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In this paper a classification of hyperbolic Kaehlerian spaces which have parallel Bochner
curvature tensor of hyperbolic Kaehlerian space (HB-tensor) is given. Also, there is given a
classification of HB-parallel hyperbolic Kaehlerian spaces with a recurrent Ricci tensor.

Preliminaries

If an n(= 2m) - dimensional pseudo Riemannian space Mn with metric
9ij is equipped with a non-degenerate structure tensor F; which satisfies the
following conditions:

(0.1) Fi! =0
1(0.2) FiiF* = gk
(0.3) Fjp =F} ga = —Fy

then the space Mn is called hyperbolic Kaehlerian space.

Hyperbolic Kaehlerian spaces have been introduced in 1948 by P.K.
Ras hevski [14], but by use of a special coordinate system. A.P. Shirokov
[17] enabled to use an arbitrary real coordinate system, involving the structure
tensor. Later a number of authors have been working on this topic. Here
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we will mention just some of them: G. L.Bejan ([3],[4]), A.Borisov and
G.Ganchev [7], G.Djelepov [6], G.Djelepov and G.Markov [9],
N.Barros and A.Romero [2], E.Pavlov [12].

The subject of this paper is very special, so we shall not use the results of
these authors directly.

As we proved in the paper [13], the non-degenerate structure possesses n
(the dimension of the space n = 2m) linearly independent elgenvectors in the
tangent space. In the paper [13], we also proved

Proposition 1. (A) Every vector in the tangent space of a hyperbolic
Kaehlerian space is transformed by the structure tensor into an orthogonal vec-
tor
(B) The scalar square of a vector-original is opposite to the scalar square of the
vector image. m

In accordance to Proposmon 1. eigen vectors of the structure are isotrop-
ic (null-vectors). As the space possesses n linearly independent eigen vectors,
there exists a basis of the tangent space of a hyperbolic Kaehlerian space where
these isotropic vectors serve as a basic vector fields. In such a basis metric ten-
sor is hybrid and the structure tensor is pure. Covariant structure tensor is also
hybrid. Using this coordinate system, we can show that a hyperbolic Kaehle-
rian space admits isotropic vector fields which are not eigen for the structure.
Moreover, such a coordinate system shows that a hyperbolic Kaehlerian space
is divided very naturally into two totally geodesic subspaces of equal dimen-
sion. Such a basis is called separated basis. Also according to Proposition 1(B),
there exists vectors if positive scalar square (space-like vectors) and vectors of
negative scalar square (time-like vectors). Space-like vectors may serve as a
domain for the involution F;* and its co-domain will be the set of the time-like
vectors. We may choose such a basis; then the metric tensor will be a pure
tensor of signature (m, m) and (Fj') will be a hybrld tensor. Such a basis is
called an adapted basis.

For all the considerations in this paper we will use an arbitrary chosen
basis- it will be neither separated nor adapted. However, all our results can be
transferred into these special bases and some of them may even look simpler.

In the article [13], we have investigated the properties of a hyperbolic
Kaehlerian space. Among other properties, we investigated a conformal con-
nection (as there cannot be a conformal transformation naturally introduced)
and we found a tensor which is an invariant for all conformal connections on a
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hyperbolic Kaehlerian space

. . 1 P, iz ] -1
HB = HB’jkl“mul'Kkj — &Ky + gk K — 9K

(0.4) +F',i5kj - FkiSIj + ijS,‘ — Fljski + 2SjiFkl + SkIRii
K
n+ 2

(8'g; — '9i; + FF — F'Fe —2F;'Fu)

By K}k, we denote a curvature tensor of Levi-Civita connection for the metric
(9i;), by Kyj the corresponding Ricci tensor and by K the corresponding scalar
curvature. Also, there holds:

(0.5) Si; = K(aFJ-a

In the paper [13] we proved that the temnsor S;; is skew symmetric. The
tensor H B is a curvature-like tensor and in [6] we proved the following algebraic
properties of this tensor:

(a) HB;jri = —HBjjix

(b) HB,'J'H = '—HBjilcl

(c) HBijri = H Byuij

(d) HBiju + HBirj+ HBjjx = 0
(e) HB'jy = 0

(f) HB'\yF;' — HB';yF,' =0

(0.6)

We call the tensor HB a Bochner curvature of a hyperbolic Kaehlerian space,
for the sake of two analogies: it looks like Bochner tensor (of a Kaehlerian
space) and the Bochner curvature tensor is, in some sense, an invariant tensor
of conformal connections in a Kaehlerian space—if this space is flat (K.Yano
(18]).

