., Bl. 25A, 1113 Sofia, Bulgaria
Phone: +359-2-979-6311, Fax: +359-2-870-7273,
E-mail: balmat@bas.bg




Mathemalica
O oikonica

New series Vol.8, 1994, Fasc.1

Some Properties of Nonlinear
Degenerate Parabolic Equations

A. Fabricant, M. Marinov, Ts. Rangelov

1

Presented by P. Kenderov

1. Introduction

The purpose of this paper is to study non-negative continuous weak solu-
tions of the equation

(1) uy = div(u.V)

in the strip S7 = (0,7) x R?, d > 1. Vector function V has the form
v = ($U(VI(W),..., ¥4 (VI(w)),

where V = ( 2},...,32—‘), P (q) = 3%; Y(g), j=1,2,...,d, 9¥(q) is a
smooth, non-negative, convex function, homogeneous of degree p>1 and I'(s)
is continuously differentable and such that sI'(s)>0 for s # 0.

Our main assumption is a regularizing effect for the solutions u of (1) in
the form:

| There ezists a non-negative function E(s) such that

@) E(u)
t

divV > -

in the sense of D'(IRY).

! Partially supported by Ministry of Education and Science of Bulgaria, grant 51 /1991
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Under such a condition we obtain in section 2 a pointwise estimate for the
solutions of (1). In section 3 we study some properties of such solutions as an
estimate on the support of the solutions with compact initial data, L>® — L!
estimate and an estimate on the initial trace. In section 4 we give some sufficient
conditions for obtaining (2) and some comments.

Important examples of (1) are the following equations:

(3) u = Ap(u),

i.e. (1) with (q) = 1 3{ ¢2, ¢/(s) = sI'(s);

d

(4) u = 2133%( (WP 5 o))

often with a(u) = |u|™~'u, where ¥(q) =1 ¢ 1gilP, a'(s) = [s|P'~2 sT'(s),

p=;5, m>0;

) w=3 5 (IvatP=? - atw)

1

with ¥(q) = 1 21 |g;|? and with the same a(s) as in (4).

These equatlons were studied from various points of view with naturally
different methods — see recent survey in A. Kalashnikov [1].

As an illustration of our hypothesis (2) and further results, we shall write
down here two families of G. Bareublatt type solutions [11] of (1) in the
case I', = L[s|", n>0 and I'o = In|s|:

(6) Bin(t,z) = nl/" ({cm|b,n(t)|'°‘ + bin(t) 0( 1n(t)) } )l/n, n>0;

(7) B;o(t,z) = c.~,0|b;,o(t)|'d/” exp ( i0() 9( b (t) )) =0,

where i = 1,2, {s}4+ = max(s,0), ¢;n,cio— positive constants, 6(s) is Joung
connugate to ¥(g), a = 2, s = dn(p— 1)+ p, with by ,(t) = —x(t + 1),
T > 0, this is compactly supported solution ”"fundamental”, if 7 = 0 (the
initial trace is é-function), defined in (0,00) x R?, with by ,(t) = (T — t)
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— this is a "blow-up” solution, defined on (0,7) x R?, by o(t) = —p(t + 7),
bao(t) = p(T —t). We can see that on the support of B;, the components of
the velocities are

iz BT o q,9, j= d
" b} b} b J - b b}
m bin(t)
and :
d d
divV;, = - —

—_—— >
b.',n(t) - »nt

with equality for the "fundamental” case n>0, :=1, 7 =0.
Note that a part of our results has been announced in [16].

2. Pointwise estimate

For many purposes a very good instrument is a pointwise estimate — an
analogue of the classical J. Mozer inequality [2] between two values of the
solution.

Theorem 1 (pointwise estimate). Let u(t,z) be a continuous, nonnegative

weak solution of (1) in St for which (2) is fulfilled and
(i) If there ezists a constant a such that E(u) < 254 then

ul(u)’?

s —t°

-

(8) °T(u(t,2) < s T(u(s,9)) + p 0(*—=) [

for 0<t<s<T, where o =1 — (p—1)a;
(i1) If there exists a constant \ such that E(u) < ;1-7-\(;5, then

9) P(u(t,2)) < T(u(s,9)) + Al g +p 6(—=) [s— 475

for0<t<s<T.

