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The non-commutative neutrix product of the distributions z7" and z-* is evaluated for
r,8 =1,2,.... Further products are then deduced.

In the following, we let N be the neutrix, see van der Corput [1], having domain
N’ ={1,2,...,n,...} and range the real numbers, with negligible functions

finite linear sums of the functions

n’\lnr'ln, In"n: A>0, r=1,2,...

and all functions which converge to zero in the normal sense as n tends to

infinity. :
We now let p(z) be any infinitely differentiable function having the following

properties:

(i) p(z) =0 for |z| > 1,
(ii) p(z) >0,

(i) plz) = p(~2),

(iv) /_11 p(z)dz = 1.

Putting é,(z) = np(nz) for n = 1,2,..., it follows that {6,(z)} is a regular
sequence of infinitely differentiable functions converging to the Dirac delta-

function é(z).
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Now let D be the space of infinitely differentiable functions with compact sup-
port and let D’ be the space of distributions defined on D. Then if f is an
arbitrary distribution in D’, we define

fa(@) = (f +6:)(2) = (f(2),6n(z — 1))

for n = 1,2,... . It follows that {f,(z)} is a regular sequence of infinitely
differentiable functions converging to the distribution f(z).

The following definition for the neutrix product of two distributions was given
in [4].

Definition 1.. Let f and g be distributions in D’ and let g,(z) = (g * 6,)(z).
We say that the neutrix product f o g of f and g exists and is equal to the
distribution % on the interval (a, b) if

Nn__'}gom(f(z)gn(z)a ¢(:l:)) = (h(z)’ ¢(:L‘))

for all functions ¢ in D with support contained in the interval (a,b).
Note that if

Jim (f(z)gn(2), #(2)) = (h(2), ¢(2)),

we simply say that the product f.g exists and equals h, see [4]. It is obvious that
if the product f.g exists then the neutrix product f o g exists and f.g = fog.
The following theorem holds, see [4].

Theorem 1. Let f and g be distributions in D’ and suppose that the neutriz
products fog and fog' (or f'og) ezxist on the interval (a,b). Then the neutriz
product f' o g (or f o g') exists on the interval (a,b) and

(fog)=fog+fod
on the interval (a,b).
The next theorem was proved in [5].

Theorem 2. The neutriz products In x4 0 §()(z) and 6§()(z) oln z, ezist and

Inzy 0 §7)(z) =[e(p) + §9(1)]6")(2),
60)(z) olnz_ =¢(p)6\")(z)
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forr=0,1,2,..., where
1
c(p) = / In tp(2) dt
()
and
cc0, r=0,
T
¥(r) = doil r>1

i=1
It was shown in [5] that by suitable choice of the function p, c(p) can take any

negative value.
In the following, the distributions F(z4,—r), F(z-,-r), 27" and z-" are de-

fined by

(Flav, =) (@) = [ a7 [#(2) - 52500

1=0

(1) - 1),<z>"“’(0)lzr(1 - 2)|dz,

(Fe, -0 = [ =" [o(-2) - Z( " 690)+

=0

- (_ ) . ¢(r—l)(0)H(1 = 3)](12,

(2) (r=1)
1 r -r r
o7 = EU a0, o = -t e,

for r =1,2,..., where H denotes Heaviside’s function.

Note that the distributions F(z4,—r) and F(z_,—r) which we have just de-
ﬁned were used by Gel’fand and Shilov [8] to denote the distributions z]" and

z_" respectively.
It was proved in [3] that

(—l)r¢(r - 1)6(7—1)(2),

(3) 7" =F(z4,-1)+ r= 1) |
() = =Fa-,=r) - B a),
forr=1,2,....

The next two theorems were proved in [6] and [7] respectively.
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Theorem 3. The neutriz product §)(z) o §(*)(z) and
(5) ) (z) 0 60)(z) = 0,

forr,s=10,1,2,....

Theorem 4. The neutriz products z3° 0 §()(z), §()(z)oz;?, 2% 0 6(7)(z) and
§0)(z) 0 2=° exist and
=5 550 (z) == s(r)
(6) z7% 06" (z) 2(r + 3)!6 (z),
(7 6 (z) 0 23* =0,
-3 46 —_§(r+s)
(®) 27 0.60)(2) =g a),
9) 60)(z) 0 22% =0,

forr=0,1,2,... and s = 1,2,....

We now prove the following theorem.

Theorem 5. The neutriz products F(z4,—r)oz”*%, 27" o F(z_,—s), 2] 0z_*

and F(z4,—r)o F(z_,—3s) ezist and

(10) F(zy,-r)oz’® (f~ +1.)s C(q))'a('“_l)(z),
(11) 23" 0 Fla_,—s) =(~1)" c(p()rizf(s; D str+a-1) (),
(12) x;"' ozx”? (E‘_-:.);iLq))Tb‘(r‘l-a—l)(z)’
(13) F(zy,—1)o F(z_,—s) =(-1) c(p) + 21/’(3 1)6(,+a—1)( ),

(r+s-1)!
forr,s=1,2,....

