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In this paper a boundary value problem for an equation of mixed type is considered.

It is proved that the weak solution is a strong one too and the strong solution is unique.

Let G be a bounded domain in the plane (z,y) with a partially smooth
boundary I' U oy U o, (fig.1), where g is a two-times smooth curve and o, , 02
are characteristic of equation:

(1) Luzuz, + k(y)uyy + al(zs y)u:r + a2(x’ y)uy + 7(‘1:» y)u = _f(:l:, y) s

where k(y) € C%(G), yk(y) > 0 for y # 0, e1(z,y) and az(z,y) € C*(G) and
1(z,y) € C(G).

For y > 0 equation (1) is elliptic, for y = 0 it is parabolic and for y < 0
- hyperbolic.

We consider the following problem:

Problem A. Find a solution of equation (1) satisfying the boundary
value conditions:
(2) u(z,y) =0on Iy

u(z, y)'g'l U o,

(the sign ~ denotes that no boundary value conditions are prescribed).
The conjugate boundary value condition for equation (1) are:

(3) v=0onT U0 Uo;
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Denote by W2(G) and W2,(G) the closure with respect to the norm
W2(G) of the set of functions of C%(G), satisfying (2) and (3).

y |

Fig. 1.

Definition. The function u € Ly(G) is said tobea weak solution of
problem A if (u, L*v) = (f,v) for each v € W (G). (L* is a formally conjugate
of L operator).

Definition. The function u € Ly(G) is said tobeastrong solution
of problem A, if there exists a sequence u* € W2(G),

llu* = ul| - 0, lLu* — £l = 0, k — oo .

Let b(z,y) = by +byy be a function, whose coefficients satisfy the following
conditions:

a). b, is a fixed arbitrary positive number;

b). b, satisfies conditions by + by > 0 for y € [hy, ho] (h1 = ming y,
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hy = maxg y ), and
(2a3 — k")by — kby > 2M =const >0 € G,
simultaneously, with the additional requirement
200 —k'>T=const >0 €G .

Let a = —1/(7y + 6), where § = —1 — Th,.

The function ay(z,y) and y(z,y) are chosen sufficiently small in absolute
value (see [1]).

Let ny, > 0, knZ + nZ > 0 and an, + bny > 0 on Iy ((nz,ny) is the unit
vector of outer normal towards I'p).

Under the above assumption, we have proved that problem A has a weak
solution u(z,y) € W}(G) C Ly(G) for each function f € Ly(G), as u(z,y) = 0
almost everywhere on I'g, i.e.:

“u”llz(ro) =0

Now we prove the following theorem.

Theorem 1. The weak solution of problem A is also a strong solution.

Proof. Let {¢i(z,y)}, i = 1,2,...,m be a separation of the unity for
the domain G i.e. ¢;(z,y) € C§°(€), where §; are open sets so that G € US2;
and

Z¢i(z’y) =1inG.
i=1

If the function u(z,y) € W3(G) is a weak solution of problem (1) and
(2), then the function w; = ¢;u is a weak solution of the following problem

(4) Lw;=g9i, gi€ Ly(G),i=1,2,...,m,
where
— & L, oO0u 09, Ju 09, .
9i = ¢:if +ule; + 2017 e + 2kay By Yuep;

and the boundary value condition:
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(5) w; =0 on Iy

If one proves that the functions w;, ¢ = 1,2,..., m are strong solutions
of problem (4) and (5), then the function

m
u = E w;
=1

is to be a strong solution of problem A. Following the manner of [2, 5] we shall
establish, that the weak solution u(z,y) is the strong one, by proving that w;
are strong solutions.

Let j(t) is a function infinitelly time differentiable in the interval —oo <
t < oo, so that j(—t) = j(t) ; 7(t) > 0 for || < 1; j(t) = 0 for [t| > 1 and

/_11j(t)dt = 1.

For the geometrical disposition of supp w; the following five cases are
possible:

1). supp w;NT =0 .

