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1. Introduction

The Bernstein - type operators discussed in this paper are given by
Unf = Un(f,2) = f(0)Pro(z) + f(1)Prn(z)
n—-1 1
+3 Pus@) [ (0= DPeasa @012
k=1 0

where

Poi(z) = (:) z*(1 - z)"k.

The quantity (n — 1) fol Pr_2k-1(t)f(t)dt for 1 < k < n —1 in the operators
Un(f,z) takes place of f(X) in Ba(f,z), the Bernstein polinomials. These
Operators were introduced by T.N.T. Goodman and A. Sharma [3]. In this
Paper we shall study the relation between the rate of approximation of Uy( f, z)
and the K-functional '

K(1,2) = K(f 2 Loos W2(9) = n {17 = gllo + 2 o5 heni g € W)},

Where ’
WE(e) = {f € ACI0, 1 ' € ACKd0, ], 0f" € Leol0, 1]}
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with ¢(z) = z(1 — z). We shall prove a direct inequality and strong converse
inequality of type A. Here the terminology of [2] is used. So, we shall show

(1.1) 1UnS = Flloo ~ K (£13) s

i.e. we shall find two constants ¢; and ¢z such that

(12) erllf = Unflloo < K (1) _ < eallf = Un llo.

2. Some basic properties

We recall some properties proved in [3,4].

(2.1) U, is linear and positive.

(2.2) Upn(l,2) =1, Un(t,z) = =z.

(2.3) Un(£2,2%) = 22 + i‘Pf‘l)

(2-4) 1Unflloo < (1 flloo-

(2.5) f < Uif <U,f forconvex f and natural k > n. .
(2.6) UpUn f = U Ui f, i.e. U, commutes with Uy.

3. The Jackson-type inequality and the direct theorem

In order to show the direct part of ||Upnf — flloo ~ K(f, n) , i.e. the
first inequality in (1.2), we prove the following three lemmas concerning any
operator L satisfying condition (3.1).

(3.1) (1) L is linear and positive operator from Lo[0,1] to Lo[0,1],
(2) L(1,z) =1, L(t,z)==.
From (1) and (2) we obtain the following property
(38) Lf > f for convex f

Lemma 3.1. Let

K(x)={y(z—1) for0<y<z<l1
’ z(y—1) for0<z<y<1
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If f € W2 (), then we have
1
(3.2) L(f,z) - f(z) = /0 (L(K,,z) — Ky(2))f"(y) dy-

Proof. We use the idea of the proof of Lemma 1 in [5]. From condition
(3-1) we conclude that L is a bounded operator and we obtain

/0 ' L(Ky(t,2)) /() dy = L( /0 Ky (6 2) () dy).

Now we have

1 z 1
(3:3) [ K@ rway= [ ue- 0w+ [ == Drway
=)= (1= 2)f(0) = 2f(1).

1
(3.4 [ B (4,20 £ dy =Lf.2) = FOL( = 1),2) = F(1)L(t, )
0
—L(f,2) — F(0)(1 - =) — f(1)a.
The equations (3.3) and (3.4) yield (3.2). Lemma 3.1 is proved.
Lemma 3.2. Let fo(z) = zlnz + (1 — z)In(1 — z). Then
ILf = fllo < Ilf"¢lloollLfo — folloo

Jor every f € W2 ().

Proof. K,(z) is convex and nonpositive then from (3.1) it follows that
L(K,(-),z) — K,(z) > 0. From Lemma 3.1 we have

VL(Ky(1),2) — Ky(2)

o)~ @) = [ 2= ety dy.
Thus
(3:5)  11Lf = flleo < 1"lloo max |L( / <P’(’;t))d 2) - / 12(%)
and

Ky(2) , y(z — 1) la(y-1) ,
B /o o) ¥ /oy(l—y) y+/a: y(1 - y)dy_f"(z)'
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As a corollary of (3.5) and (3.6) we have
ILf = flico < IIf"¢llco max |L(fo,z) — fo(2)l = ILfo = follooll f*¢llco-

z€[0,1]
Lemma 3.3. Let fy be the function fron; Lemma 3.2. Then the following
inequality holds true

[IZ fo = folloo < “%L((t - )3, -)“oo.

Proof.

L(fo(t),2)~fo(z) = L((1 = ) In(1 - t) + tInt, )
—L(1-t,z)In(1-2z)— L(t,z)laz
=1((1-Hm(1 -1 - (1-t)n(1 - z),)
+ L(tlnt — tln z, z).