T. Adati and T. Miyazawa and W. Roter with his group investi-
gated properties of conformally symmetric pseudo Riemannian spaces, particu-
larly if they are Ricci-recurrent ([1],{15]). On the other hand, M.Matsumoto
([10]), M. Matsumoto and S. Tanno ({11]), B.Chen and K.Yano ([5)]),
Y.Kubo ([8]) and other authors investigated Kaehlerian spaces with parallel
or vanishing Bochner tensor. These investigations gave the motivation to this
author to try to obtain more or less analogous results for hyperbolic Kaehlerian

spaces
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§1. Classification of HB-parallel hyperbolic
Kaehlerian spaces

As we going to differentiate the H B-tensor covariantly, we have to con-
struct a covariant derivative for the Ricci tensor first.
In a hyperbolic Kaehlerian space the following formulae are valid:

(1.1) K%ua = Kikg— Kjix; Ki = 2K,°%,
(1.2) Fi°Kax = —KuF*; F;°K;* = —K;°F.*
(1.3) K'uF,! = KinF'; K'uF, = K], F;

where K . stands for the partial derivative of the scalar curvative function.
From (1.1) and (0.5) we can obtain:

(1.4) 25, = —KyF}
Using (1.3) in some changed form, we obtain:
Sij = KpijgF?”
and, using this,
(1.5) Sij = —%F""K:nu'j
by the first Bianchi identity. Using the first Bianchi identity again

Kijki,s + Kijiskg + Kijskg = 0

and transvecting it by F'J, taking to account (1.5) and omitting the factor }

we obtain
Skis + Sisk + Sekgy = 0

and, transvecting again by F;
Fi*Sks = Kijg— Kij
After transvection by F,f Fi, we finally obtain

(1.6) Kibo = F'F(Kiji— Kijx)
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Our hyperbolic Kaehlerian space is H B-parallel. Differentiating covariantly
H B-tensor ,, contracting the indices i and m and taking into account (1.1),
we obtain

1
Kk — Kjix = m[‘l(Kkj,l — Kijk)

n 2
+ m(lf,tgkj - Kigi
+ K Fi*Fj — K Fi°Fy; — 2K F;"Fy)

Dividing by 734> We obtain

1
| Kijp — Kijx = 2(—n-_|_—2)(K,zgkj - K g1
+ K Fi*Fi; — KoFi®Fy; — 2K F;®Fy)

(1.7)

and using (1.6)

1
Ky = mK,kgjl + K jgu
+ K F%Fiye + Ko F"Fi; + 2K 955)

As we have supposed, the H B-tensor is parallel. Using the Ricci identity we
obtain

(1.8)

Kot H Bastp + KjiHBratp + KygH Bmsap + szlHBmsta =0
Taking into account the algebraic properties of the curvative tensor and (0.6),
Wwe can re-write the last equality in this way:

Kikma HB%stp — Kiksa HB®ptp + Kikta HB®pms — Kikpa HB%tms = 0
Operating f on this formula and using (1.1), we obtain
(Kkma — Kkam)HB%stp — (Kiksa — Kia,s)HB pmtp
+(Kkta — Kkat)HB%oms — (Kkpa — Kiap)HB%ms = 0

Using the formula (1.7) and (0.6)(f) or (1.3) we obtain

K (Fam For H B®yp — Foy Fruk H B%y1p
+Fyt Fpr HB  yyps — Fop Fix H B%pms)
—K jwH Bistp — K sH Bimitp — K tH Bipms — K p H Bims
+K p(Fpn’ Fas HB® ktp — Fy* Fam H Bk
+F® Fap H B® ks — Fy* Far H B kms)
+K,o(HB® stpgmik — H B mipgsk + HB® prnsgit — HB® tmsgpk) = 0

(1.9)
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Using the identities

(1.10) FayHBajksy = 0

(1.11) FF?HByr = —HBiju

which are easy to prove, (0.6)(d) and (0.6)(f) or (1.3), transvecting (1.9) by
g™k we obtain

(1.12) (n+2)K HB%, = 0
Transvecting now (1.9) by K ,, we obtain
(1.13) KK ™HBiyp = 0

There are three possibilities for (1.13)

(1.14) Km =0
or
(1.15) HBiyp = 0
or
(1.16) KnK™ =0

If (1.14) holds, then, according to (1.8) the Ricci tensor is parallel and also the
tensor S;; is parallel. As the space is H B-parallel, it has to be a symmetric
space in the sense of Cartan.