Proof. Denote g(s) = v(s)/7'(s), where y(s) = I'"!(s). Note that since
sI’(s) > 0 it follows that g(s) >0 for s # 0. From (1) there follows that the
function v = I'(u) satisfies the equation

(10) | vy = g(v) divV + pyp(Vv).

From (11), (i) and (10) the next differential inequality takes place for v:
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(11) v 2 —Fv+pY(Vv).

Define the function

(12) h(t) = to(t,z(t))+ p / ‘g o(% i(s)) ds,

to

where z(s) is differentiable vector-function and function

d
8(s) = S\;plz gjsj — ¥(q)]

is the connugate to the function v¥(q). Using (12) and the Joung inequality for
convex adjoint functions ¥ and 6, we obtain

R(t) = at* 'v + t%v, + t* sumf vr; & + pt* 0(% z(t))

v

d A
pte | $(Vo) + 6> i) + 3 v, 2| > 0.
P — p
Then for 0<t<s<T

(13) 2 o(t,2(t)) < 8% v(s,2(s)) + P /t " e 0(%:&(1’))dr.

To obtain (8) take the vector

(14) Z(r) = z+(y-=2)B(r), t<T<s

with 8(t) =0, B(s) =1 and such that Z(7) minimizes the functional

(15) /t o o(% 2(r)) o = o(¥) /t ra B¥ (1) dr

on the set of functions {z(7), z(t) =z, z(s) = y}.
From the Holder inequality we get
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/ B(r)dr = / " ralv ey r=ol? dr <
t

< (/t Ta B¥ (1) d‘r)-‘r (/t. r—o(1-p) dr) v .

Then .
e @ 2 (S
¢
and the equality takes place for
—t°
(16) ary = = — ., o =1-(p-1)
To prove the case (ii) we get the function
VEIC))
(17) h(t) = Alnt + o(t,2(t)) + p/ o) ar
to

and the same way as for (9).

Remark 1. Note that the above calculations are formal for the solutions of
(1) which are not smooth, but under suitable regularization and limited process
as in [15] we obtain such a pointwise estimate for nonnegative continuous weak
solutions of (1). Such a pointwise estimates (8) or (9) are an analogue of the
classical J. Mozer [2] inequality between two values of the solution. In [2] such
an estimate as (9) was proved for a very large class of linear equations — with
measurable coefficients, using the Harnak inequality for such equations. In the
nonlinear case, for example for equation (3) with sI'(s) — 0 for s — 0, due
to the compactness of support of the solutions with comnpact initial data, the
Harnak inequality fails, however the pointwise estimate (8) takes place under
some additional conditions on ¢ as was proved in [8].

Remark 2. In some sense acording to E(u), (8) and (9) are equivalent
to the regularizing effect (2). Indeed, since the vector function (14) with 3(s)
in the form (16) minimizes the corresponding functional (14), then from (8)
there follows (13) for arbitrary z(7). Now let z(7) be a solution of the Cauchy
problem

e {%ij(r) = —%(Ve(ra(n), t<7

.’l:j(t) = zj, 71=12,...,d.
Then since

Y(Vv) + 6(= )+ E o,k =0

it follows that h(7) is monotonous and g(v) divV > -2 .
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3. Applications to the Cauchy problem

Using the pointwise estimate it is not difficult to obtain some properties
for the solutions of Cauchy problem for the equation (1).

Theorem 2 (L> — L' estimate). Let u be a weak solution of (1) in S,
which satisfies the initial condition u(0,z) = uo(z) € L'(IR%) in the sense of
D'(IR?). Under the conditions of Theorem 1 and o >0, there erists a nonnega-
tive function K(s) such that K(s) = O(((1 — o)I'(s))?) for small s and

K(s) = O(sP*/?)

for large s, and

(19) P(u(t,2) < 1= K(lluolls 7).

Proof. Integrating (8) and (9) over the ball

Bi(z) = {y: po(% }

for s = 6t, § > 1 and applying the conservation mass law as in [8] for the
equation (1), we get for any § > 1

-1 _ 2

(20) F(u(tyz)) < (66 p—1 —'_ RP + i (”uO”L‘ ),

(21)  T(u(t,z)) < r(““°”L )+ BIné + (6—1) 7% RP ¢t~ 71,

where w is volume of BY. Since 0 >0 then

o _
=1 S min( 1) 6771 (6-1) > min(L,1) —— &

o - o - o 1+¢€

for 6> 1+ ¢ and we can minimize the right side in § > 1 + e.
Remark 3. for I';,(s) = L|s|® and I'o(s) = In|s| it is easy to minimize
(20) and (21) over R>0 and then over § > 1:

a 1/n
@) o) < [y 1] el s,
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(23) ultyz) < eller g-ain( Zxits” exp(Z), n=o0.