(3.7)

Expanding In(z + t — z) by Taylor’s formula

— t —
nt=Inz+ ”)-/(t %) gu
z z U

and using [ L‘—:,ﬂ du > 0 we have:
t(t — )

1-t)(z—-1)
(1-2)

(3.8) ‘ tlnt —tlnz <
(3.9) (1-t)ln(1-t)—-(1-t)ln(1 —z) <

After substitution of (3.8) and (3.9) in (3.7) we get

o< 100~ o0 < (O HERD 4 K22,

and therefore

0 < L(Jo(t)2)— fo(2) < ﬁu(t — 2)?,z).

Hence

120 = folleo < || S0 = %)

As a direct consequence of Lemma 3.2 and Lemma 3.3 we obtain the fol-
lowing theorem
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Theorem 3.1. (Jackson-type inequality). For every f € W2 (y) we have
1
= Tlle < 117"l | S5 20 = 9% )
LS = flloo < lf"lloo (P(')L((t D)

Let us put L = U, in Theorem 3.1. Then

__1_ _ 2 _ Un(tz, .'z:) =~ 22 _ 2
@ ) = T =
and therefore
(3.10) 10nf = flloo € G 17"l

Theorem 3.2. (A direct-type theorem). For every f € Lo[0,1] we have

(3.11) NUnf = flloo < 2K(f’ %)oo

Proof. Let g € W2 (¢). Then
”Unf - f”oo < "Unf - Ung“oo + “Ung - g“oo + "g - f”oo

Using (2.4) and (3.10) we get

(3.12) [|Unf=Flloo < 201 - glloo+ )||9"‘P||oo < 2(|lf glloo+—llg"<PIIoo)

(n+1

Ta-king an infimum on all g € W2 (¢) in (3.12) we derive (3.11).

4. Two important properties of U, f

Lemma 4.1. For every f € Lo[0,1] we have

Uns(f,2) — Un(f, ) = (“’(’) UL, 2).

Proof. Let
Uﬂ(f’ z) - An(f’z) + D‘n(fvz)’
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where
An(f,z)= (1= z)*f(0) + 2" f(1)
and
n-—1 1
Du(f,2) = Y Pas(@) [ (n = DPuzia()f(0) .
k=1 0
Then
a4 “ A
Dn_a(f,z) = E F, _1,k(z)/ (n = 2)Pa—3k—1() f(t) dt
k=1 (1]
n—2
= kz=; Pr_1x(z) Ll(n - 2)(: : :1;) tk(l — t)'n—k-zf(t) dt
n—2 1 R n—3 - P
£ P x@) [[a- (o2 e ot sy ar
n—1 1 n
=5" i@ [0 (32 5) -t
n—2 1 B n—3 - N
+ ; P, —1,k(.’c)/o (n-2) (k _ l)t 1-1) f(t)dt
n—1 1 )
=2 P"v"(“)/ (n = 1)Pa_zk-1(2)f(2) dt
k=1 0
1k(k-1) 1 (n—k)(n—k-1)
x(zn(n—l) (1-2) n(n—1) )
Hence b

Dn—l(f, .’l:) - Dn(f9 :C) = nz_: Pn,k(z) /l(n - I)Pn-2,k—l(t)f(t) dt
k=1 .

(1= 2)k(k — 1) + 2(n — k)(n — k — 1) — n(n — 1)p(z)
) e(z)n(n - 1)

= nz—: Pn,k(z) /l(ﬂ - I)Pn—Z,k—l(t)f(t) dt
k=1 °

y ((k —nz)?  np(z) + (k- nz)(1 - 22)) o(z)
e ) a(n—1)'

X
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On the other hand

, k — nz .
k() = T(z')“Pn.k(l‘)

and

(4.1) Ply(z) = Pn,k(x)((k¢§(’;‘;)2 _ne(@) + (’; ;(:)z)(l ~ 2x))

and therefore
(UB)-A(f.2) ~ Dalfy2) = DI, 2)

for every f € Loo[0,1]. For the other part of Un_1(f,z) — Un(f,z) we have
(4.3)

At (1,2) = A(f12) = SO 1= 2) 4 fa(1 =) = 2D pt (5,
for every f € Loo[0,1]. Now using (4.2) and (4.3) we prove Lemma 4.1.

Remark. Lemma 4.1 is a limit case of Theorem 5 in [1]. The method
used in the proof allows us to put less conditions on the function f than in [1].