Proof. We put
(22°)n = 22° % 8n()

so that

SN SE TSR
(=), = —(3_1)!L CIn(t - 2)8((t) dt
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on the interval [0, 1/n], the intersection of the supports of F(z4, —r) and (z2°),,.

Then on using equation (1) we have i
1/n ‘
1) (P -t = [ e [t - 3 S0,
1=0
where .

$i(2) = (2=*)nz*.
Now i

ccE( )(k J),( z=*)i-gk=i 0<i<k,

.

P(z)

J=

Thus
(15) ¥(0) =
fori=0,1,...,k—1 and
(t) _ —-s8\(i—k
0= (i- k)'(z ) )Jz_o

/ In 68+ R (¢) dt

() -~ THE
jinsti-k

=m ./o [In u — In »]p+ =R (4) du,

for i = k,k+1,..., where the substitution n¢t = u has been made. On making
the substitution nz = v, it follows from equations (14), (15) and (16) that

(Fler, ), (e=na") =17 [0~ (o) - Z 2 500)]do

prts—k-1

- /o [+ / un(u ~ v) = Inn]p®)(u) du+

r_l. vt ! (s+i—k
- § ] /0 [In u — In n]pC+=F)(y) du]dv

and it follows that
(17) N-lim(F(z4,—-r),(z2*)az*) = 0,
n—00
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for k=0,1,...,7 + s — 2, the sum in the integral being empty if k > r — 1.
When k£ =7+ s — 1 we have :

1 1
(Fa, =), @=0a™ ) = 2y [ 071 [ n(u—o) -t nlo®(w) dudo

and on making the substitution v = uy, it follows that

1 1
Nﬂ:lgom(F(a:_,_, —1r),(z2%)pz ) = — _(s _1 o /0 v*1 /u In(u — v)p(’)(u) du dv
1 u
=- (_s—l_l)!/o p(')(u)/o v*"n(u — v) dvdu

1 1 1
—_ s (s) s—1
= 1)!/0 u’ln up (u)/0 vl dydu+

1 1 1
e s ,(s) s—1 -
o 1)!/0 w'p (u)/0 v In(1 - y) dy du.
Now
1 T . 1 .
/ ¥ 'In(1 - y)dy =s7" / In(1-y)d(y* - 1)
(i 0
1,58
et (Yl
=-3 ./o y_ldy— sT (s)
and it is easily proved by induction that
1
[ 0 tnup ) du =(-1)'slie(p) + BN,
0 v
1
/ u*p(®)(u) du =1(-1)*s!.
o .
Thus
(18) N—lim(F(z, -r), (2=")az"+*") = (=1)"*c(p).

Further, when k£ = r 4+ s we have

n-1

1
(Flae, =), (=20ns"™") = - =5 /0 L / ln(u - v) - In n]p*)(u) du dv

=o(n"'In n).
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Now let ¢ be an arbitrary function in D. Then

r+s-—1
da)= Y % ¢<*’(0)+ ( e ), ¢+ (¢z),

k=0
where 0 < £ < 1. It follows that

T+s-1 .
(F(z+, """)(l‘:’)n, ¢(:L‘)) - E ¢(’:'(0)(F(z+a —T)y (2:’)713")
(19) k=0 . .
= G (P = e g+ )

=o(n"'lnn)

since
(F(2z4,-7),(22°)az"**) = o(n ' In n).

Thus
r+s—1 (k) (0)

Nn:ljom<F(x+’ —T)(Z:")n, ¢(z)) =Nn:l;om Z E k! (F(.’t+, —7')7(33:’)1;33‘:)
=0 )

_(=1)**e(p)gtr++-(0)
(r+s-1)!
=%“‘”“"<z)@(z»

on using equations (17), (18) and (19). Equation (12) follows.

Equation (10) follows from equations (3), (9) and (10), equation (11) follows
from equations (4), (6) and (12) and equation (13) follows from equations (3),
(4), (5), (6), (9) and (12).

Corollary. The neutriz products F(z_,—r)oz’, 22" 0 F(z4,—s), =" o z3°
and F(z_,—r)o F(z4,—s) ezist and

( 1) (r+s—l)(z),

(20) F(z—,—r)oay* m
c 1y(s~ '
(21) 2270 F(zy, —s) =(~1)**! (’?ri e e,

(22) z”" oz’ = ((TIT);_.?%’)&("H—I)(,;),

1 -
(23) F(x_, —’I‘) o F(:l:+, —3) :(_1)s+1 c(p()r':id’—(sl)' 1)6(r+a—1)(z)’
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forr,s=1,2,....

Proof. Equation (22) follows from equation (12) on replacing z by —z. Equa-
tion (20) then follows from equations (4), (7) and (22), equation (21) follows
from equations (3), (8) and (22) and equation (23) follows from equations (3),
(4), (5), (7), (8) and (22).
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