For the equation (4) with a(u) = |u|™ 'u such an estimate (22) was ob-
tained in [14] for d = 1, and for the equation (3) a similar estimate as (19)
under different conditions on ¢ was obtained in many works — see references
in [1]. We mention that for a very large class of ¢ the estimate like (19) was
obtained in [6].

In some cases when sI/(s) — 0 for s — 0 we obtain finite speed of propa-
gation.

Theorem 3 (compactness of the support). Let I'(s) = L|s|", n>0 and the
assumptions of Theorem 2 be fulfilled. If supp ug C B%O(zo) then supp u(t,-) C
Bg{(t)(zo), where
(24) R(t) < Ro+ ct”/?[D(||uo||:)]"*
and the constant C' depends only on a, p, d.

Proof. Assume first that ||ug||L~ < co and define the function

i) = {170 €20
0 y €<0,
where £ = Cyt — Cy 6'/7' (z) + Cap. Then

o

5 — div(aV) =
where

f=crt (p,)p - a(t,z)(d—1)07 > 0.
If

(25) Ule=o > ulo,
then from the compartial principle as in [8], we obtain
(26) > u.

To get (25), we define Cy = (C2/p')P~1C> and C; such that Cy(—Ro+p) >
I'(||uo||ze). Then letting p = p(7) = Ro+71/? and Cy = T(||uo||L=) / TV/?, we
have (26) for t € (0,7) and

' oo P—l
supp u(t,-) C supp i(t,-) C {z : 0P (z) < Ro+1'/P + [—————r(“"°”" ) t}.

p’rl/P
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So we obtain supp u(t,:) C Bg('), where

(27) R(t) < Ro+p"/?[T'/%(|luollz=)]t"/?.
Now if only ||ug||z: < oo, then ||u(s,:)||z= <oo for s>0 since from (22)
L(u(s,z)) < Crs™*[[(luollz))]”, o = 1-(p—1)e
Note that (27) has the form
R(t) < Ro+p'/?[T(|Ju(s, )lz=)P~"(t = )]'/?, s<t

and iterrating with respect to s, or letting s = t/2, we get estimate (24).

Remark 4. In Theorem 3 the dependence of the propagation of support
is only on the initial mass of the solution. In the case of equations (3), (4),
(5) for d = 1 the condition sI'(s) — 0 for s — 0 is also necessary for the
compactness of the support, see for example [1]. The estimate (24) is sharp on
the solutions By ,, n>0 of the form (6).

For equations (4) and (5) it is possible to get necessary condition on the
initial data for the existence of the solution of Cauchy problem in the strip S7.

Theorem 4 (initial trace). If u(t,z) is nonnegative, continuous weak so-
lution of (4) or (5) with a(s) = s™, m > 1 satisfying (2) and T'(0) = 0, then
there ezists a unique nonnegative Borel measure p such that

(28) %i_%/m u(t,z)x(z)dz = /R‘ x(z) u(dz)

for x € C(IR?) and for R>0
1
| BR,(z0)| JBg, (20)

d —_
<c { (%—/)5) [u(T, z0)]"/* + (5,_,,5) e } :

where C depends only on m, p, a.

(29) u(dz)

Proof. Note that it is sufficient to prove (29) for function u with contin-
uous ug with compact support in B%o. Define the function

1 0(z) < Ro
he(z) = {o, 0(z) > Ro + ¢
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for some € >0, and let w(t,z) be the solution of the problem (4) with a(s) = s™
in S7 and initial condition w*(0,z) = h(z)u(o,z) in R?. Then

supp w(0,z) C Bf,
and u(t,z) > w(t,z) in ST so if we have the estimate (29) for w*(¢,z), then
when € — 0 we obtain (29) for u(t, z).
If supp u(0,z) C Bfi., then from Theorem 3 supp u(¢,z) C B}o%(t) and

R(t) has the form (24). Then from (8) for s = T, y = zo, integrating the
left-hand side, we obtain

I‘(J[ u(t,a:)d:c) < T—
B:‘(‘)(.’Co)

where we denote

N(u(T,20)) + s (—f%l—] :

u(t,z)dz = u(t,z)dz.
][ B (o) | B&(z0)| (zo)l BY(z0)

Since the conservation mass law takes place, we get with 0<t<T

Ro(Z0)|
o (IBRm(zonJ[ Y )

< (7)01 [I‘(u(T,xo))+ Ch a{%] .