Let

WL (){0:1} = {f € Wi(o) : E?g(v(z)f"(x)) =0, lim(¢()f"(z)) = 0}.

Lemma 4.2. For every f € W2 (¢){0;1} we have
So(z)lel.’(fa :t) = Uﬂ(‘Pf,”z):

i.e. U, commutes with the operator D, given by Df := @f".

Proof. We have U,f = Y i-o u£")(f)Pn,k, where “(()n)(f) = £(0),
u,gm(f) = f(1) and uw(f) = [}(n = 1)Pacap—1()f(t)dt if 1<k<n—1.

Let A'u{(f) = u{?, () — u{™(f) and A2{M(f) = AV (AW (f)), there-
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fore
Un(f,2) =3 u(f) (:) (kz*=1(1 — 2)*~* — (n = k)a*(1 — 2)"~*=1)
k=0

= ij (0) s uneat-1 = oyt -

=n3 (3 21)w =t 5> ("¢ et -z

k=1 k=0

n-1

> (:) u(f)(n — k)k(1 — z)r—*-1

k=0

n—1
n 3 (W (f) = ulP(f)) Pac1x(2)
k=0

=n Y (uf,(f) — ufV(f) Pao14(2)
k=0

n-—1
n Z Alug,")(f)P,,_l,k(z).
k=0

From the above representation we have

n—2
14.4) UL(f,2) = n(n— 1) Y A2l (f) Pa_z k().
k=0
Now we shall prove that
1
(4.5) AR (f) = = / Pojey1 (8)"(2) dt

for 0 < k < n—2. In the case 1 < k < n — 3 using integration by parts we
obtain

Az“(kn)(f) = /01(" = 1)(Pr—2,k41(t) — 2Pn—2,k(t) + Pa—2,x-1(t)) f(t) dt

! 1
= %/0 P'r,t,,k+l(t)f(t) dt = i‘/) Pn,k+1(t)f”(t) dt .

In cases k=0 and k=n-2 we have the additional terms f(0) and f(1), respectively.
f(0)P, ,(0 fa)rp, ., (1) .
( )" © ~ . Thus, equality

But they are canceled out with ————=2— and
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(4.5) holds true for 0 < k < n — 2. From (4.4) and (4.5) we get

n—2 ) )
VL) = 3 Pocas(@) [ (0= 1) Papna(DS"(8) d
k=0 N

and therefore
n—2

tp(z)U"(f,z) > Papsa(2) / (n = 1) Poa k(t)(t) £"(2) dt

k—O

- Z Pas(z) / (n = 1) Pa_g k1 (t)(t) F(2) dt
k=1 o

= Un(‘Pf”’ z)’
because f € W2 (){0;1}. Lemma 4.2 is proved. .
Using (3.10) for f € W2 () we have lim,_,co Un f = f. Hence from Lemma
4.1
o P(@)UL(f, =)
4. - = PE)YlT,Z)
(46) Unfr2) = fl@)= 3 =pesy

k=n+1

Now we shall improve the result of (3.10) for the operator U, and
f € W2 (¢){0;1}. From (4.6),Lemma 4.2 and (2,.4) we have

10af = flle = | z T < el 2: KT = e e
n+1

For fo(z) ( which is not in W2 (¢){0;1} ) we have

|Un(fo,2) = fo(@)] = | z g(ik)(_z_k_(%i)l.

=n+1

Using the idea of the proof of Lemma 4.2 we get o(z)UJ(fo,z) = Ur(@fY, z) —
=% — (1 - z)* and then

U(ofd, ) — 2% — (1 - z)"l

|Un(fo,2) — fo(z)] =| > k(k — 1)

k=n+1
MEN z"+(1-z)"|
‘l"‘ k(k —1)
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Therefore -
1 1
[|Unfo — follo = n E 2’°—‘ll_c-(k_—1_5
k=n+1
Thus
1 1 1
(4'7) ;(1 - 2_,,) < "Unfo - fO"oo < ;

From Lemma 3.2 and (4.7) we get

(4.8) 1UAf = Flloo < 110"l

for every f € W2 (). The inequality of Jackson-type (4.8) is better than (3.10).
Theorem 4. The constant 1 is the minimal in (4.8).
Proof. If we suppose that, there exists ¢ € (0,1) such that