If (1.15) holds, then the H B-tensor vanishes.

We have proved

Theorem 1.1. If a hyperbolic Kaehlerian space is H B-parallel, then one
of the following cases occurs:
[ (i)] The scalar curvature is constant and the space is symmetric in the
sense of Cartan
[ (ii)] The tensor H B vanishes
[ (iii)] The gradient of the scalar curvative is an isotropic vector field (i.e.
the scalar curvative function satisfies the partial differential equation A; K)
and K ,HBZ, = Om.
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§2. Some considerations of essentially H B-parallel
hyperbolic Kaehlerian spaces

If a hyperbolic Kaehlerian space is essentialy H B-parallel (case (iii) of the
Theorem 1.1). Then K ; is an isotropic vector field and

(2.1) K.,HB%, = 0

K ; is a gradient vector field. If, moreover, K ,i is a parallel vector field, then
(2.2) KoK®yp = 0

by the Ricci identity and, consequently,

(2.3) . K.K," =0

Using the formula (1.8) we can find

ki
(2.4) (Ki; K J),l = mK'l
and
K 1
2. kR, = — 2 K = = lky
( 5) K KkJ;I 2(n+2)I‘aJ 4(K”°K ).J
As there holds
) 1 . : ,
I(k],lz — (K F]aFlk KaFkaFlJ
2(n+2)( “ T &y
4+ Kkgit 4 Kigh 4 2K,ngj)
then
(2.6) Kio; K* = 0
Using the formula (1.8) and the Ricci identity again
I(kj,l,, - Kkj,s,l = _KaklaKaj = KaszKka
we obtain
1

K% Kaj — K%1;Kpa = )(K,a,J"j“sz + Ko F*F;

2(n+ 2
+ K k591 + K js9ki

— Ko Fi®Fo + Ko F*Fyj
+ K k19is + K ;19ks
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After transformation by g*' there holds
1
~K,"Kaj — Kaji K" = 3n 1) (* ™ DK = KatF5*Fu = K o%g;0]
Now we operate '* on this equality and then

S Do’ = Kar FFal = 0

The last member of the left-hand side of this equality we can write
Koo F2F = — Ko, F°F" = 0

and finally

(2.7) K;0 = K,*. =0

From (2.7) there yields

(2.8) K ,®* = const

for the scalar function K ,**

We have proved :

Theorem 2.1. If a hyperbolic Kaehlerian space is éssentially H B-parallel,
then the gradient vector of the scalar curvature is a null (isotropic) vector, i.e.

At K =0

-

where A, denotes the first Beltrami differential operator and K is the scalar
curvature function. If K , is a parallel vector field, there also holds

(2.9) Ay K = 0

where A, denotes the second Beltrami differential operator (Laplace transform)
i.e. A
A2 = ,a,byab L
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§3. Ricci-recurrent H B-parallel hyperbolic
Kaehlerian spaces

A metric space is said to be Ricci-recurrent if its Ricci tensor satisfies the
relation

(3.1) Kijx = xxKij

where (x;) are components of some vector field. ,
In this paragraph we shall mainly use the method and the notation of
T.Adati and T.Miyazawa ([1]), wherever is possible.
In order to avoid very long and complicated calculations, we introduce
some abbreviations

(3.2) I ‘= (—11-1—4) [K,,,- - E(-n—K;—2—)gkj] Ly = I
(3.3) Ty = (—ni—‘;) [S,,j = 5(_12{(52—)”‘"] JTij = —Tjk
Also there holds

(3.4) Ti; = I Fj°

We can put

(3.5) HB'j = K'ju — D'

where

Dju = 6 i — 6°IN; + gii 1L — gij TN
(3.6) + FPTw — FTyj + Fi T — Fi;Ti'
+ 2T} Fiy + 2T F}'