Now describe two cases:

RFT
a)T (f‘B;u(zo) uo(z)dz) < ¢ ;‘:_—E;;

R
b) T (Fay, o) vo(@) dz) > 1 B,

In the case a), the estimate (24) is fulfilled with C' = C;. In the case b),
we set

ey it

P [r (}Bao(%) uo(l‘)dz)]i’

t =

1
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then t<T/p, T — 1t > %‘ T and from (24) we obtain R(t) < C;Ro. Then
(30) gives

cyinr (fB‘ ( )uo(x)d:r)

1-0
T \a ' (BP s
< C3(ﬁ [F <][B:‘°(zo)uo(z)dz)] [F(u(T,zo))+C102 (’7;'); ]

i.e. with the correspondence of parameters

F()[B:.o(zo) uo(z)d:c) < C (—R%)a [F(u(T,zo)) + gtf__:} ]

and (29) holds.
Now let u(t,z) be a nonnegative continuous weak solution in S7. Then
for every 7 € (0, 7]

T-r\?% R
u(r,z)dz < C,T7! ( —T)'FuT,z 4 —0
F iy M8 < C [ ) Tt

is fulfilled and C4 does not depend on 7. Then there exists a sequence 77 — 0
such that (28) is fulfilled for every x € C§°(IR?) and pu satisfies the estimate
(29).

The uniqueness is proved in the same way as in [8], [9].

Remark 5. For the equation (3) an analogous result is given in [7], [8]
and for (5) with a(s) = s in [10].

4. Regularizing effect

First of all we shall give some sufficient conditions for (2):
1) Let ¥(q) € C3(R%), T'(s) € C(IR) N C?(IR\0), ®(s) = sI'(s). Denote by
() the function inverse to ¢(s) and define

(31) F(s) = oGy [P/ D e . for p'#d
sign(®) In |®| for p' =d.

Using the method of [3], [8], we can obtain the next proposition:
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Proposition 1. If there ezists a non-convez function G € C?(IR) such
that

(32) GF'+F < (p-2)G'F', G&>0,
then
(33) up'(u) divV > — M)_), t>0

t

for all nonnegative smooth solutions of (1).

. 2
Proof. Denote ‘l/JJk = 5% and ‘l/)"kl mthla?l?

From the homogeneity of 9 it follows that

d d
Sav’ = b, D @y’ = (p- 1)
1 1
and from the positivity of matrix D2y = {4’} we obtain

TL(DQF 2 g (D Q)P

for every symetric matrix Q.

Denote v(s) = I'"1(s), g(s) = v(s)/7'(s) and let H(s) >0 be a smooth
function which we shall choose later. From (1) the function » = I'(u) satisfies
the equation

d
(34) v = g(v) E YI(Vv) + p¥(Vv) = Hw + pyp(Vv),
1
where we denote
9 &~ 9
= =L — (V).
H 21: oz; (Vo)
From (34) we obtain

(35) wy = (_197), —I;— w[Hw + py) +

e

d
0k 2
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and calculating the last two terms on the right side, we get

d

ke Kk

o/ kzl W (Hw) Z_: 31:] 9s; ¥’ azk vt
J k=1

d n d

d
2gH ik a gHI 3 ik gH ik
+ =g E P g, Tkw'*' S 10 E ﬁ('/’] vz, ) + T E wp?* vy v,

J,k=1 Jyk=1 J,k=1

=9 Z 3% w+2g—-(p-1)2¢"—w+

Jk=
n

H
+ (p—1)H'w* + p(p - g - $w

d d
g 2 _ .9
rg 2 v =g

>pzd:1/)'i + 2 Zy Loyw 4+ 2L
=PV o g H dH

Now we obtain from (35)
(36) wy > Lw,
where the differential operator £ has the form

d
9
Lw =g Y oz, 1/)-’"-———w+ [2(1)——1)H'+p——-] Zw"—-w-i-

jvk=1

+ - DI+ T w + (- DH + (0 + Bl
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From the other side, we have for z = —1/t
oLy By
(37) zt—ﬁz_tp(p 1)H(]1+g)¢
1 , H , p
+ 2 [1 (p 2)H P (g + d)]
and if
(38) (H" + -;i) does not increase and (p— 2)H' + g_(gl_i_ g) > 1

then we have £; < £z and w|t=¢ > —00 = 2z|4=0 .

