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In order to unify and extend the results on various fractional integration operators defined and
studied during the last three decades, the authors investigate in this paper a pair of new frac-
tional integral operators associated with multivariable H-function due to H. M. Srivastava
and R. Panda[23] and a general class of polynomials introduced by Srivastava[22]. Some
properties of these operators related to their Mellin transforms are investigated, generalizing
the scores of results on various fractional integration operators scattered in literature.

1. Introduction

The object of this paper is to introduce a pair of new fractional integration
operators and to establish some theorems for these operators involving their
Mellin transforms.

These operators are extensions of the operators of fractional integration de-
fined and studied earlier by many authors, e.g. by A. Erdélyi [2], H. Kober
[10], R.K. Saxena [15], R.K. Saxena and R.K. Kumbhat [16,17,18],
S.L. Kalla [4,5), S.L. Kalla and R.K. Saxena [6}, S.L. Kalla and
V. Kiryakova [7,8), V. Kiryakova [9], M. Saigo [12], M. Saigo et
al. [13,14], E.R. Love [11], R.K. Saxena and G.C. Modi [19,20], S.P.
Goyal et al. [3], R.K. Saxena and V. Kiryakova [21], etc. '

The multivariable H-function introduced and studied by H.M.
Srivastava andR. Panda [23]); K.C. Gupta and S.P. Goyal [24,p.251,
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Eq. (c.1) to (c.3)] will be defined and represented in the following manner:
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For the conditions of existence on the various parameters of the multivariable
H-function, we refer the reader to H. M. Srivastava et al. [24, pp. 251-253,
Eqns (c.2) to (c.8)].

The general class of polynomials denoted by S7'[z], due to
Srivastava [22, p.1, Eqn (1)], is defined in the following form:

[n'/m']

n m'k’! ’

(1’2) [z] - § : ( k’)' k ﬂ' k'zk ’
k=0

where m’, n’ are arbitrary positive integer and the coefficients A, x (n/,k’ > 0)
are arbitrary real or complex constants.
2. Definitions

A pair of new generalized fractional integration operators
are defined by means of the following equalities:
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where U and V respectively stand for the expressions:
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and &, M;, N; are positive numbers. The kernel Q(;—:) occurring in (2.1) and
(2.2) is supposed to be a continuous function such that the integrals make sense

for wide classes of functions f(z).
These operators exist under the following set of conditions:

(i) 1<p,q< m!p_l + q—,l =1,
r b(') 1
(ii) &(6+EEM.ﬂ(.)) >-0
r (‘) 1
(iif) R(B+ e; Ni—i= ﬂ(,) -7
r (') 1
(iv) R(a+& Z M.ﬂ(,)) >=2
(v) f(z) € Ly(o,00),

where j = 1,2,...,M,; i = 1,2,..
The last condition ensures that I 5,8 [f(z)] and R [f(a:)] both exist

and belong to L,(0,00).
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3. The Mellin transform

The Mellin transform of f(z) will be denoted by M[f(z)], or by
F(s). We write s = p~! +it, where p and t are real. If p > 1, f(z) € L,(0,00),
then for

3.1) p=1,M[f(z)] = F(s) = / ” 201 f(2)dz
and

1 cttoo
(3.2) fW) =5 | Fs)ads,

under suitable conditions on the p‘a.ra,meters and the variables.
Forp>1,

(3.3) M[f(z)] = F(s) = Lim. /1 : f(z)z*"'dz,

where lLi.m. denotes the usual limit in the mean for L,-spaces.

4. A special case

On account of the most general character of the multivariable H-function,
numerous special cases of operators (2.1) and (2.2) can be derived by giving
suitable values to the parameters. For the sake of brevity only one interesting
special case is given below:

For ®(z)=1and n]i =n)=..=n =0,
we obtain the operators defined earlier by Banerji and Sethi [1] in the
following form:

. MU
@y 1 e =ae | t“(xf—tf)"H[ : ]f(t)dt,
" ° AU

AV
a,f % —a—B-1(4 _ 6\8 .
42 R U@l=e [Treei e - sPn fyt,
" ° ~ AV
where the conditions of validity follow from those given along with the operators
(2.1) and (2.2).
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5. Theorems Associated with Mellin Transforms

Theorem 1. If f(z) € Lp(0,0),1 < p< 2 [or f(z) € Mp(o °°); P> 2]»

P l+gl=1% 6+EZ._1M-‘U] > —q71, R[ﬂ+£2.=1 N-;;h > ¢!
for j = 1,2,...,M,, and the integrals involved are absolutely convergent, then
the following result holds:

(5.1) u {157 (1@1} = m s R

where M,(0,00) denotes the class of all functions f(z) of Ly(0,00) with p > 2,
which are inverse Mellin transforms of the functions of Ly(—00,00).