IL; and D® jki satisfy the following relations

K

3. —4 db — SR ——
(3.7) I = g%, TCFT)

(3.8) Dijii = 9iaD%jit = —Djisi = —Dijik = Duiij = Duji
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If H B-parallel hyperbolic Kaehlerian space is Ricci-recurrent, we shall first
prove
Lemma 3.1. K;; is Ricci-recurrent if and only if II;; is recurrent
Proof. : If we put

(3.9) ILjx = xell;

Contracting by metric tensor we can get

(3.10) II; = IIx; or according to (3.7) K; = Ky
Then, according to (3.2) yields

(3.11) Ki;i = xiKij

Conversely, if (3.11) holds, then according to (3.2) and (3.7) holds (3.10) and
also holds (3.9) m

There also holds the following

Lemma 3.2. If in a H B-parallel hyperbolic Kaehlerian space the Ricci
tensor is recurrent, then the tensor Ty; is recurrent with the same recurrence
vector. m

It is easy to prove Lemma 3.2 using Lemma 3.1 and (3.3).

The following two Lemmas were proved by A. G. Walker and we shall give
them without proof:

Lemma 3.3. (A. G. Walker) The curvature tensor of a Riemannian space
satisfies the identity '

Rijkimn — Rijki,hym + Riimh,i,j

(3.12)
—Riimnji + Rmhijkg — Bmpijie = 0 ®

Lemma 3.2. (A. G. Walker) If aqp and b, are numbers satisfying
(3.13) AaB = ABay Qopby + apybo + ayabsg = 0

where a, 3, v = 1,2, ...,N , the all anp vanish or all b, vanish.mUsing this
Lemmas we can prove

Theorem 3.1. In a H B-parallel hyperbolic Kaehlerian space, if K;; =
XiK;; for a non-zero vector x; and nonzero tensor K;;, then th- recurrence
vector is gradient.
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Proof. If wesuppose K;j; = x1K;j and according to Lemma 1.1 and 1.2
IL;; = x/IL; and Tij; = xiTij, then

(3.14) Dijpim = XmD¥ ki

because the metric tensor and structure tensor are covariantly constant.
As the space isH B-parallel, then according to (3.5)

(3.15) Kikim = XmD'ju
Differentiating (3.15) covariantly and using (3.14), we obtain
K'ikimn = XmaD'jet + xaxm D' ikt

what means
Kijkimph = XmhDijri

where we put Xmh = Xm,h — Xh,m-
According to (3.12), we obtain

(3.16) XmhDijkt + XijDkimh + XkiDmni; = 0

Now we shall substitute pairs of indices m, h; i, j; k, l; respectively for
@, B3, 9, Xmh, We shall denote by b, etc., and D;ji by anp etc. According
to (3.8) it will be ag, = a,3. (3.8) and (3.16) represent the relation (3.13)
and Lemma (3.4). We have two possibilities: x;n = 0 (for every m and k) or
Dijji = 0. As K;; # 0, then IL; # Oand there cannot be D;ji = 0 for every
set of indices. Then X, vanishes and, consequently (x;.1) is a gradient. m

§4. Classification of Ricci-recurrent H B-parallel
hyperbolic Kaehlerian spaces

It is easy to prove the following

Theorem 4.1. H B-parallel hyperbolic Kaehlerian space which has van-
ishing Ricci tensor is symmetric in the sense of Certanm

If Kij # 0, then K =0 and I;; = 0 and T;; = 0 and D;ji = 0. According
to (3.5) it will be HB;ji = Kijx and then K;ji is parallel and the space is
Symmetric.
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Suppose, now, that K;; # 0. It easy to see that then II;; # 0. As the space
is Ricci recurrent, then, by Lemma 3.1, IL; x = xi1IL;.
~ We shall prove the following

Lemma 4.1. For a H B-parallel Ricci-recurrent hyperbolic Kaehlerian
space the following relations are fulfilled:

HBjpun I + HBtkmhIIjg =0 and II'™HBijmn=0
HB;mn Tk + HBYmnTjt=0 and T'™HBijmn=0
HB;unFix + HBYmnFje =0 and  F'™HBjmp =0

We could add the fourth relation, for the metric tensor, but it would give
only (0.6)(a). Also the relation (4.3) is in fact, unnecessary because it is variant
of (0.6)(f), but we shall use it in very same form.