Using compartion principle for solutions of quasilinear parabolic equations
from [5], we obtain (33) with H(s) = G(¢(7(s)))/7(s). Such a choice of H
gives (38) since G satisfies (32). To get this we have to set s = ¢(y(s)) and
use the properties of ¢, v and ®.

Remark 6. The assumptions of smoothness of { and of the solution u
are due to the method of proof. Such conditions are not necessary which is clear
from the solutions Bj ,(t,z). For such solutions I'(s) is constant, and they are
not smooth at the points {(t,z) : Bjn(t,z) = 0} and at the points (¢,0).

Remark 7. For the equation (5) we give two sufficient conditions on the
function a(s) from which there follow the conditions of Proposition 1:

(i) Assume that there exists a constant k>0 such that
(39) k {a [sa"+(§ +2-p)d] + (p-2)sd ?) > sa 2

Then G(s) = ks satisfies (32). For p = 2 the condition (39) is equal to the
conditions in [3], [4], [8], where (33) is obtained.

(ii) Assume that a(s) satisfies
/ / s /
(40) (1 - Z)fsa” + Z ] / AP/DT g ()dA > (1 - Byl ol P (s).
d d o d
Then we may choose
1 1 S
Gls) = =5 FPT () [ TR (0 de,
p- 1 S0
where F(s) is defined by (32). Now for p’/d < 1, (33) takes the form

dA.

2’: K2 Iaa(u)lp_2 da(u) o _ 1 /u AP g/(X)
— Oz; 0Oz, dz; ~  tur'/da/(u) J, A
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For the equation (4) with a(s) = s™, the functions I' and ¢ take the form

. m mt+1—p' _ m(p—1) me=y=1
M) = sy ™17 wle) = e el S
From (i) and (ii) for (32) we obtain
i 2 oun,, dum d 1
—~ Oz; Oz, dz; = [m(p-1)—-1ld+p t

which becomes the equality in the sense of D/(R?) on the solutions By ,(t,z),
n=m+ 1— p’, see Remark 6.

2) The next sufficient condition for regularizing effect use some apriori
information on the velosity V' with components %7(VI(u)) in the equation
(1) — to be Lipschitz continuous on spatial variables. In the previous works
the smoothness was obtained dealing naturally with the solution but not with
combinations of solution’s derivatives, like velosity. It is clear that the last is
the smoothness object in the domain of positivity of the solution.

Proposition 2. Let u be a continuous weak solution of (1) such that the
velosity V = {¢?(Vu)}, v = TI'(u) satisfies

1
(41) V(t,z)-V(t,y)l < — le -yl
in ST, where v is a constant v>0 and depends only on p, d. Then
1
. s 1
(42) divV > -
in the sense of D'(IRY).
Proof. Fix z and define the function
y—z

F(t,z,y) = v(t,y) + vot 6( - V(t,z)), O0<wo<v,

yot
then F(t,z,y) > 0. Since 6(z) is conjugate to ¥(q), we get 8(¢(q)) = (p -
1)%(q) and ¥?(V6(z)) = z;. Then in the point of local minimum

Y

0 = F, = v, +0j(

3

2 - V(te) = PV + P - V()
which gives

Y T
t - =V —
(43) Vi) + = Vit +



Some Properties of Nonlinear Degenerate Parabolic Equations 73

Since V satisfies (42) then (43) has a unique solution y = z. In such points
the condition that F(¢,z,y) has a local minimum gives

(44) D*v + 1 pe 6(-v) > 0.
Vot

Multiplying (44) by D?y(Vv) which is a nonnegative defined matrix, we
obtain

T.(D*y .D*v + D%p-—% D?*@8) > o0,
Vo

which gives (42).

3) For some classes of equations (1) there are results on existence of solution
obtained with regularizing procedure, a compartial principle and a regularizing
effect. Such results are obtained for (5), d = 1 with a(s) = s in [14] and
a(s) = s™ in [12]. In the case d>1 for the equation (5) the regularizing effect
was obtained in [13] for a(s) = s and in [15] for a(s) = s™.
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