1

(4.9) 1Unf = flloo < —llf"lloo

for every f € W2 (y) and every n € N. In particular for f = f

1-c¢

(4.10) [1Unfo — follo < -

From the first inequality in (4.7) and (4.10) we have 2= > ¢ for every n.
Therefore (4.9) leads to a contradition. Hence, Theorem 4 is proved.
5. Inverse theorem

In order to show the inverse theorem we shall prove the following two
lemmas

Lemma 5.1. For every f € S we have

1 1
1UAS = £ = 28"l < 508" o

where

S ={f € WaL(p){0;1}; 05" € Wi(9)}-
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Proof. From (4.6), Lemma 4.2 and (4.8) we have

NUF - f — %Sof”"oo ="k:i Uk(;‘:(f’:_)_ I;Pf”"

<lle(ef"Y"lloo E k_z(lTl"—T)

k=n+1
But
(n+ 2)k 1
k;ﬂ k’(k -1 < 2 D+ D) R(E-1)
e 1
(n+1) k=¥+1 k(k2-1)
Hence
5": 1 n+2 1 1
e k%(k — 1) n + 12n(n + 1)

Therefore Lemma 5.1 is proved.
Lemma 5.2: For every f € L,[0,1] and every n € N we have
U flloo < V20| flloo-

Proof. Using (4.1) we get

IU"(f,z)v(z)l n(b -z _(1-22)(%-2)
,,E_o" G o e O, |
2 n(k-ay | (1-2)k-2)
Sl flleo ) Prk() -1~ i .
1l 2P| =y (=)

'(I;hia)Cauchi—Shwa.rz inequality gives

" n(t — z)? - - 4
|U,,(f,:)<p(z)| < £ lleo [B,.(( (:’(z)) -1 = a 2;‘(1(; a’))2,313)3,.(1,2:)]

il 2
=||f||°°[ T )B,.((t z)+1+%3n((t—z)3’z)

2n(1 — 2z) i o
()B,.((t z)?, z) — ———w,(z) Ba((t - 2),2)

( — 22) —————=By(t -z, :A]

p(z)
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The following properties of Bernstein polinomials are valid [6, p.14]

(5.2) Ba(1,2) =1,

(5.3) B.(t - z,z) = =z,

(5.4) Ba((t — 2)%,2) = ﬁ(fl

(5.5) Bo((t—2)% %) = 22:2(2) e
(5.6) Ba((t - 2)%,2) = 37— i);ﬁ’(z) N <p’(;).

Replacing (5.2), (5.3), (5.4), (5.5) and (5.6) in (5.1) we recieve
2@ ¢ gy, [ (50 L), 22y,

+ (1-22)* 9_ 2n(1 - 2z) _2z<p(a:) cp(z))]

n(z) () n?
= Illoy/2 - 2

1
~lleU7 flloo < V2| fllco-

and therefore

Lemma 5.2 is proved.
Theorem 5. (Inverse theorem of type A). For every f € Lo[0,1] we have
1
K(f,=) < (6+VE)IUnf ~ flleo-
n/ oo
Proof. Using Lemma 5.1 and Lemma 4.2 with U2 f instead of f we derive
(5.7) .
NURSf = URf = —@(Unf)'lleo < 5- zll‘P(‘P(U 2 f)" ) lloo = n, 53 19UR (U7 )l o-
From (5.7) and Lemma 5.2 we have that

1035 = U2 = o2 1Yle < LloU2 1o
\/i 2 g\ \/§ "
< L1021 loo + LU0V ~ Unf)llo
V3

< %"‘P(U:f)”"oo + "Unf - f"oo
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Using this inequality and (2.4) we have
1 1
;ll‘P(Uff)"lloo <|U3f-U2f- ;‘P(U,ff)""oo +\U3f - U2 flleo

< 20Unf = Flleo + L2 1(UR1 e

Hence \/_
@ VD (U2 1) oo < 20Unf = Flleos

Le(U21) oo < (44 2VD)|Unf = fllo-

Therefore
K(£, %) _ < U2F = flloo + (021 oo
< ”Unf - f"oo + “Uv?f - Unf"oo + (4 + 2‘/§)||Unf - f"om
< (64 VB)If = Unflloo-

Theorem 5 is proved.
Theorem 3.2 and Theorem 5 yield (1.1).
Remark. If we look trough the relation between |f — Upnf|loo and

K (f, %)w we can prove a better estimate

10as = Flloo < K (f155) _ < (44 VDITaS = Fllo

in a sence that it has the smaller quotient c3/¢; for the constants in (1.2).
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