Proof. AsILjx = xIL;. and x; is a gradient, then there hoids

(4'1) II'J:‘:”‘ = II"Jvlym
If we apply to (4.4) the Ricci identity, using (3.5), then we obtain
(4.2) I H B iy + I DY iyt + I H B jy + My DY jy = 0

Now we differentiate covariantly (4.5) and use facts that H B-tensor is
parallel and tensors IL;; and D;ji are recurrent with recurrence vector (x;).
We obtain

Xs(Xe; H Bt it + L H Bt jyut) + 2Xs(Ie; DY it + Wit HBY jg) = 0
As x; # 0 for at least one s, then
(4.3) IL; H B it + Iy H B jy + 2(X4; DY it + it DY ) = 0
Comparing (4.6) with (4.5), we obtain
IL;; H B iynt + ;e H B jyi

.and
1L DYimt + It DY j

First one of these two equalities is the result (4.1), if one changes places of
indices in a proper way. If we transvect it by g;,,, then we get:

'™ H Byjmi + II';H Btimig™ = 0
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As the contraction of H B-tensor in the upper and any of lower indices gives
Zero, then there yields:
II‘"'HB:,‘,,.[ =0

which is the second part of the relation (4.1).
The relation (4.2) can be proved in the exactly same way, but the Lem-
ma 3.2 has to be used first. m
As the space is H B-parallel, then
HB" ik 1m — HBh.'jk,m.l =0
Applying the Ricci identity and using (3.5), we obtain
HB",,,HB';jx — HB' i, H B" ;i — HB';i,, H B"
(4.4) —HB'ym HB";jt + D"y HB'jx — D'um H B* 4
—DtymHB"jix + D'tym HB";j; = 0
Differentiating (4.7) covarianty and using (3.14) and the fact that the H B-
tensor is parallel, we get -
Xs(H B D* i — H B"(jx Dty — HB" ;D' jtm — HB"jtD*rim) = 0
and as yx, # 0 for at least one s, then
(4.5) HB';;s D"y — HB" ;3 D'ty — HB* D't — HB* ;i D'jirn = 0
Contracting in indices h and m, we get:
HB' ;D™ i = (n + 4)ILi H B* ;). + THB ik
HB";x Dt = —H B" ;i 1 + gulla H B ji — H Bijill)* + H B Fy*Ty;
— HB"; F{'Ty; + H B ju FTy! — HB" s Fui TV
+ 2H B" jy T Fip, + TinFi' H B
HB" . D*;in = —H B" . Xy; + gii H B*;1In* — 11 H Bjiek + F'Ti; H B
— HB" ( F)*Ty; + HB" ;o Fy;Th' — HB*; Fo;Ti?
+ 2H B" ;T Fip + T F3' H B" i
HB";,D'y; = —H B" ;i 11hy, + guIlp H B*j¢ — H By X1 + HB" ;' Ty,
— F{'Ty H B%j¢ + FuTh*HB";j, — FuTi'H B,
+ 2T Fiyp H B* ;e + TinFi' H B* 4
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According to all these equalities, (4.8) can be rewritten in this way:

(n + 4)II; H Biji + ITH B ;i

+1IL(H Bitjx + HBijke + HBigej)

+H B" ) 11 + H B" X1,; H B ;11

— Fyt(H B" ;3 Ti; + H B";Ty; H B*;j,Tu.)

—F(H B" jThi + H B"exTh; H B 5 Thk)

—T)'(H B" jx Fri + H B" itk Fy H B" ;i Fui)

—2Fj(H B* jyTi* + H B*uT;' + HB";iTi")

~2Ty,(H Bk Fi' + H B Fi' + HB";j F') = 0
Using the Bianchi identity for components of H B-tensor, other algebraic prop-
erties and relations (4.1), (4.2) and (4.3), we can get from the upper equality

(4.6) (n+ 4 HB ;s + IHBijx = 0

Taking into account the recurrence of the tensor II;; (Lemma 1.1), we can
obtain:

(4.7) xIl,; = Z:;IIXj

Transvecting (4.9) by x!, we obtain

(4.8) (n+2)Ix,HB' ik = 0

and, from this, yields

(4.9) II = 0 ( what is equivalent to K = 0)

or

(4.10) xtHB';jp = 0

Suppose that the relation (4.13) is fulfilled.
As the space is H B parallel, then

(4.11) HB%jkio = 0
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Using (0.4) we obtain

311
(n + 3)(xillk; — xkXlji) + m(xwu — Xk9it)

n+1
n+4

(4.12)

+oiTij — o1Tk; — 20w — (okFij + 01Fj; —20;Fi) = 0

where o stands for the vector
(4.13) or = XaoFj*

We are going to prove the following
Lemma 4.2. If X[HBlijk = 0 then O'(HBl;jk = 0.
Proof. As (4.16) and (4.3) hold, then
otHB'ijx = xaFi®HB'iji = Xx"FiaHB' i
= X°FiHB'jk = x*F';HBljx = X"F'HB'ajx = 0 =

Now we shall transvect (4.15) by H B',,;,. We obtain

311
n+4

(oxFi;HB sty — 20; Fy HB' 1pyp) = 0

—(n + 3)xk 1Ly H B' 1ty —
_n+1
n+4

Taking into account (4.9) and (3.4), we can rewrite this relation in the following
form:
II
n+4

As (4.11) holds and we have supposed that there holds (4.13) and (4.12), then
our relation gives:

Xk H B jmip + 0% T HB' mp — 20Ty H By

[=(n + 6)xkH B jmtp + nox HBamtp + 2(n + 2)o;HBamipFr®] =0

(4.14) (n + 6)xkH B jmip = noxHBamip + 2(n + 2)0; H Bamep Fi”

n the hyperbolic Kaehlerian space, which we consider, there exists a vector field
(Ak)such that A\gx* = 1. we shall prove the following
Lemma 4.3. The vector field (\i) satisfying the relation

(4.15) Mxk =1

is orthogonal to the vector (oy), defined by (4.16).
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Proof. o = FioxaAf = Fkax A\ = —Fofx, A\ m

Now we shall transvect the relation (4.17) by A*. We obtain
(4.16) (7 + 6)HBjmtp = 2(n + 2)0;u* H Bamip
where
(4.17) u® = AFpe

In the same time, the tensor H B jn¢p is skew symmetric in the first two
indices and then there yields from (4.19)

(4.18) Oiu*HBomtp + Omp®HBajip = 0

From the relation (4.19), transvecting by A\¥, according to Lemma 3.3 we obtain
(4.19) MNHBmtp = 0

Now we will transvect (4.17) by AY. We obtain, because of (4.22) and Lemma 4.3
(4.20) oxp®HBomip = 0 |

and, according to (4.19),

(4.21) HBimip = 0

Then, if in a H B-parallel Ricci-recurrent hyperbolic Kaehlerian space the Ricci
tensor does not vanish, then the scalar curvature of such a space vanishes or
the H B-tensor vanishes. If the H B-tensor vanishes, than such a space is the
recurrent one, by the fact of (3.5).

(4.22) . Kimtp = Dimtp

and this one is recurrent.
If I = 0 then K = 0. In this, the last one, case we can get from (4.15)

1
(4.23) xiIl; — xkILj = n—H(dkT:ﬂ + oTx; + 20_-,'TH)
The vectors (x:) and (o;) are mutually orthogonal ([6]). There holds
A nt1 R n+1 :
(424) X = e mr o % X = s ymy o %
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Transvecting the relation (4.26) by x', we obtain
(4.25) xix'i; =0

Suppose that Ilz; = 0. Then

K
K= ™

and after transvection by g*7,

nK

K= sm+2

.From these equalities we can see that K = 0 and Ki; = 0. As we considered
that case separately in the Theorem 4.1, we are not interested in it now. Then,
from(4.28) we have

(4.26) X’i’ = 0

As a survey of all this considerations, we can say shortly:

If a H B-parallel hyperbolic Kaehlerian space is non trivially Ricci-recurrent
With the recurrence vector x;, then the following cases may occur:

(1) The space is H B-flat and recurrent

(2) The space is symmetric in the sense of Cartan and K;; =0

(8) The scalar curvature of the space vanishes and the vector (x;) is an
isotropic vector field.