In this case we suppose that €, is an inner neighbourhood. Let ¢ be an
arbitrary positive number. We put

. 1 .z .y
Je(z,y) = 5 3(2) ()
and consider the average operator:

T = / jelz = 2,y — 9)wil#, §)dzdg;

It is known [2, 3] that J.w; € Cg°(Q,') and ||J¢w,' - w;lle(Qi) — 0 fore — 0.
For an arbitrary function v(z,y) € C§°(2;) and sufficiently small
Jrv € C§°(Q). Then, the definition of a weak solution gives:
(wi» (L‘J:)v)Lz(Qi) = (gi’ J:v)Lz(Qi)
whence
((L*J2) wi, v)p,a,) = (Jeir V)Ly(00)
and it follows that (L*J})*w; = J.g; . It is proved that:

|[LJew; — (L*J]) willL,0) — O,
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from where
| LIewi = gillL,(,) < W LJewi — (L*J2) wil|py00) + (L7 I5) wi — gillL,(a)
= ||LJewi — (L*J") will Ly (i) + |1 Jegi — GillL,(0;) — 0 as e — 0.

Therefore w;. = J.w; is the approximation sequence of the strong solu-
tion.

2). supp w; NTo=T% : supp w; N (o1 Uo2) =0

Since I'g is a two-times smooth and noncharacteristic curve, then there
exists a C%- smooth and nonsingular transformation of the independent vari-
ables:

I = zl(z,y) y U = yl(x’y) ’

which transforms Q) = Q; NG into a QY neighbourhood of the semispace y; > 0
and I'; goes into I'/, a part of the line y; = 0. ,

. . . L, 0%wy
Under this transformation, the coefficient associated with —-, is dif-

oy’
ferent from zero on the line y; = 0 and in a neighbourhood of it. Equation (4)
can be reduced to the form:

0%w; 0w;
W = = + Mi5— + Maw; = gi ,
Oyf layl 2 g9

[l

(6)

where M, and M, are differential operators, respectively of first and second
order, involving derivatives only with respect to z;. Since w,; is not defined
outside of @/, then problem (6) and (5) can be extended to the whole semispace
y1 > 0 (denoted by R}), in the following way:

w; =0, g =0, outside of Q ,
2w
oy}
of M, and M, are extended by keeping their smoothness. The boundary value
condition has the previous form:

. ., 0%W; .
the coefficient associated with —-, is put to be 1 for y; > 0 and the coefficients

(7) w; = 0 for y; = 0

Let j! = j(z/e)/e and let us consider the tangent average operator

- 1 [ . N _
Jiw; = —/ Ji(z1 — £1)Wi(Z1,11)dT .

3 —00



292 Svetla Spirova

It is known [3,5] that the operator J! possesses the following properties:
a) For each function u € Ly(RJ)

| Jtu — ullp, gy — 0fore—0.

b) if
0
My=a—+0b
1 aaxl + ’
where a is a partially differentiable function and b is partially continuous, then
the operator M;J! — J! M, is uniformly bounded in L,(R}) and for every func-
tion u € Ly(RY)

(M JE — J:Ml)u”Lz(R;) —0ase—0.

c) It
0

62
Mz‘—“aa—z%{-ba—z;-‘-C,

where, a is a two times smooth, b is a smooth and ¢ is a partially continuous
function, then the operator MyJ! — J{ M, is uniformly bounded in W}(R7) and
for every function u € W} (R7)

(Mo — JEMo)ull,psy — 0 as € = 0.

The property a) implies that

Let v(zy,y;) be arbitrary function of C§°(R7), then for a sufficiently
small € > 0, J*v € C°(R7T) and the definition of a weak solution gives:

(@i, (L*T)0) ety = (@i Je0) Ly (rp) = (JeGis V)L (RE)

. 0 0? :
Here J!* = J! and having in mind that ~— and —— commute with J{, we have

o oy?