Proof. From (2.1), it follows that

m {152 ran} = [ {ez"""" [t -y

MU r I ) 3
: Hs [z,( =) (- = ] @ (;) f(t)dt }dz.
,\ U =1

Interchanging the order of integration, which is permissible under the con-

ditions stated with the theorem, it is seen that

M {’ ‘s,\ﬂ [f(z)]} - /o T e f(eydt {a’--ﬂ / % po-t-ts-2
x(at — )P H [AIU] H s, [ —)e(1 - e)’,'] ) (%) dz }.

AU

Now, (5.1) follows easily from (2.2).
In a similar manner, the following theorem can be established.

TetLAp,

Theorem 2. If f(z) € Ly(0,00), 1 < p < 2 [or f(z) € My(0,00), p > 2],
pPl4+qg =1 %R [ﬂ+£21N—h—] > —-q°}; R[a+£2'M-Jn-] > —p~! for
j =1,2,...,M,; and the integrals involved are absolutely convergent, then the
following result holds:

(52) w{% ran = @y .
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Theorem 3. If f(z) € Ly(0,00); p~' + ¢! = 1, g(z) € L,(0,00);
() ()
92[6+£ZI Mef,’(:y] > max(p~t,q7); R[ﬂ+EEI Ns-;"m] > 0; for
7 =1,2,...,M,; and the integrals involved are absolutely convergent, then the
following result holds:

ga 6,8 *® 6,8
(5.3) s@1" @l = [7 1R @) d.
0 Aﬂ 0 I\n
Proof. Relation (5.3) follows on interpreting it with the help of (2.1)
and (2.2).
Theorem 4. (Inversion formula): If f(z) € Lp(0,00), 1 < p < 2
b

for £(z) € My(0,00), p > 2}, 7 + 47 = 1, R[5+ €SI Miffy| > —a7;

)
k4 [ﬂ +£3°7 N,-%{;y] > —q7! for j = 1,2,..., M,; the integrals involved are ab-

solutely convergent and

(54) 157 @) = (@),
then the following result holds:

(55) 1@ = [ @ k)
Here

(5.6) @l = s [ s
and

(5.7) Rl =27 ).

Proof. Multiplying both sides of equation (5.4) by z*~!, integrating from
0 to oo with respect to z and applying Theorem 1, we find that

Mif) = 2.
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Now the inverse Mellin transform gives

ctico . Mlg(z)]
1@ =55 / e © R Y

_ 1 / e 1 / = t-1g(t)dtds
278 Jomioo R[(s)] Jo
= [ ool
This completes the proof of Theorem 4.

Theorem 5. (Inversion formula): If f(z) € Lp(0,00), 1 < p < 2
for £(2) € My(0,00), p > 2}, p7 +a7 = 1, R[5+ €55 Netly| > —a;

R [a +EXTM; “'('Y] > —p~! for j = 1,2,...,M,; the integrals involved are

absolutely convergent and

(5:8) %7 (@) = (@),
then the following result holds:
(5.9) f@) = [ @/l
where

1 c+ico =3
(510) [L(.’C)] 27” ./-too C[(")] w
and

a+s-1,08

(5.11) =170

Proof. Multiplying both sides of equa.tlon (5.8) by z*~!, integrating from
0 to oo with respect to z and applying Theorem 2, we find that

mis) = 2L,

Now using the inverse Mellin transform, the desired result (5.9) is obtained.
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6. Some general properties of the operators

The results presented in this section can be established with the help of
the definitions (2.1) and (2.2).

(6.1) 15713 = 252 v,
(6:2) =R 1] =157 e,
(6.3) 157 @) =1° M s,
(6.4 2%’ (1) = RO (@)

The following two properties express the homogeneity of the operators 7
and R.

If
(65) 157 (1@ = @),
then
(6.6) 157 (o) = lo(ea)).
If
(6.7) RSP @)= @),
then
(6.8) R (f(ea)) = [8(ca).

We will discuss compositions of these operators in a future communication.
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