§5. Conclusions about Ricci-recurrent H B-par;lllel
hyperbolic Kaehlerian spaces

Our classification from previous paragraph is fully analogous to the clas-
sification theorem from [1]. The last case (3), is an essential case. Using the
classification theorem from [1], W.Roter proved the existence of an essential
Conformally symmetric Ricci-recurrent pseudo-Riemannian space, by construct-

‘ing its metric tensor ([7]). But the analogy between conformally conformally
Symmetric Ricci-recurrent pseudo-Riemannian spaces and H B-parallel Ricci-
Tecurrent hyperbolic Kaehlerian spaces is not so large, for the sake of results in

§1.
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If we apply the result of the Theorem 1.1 to the case (3) ("essential”) from
the classification, then we can conclude that the essential case does not exist,
because the scalar curvature vanishes and gives us a symmetric space.

Further, we are going to make some more considerations of the case (1)
of the classification. If the hyperbolic Kaehlerian space is H B-flat, then its
curvature tensor can be expressed in this way:

K'jp = m[&'Kkj — 6 ' Kij + ge; Ki* — 91 Ki' + Fi' Sk + Fi' Sij
(5.1) Fi; St + FijSk' + 25 Fiy + 2Si Fj'

(8 gr; — 6k*q1; + Fij Fi' — Fi' Fyj — 2F;' Fiy)

n+ 2

As we supposed the H B-parallel hyperbolic Kaehlerian space is Ricci-recurrent,
Then it is recurrent, according to (5.1), (0.1) and (0.5). As the recurrence vector
(xk) is a gradient, then there holds

(5.2) KiK' s + KiK' = 0 (Ricci identity)
We obtain from (5.1), (5.2)
ks Ki' K oi — 91a Kk Kni + Fies SU' Koni — Fis Sk Komi + 2SaiKn;iFkl
K
_n_+2 Knigks — Knprgks + Fi;Smk — Fi,Sml)
+gkal.Ksi - glmKIlei + kasl‘Kai - F'Imsk‘Kai + 2Sm’KsiFkl
—-n:(:—z(K,lgkm — Koegkm + Fi,, Ssk — Fip, Ssl) = 0

If the space is Ricci recurrent and if the recurrence vector is a gradient, then
there holds ([1], [7])

(5.3) Ki'Kpni =1/2 KKy,

and, consequently,

(5.4) S Kmi =1/2 KSi,

Even we substitute (5.3) and (5.4) into the upper expression, then there holds

K(gk.sKlm = 915 Kim + gkm Kis — gim Kks
+Fkaslm - ﬂsskm + kasla - ﬂmska) =0
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From this expression we have
(5.5) K =0
or

ks Kim — 91s Kim + giem Kis — glka:

(5.6)
+FisSim — FisSkm + FimSis — FimSks = 0

If (5.5) is fulfilled the space will be symmetric a.ccording to Theorem 1.1. As
it is a recurrent space in the same time, then its recurrence vector (xx) will
Vanish.

Suppose, now, that (5.6) is satisfied. We shall transvect this equality by
F.*¥ We obtain

FrsKim — 91sSmr + Frm Kis — gimSer
+9srSim + FisKmr + gmrSis + FimKer = 0

After transvection by F;™, we obtain
FrsSit+ 91sKrt — 9reKi1s — FuSer
+9sr Kit + FisSrt + Fir Sts — guKer = 0
In this equality, we substitute the index r for k and ¢ for m. Then there holds

FisSim + 91s Kkm — Gkm Kis — FrniSsk
+ 95k Kim + FisSkm + FnkSts — gimKse. = 0

Subtracting (5.7) of (5.6), we obtain

(5.7)

2(FimSis = FisSkm — gisKkm) = 0
what means
(5.8) Kim8ts = FimSis — FisSkm)
If we transvect (5.8) by g**, then
nKin = 0
ie.

(5.9) Ky = 0
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From (5.9) and (5.1) we have
(5.10) Kim =0

i.e. the space is flat.
Now we can give more proper form of the classification from §4:
Theorem 5.1. If a hyperbolic Kaehlerian space is a H B-parallel and Ricci
recurrent, then its scalar curvature vanishes. In that case, one of these possi-
bilities hold: '
(1) The space is H B-flat Ricci-flat and flat
(2) The space is symmetric in the sense of Cartan and Ricci flat
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