LJtw; = Jtg; + (MyJE — J:Ml)a
n

+ (M2J; — J. Ma)w; .
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This equality is to be understood in a sense of a functional defined on
the functions of C§°(RJ). From the properties listed above for J¢, it follows
that LJ!w; € Ly(RT) and

ot - - . 0w;
ILJiDi = Gill gy < Iedi = Gill gy ryy + (M1 TE - Ml)a lL.(rE)

(9)
+||(MJE - J;Mz)zb.-“hm;) fore — 0

The functions w;. = J!w; have derivatives of all orders with respect to z;

belonging to Ly(R7 ). Since w; € W} (R7) then %yw € Ly(RY). The derivatives
2 2,z . Bs
ai:g” € Ly(R}) and %y = L - My a;;;f — Myibi, € Ly(R¥) obviously ex-

ist, i.e. Wi, € WZ(RY). It is verified that w;,, = 0 for 3, = 0 and (8) and (9)
lmply that ; is a strong solution of problem (6), (7).
3). supp w; Noy =T} (or w;Nop =TY).

First, as in case 2), we transform the problem (4) and (5). Since I'} is on
the characteristic, then equation (4) takes the form:

0%, 0%w; 62 OW; Ow;

(10) Lwi=auayl 12(93/6 +a 6 +b13 +b28 + cw; = g;

with a11(z1,%1) = 0 for y; = 0 and
(11) ;| - for y1 =0
We put
1

Jiw; = —/ j(u + 2)ji(z1 — T1)Wi(Z1, §1)dZ1dY1 ;
1> R;' €

As it is known from [2,3] J}@; € C§°(RY) and ||J}w; — Willp,rty — O
for e —» 0.

If v is an arbitrary function of Ly(RJ), then Jlw; € C*®(R}) and it
satisfies the conjugate boundary value conditions

Jrv=0 fory1 =0.
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From the definition of a weak solution, we have
(5, (LT, gy = @0 T270) 1yt
and we can follow further the pattern of case 1). And so
”iJel‘J), — §,—||L2(R;) -0 e—0.

Therefore w; is a strong solution of the problem (10) and (11).
4). supp w; NTo =T} , supp w; N oy = I'” (or supp w; N oy = I'Y).

Denote Q) = Q; N G. There exists a C%-smooth and nonsingular trans-
formation z; = zy(z,y) , 1 = y1(z,y) mapping the neighbourhood Q! into a
neighbourhood Q of the angle [z; > 0, y; > 0] such that I goes into I'} (T,
is on y; = 0) and I'/ goes into I'’}, where I'’} is a part of the line z; = 0. Since
I'o is not a characteristic curve, then the equation (4) takes the form (6). We
extend the problem in the space: R} = {y; > 0, z; > 0}. The boundary value
condition is w; = 0 for y; = 0 and the conjugate one is v = 0 for z; = 0. We
continue then as in the case 2). The approximation sequence is:

- 1 [*®° xzy-—1Z - _
Jhp =L / FEEZEL 4 2Yiby(21, 41)dEs
€ Jo &

5). supp w; Noy = I'; and supp w; N oy =T/

First, as in the previous case, we transform the problem. Since o; is a
characteristic, then the equation of problem (4) takes form (10).
The boundary value condition is

(12) "Z’i|,l=o = ~ ﬁ]ilzl=o =
We put

_ 1 ., T1—Z Y-y S e N g
T = 5 , J(—l--e-—l +2)J(yl—5yl + 2)0i(Z1, §1)dz1di ;

It follows
“Jz'&}; o ﬂ’i”Lz(R;) -0 fore - 0.

If v is an arbitrary function of La(Rj), then J2*v € C§°(R)) and satisfies
the conjugate boundary value conditions

J3"v=0 fory; =0 and z;, =0 .



Strong Solvability of a Boundary Value Problem for ... 295

We continue then as in case 1). The approximation sequence of a strong
solution of a problem (10) and (12) is ;. = J21;. This completes the proof of
the theorem.

In [1] we have shown that for the function u(z,y) € W}(G) satisfying
equation (1) and boundary value condition (2) the a priori estimation

(13) I LulLy(6) 2 Cllullwy(q)
holds.

From (13) and theorem 1 next theorem follows:

Theorem 2. The boundary value problem A has a unique strong solu-
tion.
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