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New effective Jacobi modifications for solving of eigenvalue problems for symmetric J-symmetric
matrices are proposed.

1. Introduction

Let R™*™(C™*™) be the set of all mzn real ( complex ) matrices and

we(25)

be 2 x 2 block matrix with A, B, C and D € C™*". Moreover J € R?"*%" be
a matrix of the form

(2) "z(—ofg)

where 0 is the zero matrix and I is the identity matrix of order n

Definition 1. A matrix M of the form (1) is said to be J-symmetric
(simplectically symmetric) iff

(3) JITMJ = MT,

where T denotes transposition.
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It is easy to see, that if the matrix (1) is J-symmetric, then it has the
form

we (2 1)

with BT = —-B, CT = —C.
Definition 2. A matrix M of (1) is said to be simplectic, iff
(5) JITMJ=M"T,

where - T denotes inverting and transposition in arbitrary order.

The J-symmetric matrices are invariant under similarity tranformations
with simplectic matrices. That’s the reason why in numerical solution of the
spectral problem for J-symmetric matrices simplectic similarities are used. Oth-
erwise the coresponding algorithms would require about twice more computing
time and memory. In order to stabilize the algorithm, it is desireable the simi-
larity transformation used to be both simplectic and ortogonal (or unitary).

If the matrix M from (1) is simplectic and ortogonal (unitary), then it
has the form

we(47)

As far as we know, the first use of ortogonal simplectic algorithm for
solving the eigenproblem of real symmetric J-symmetric matrices is made in

[5]-

Moreover, such an algorithm solves in the same time the eigenproblem of
complex Hermitian matrices in real arithmetic too. For the completeness sake
start brietly with this algorithm.

2. Simplectic modification of the Jacobi method for real sym-
metric J-symmetric matrices.

Let we are to solve the eigenproblem for nxn Hermitian matrix C =
A+:B (A:&C,B:S‘C)
(7) Cz= Az

z =z + 1y (z = Rz, y = I2) with real A\. One option solve this problem is by
a modification of the Jacobi process for solving eigenproblem of real symmetric
matrix. In this modification it is used the following convergent sequence of
unitary similar matrices

(8) Crv=2Cr12;
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(k=1,2,3,...,Co = C, H means copmlex conjugate and transposition in arbi-
trary order). The sequence (8) convergens to a diagonal matrix, i.e.

(9) Cr — ZH ZCZ = diag[\, Az, ..., An)

where ZHZ = I and A, are the eigenvalues of C. If the colums of Z = X + iY
are z; = s + tys they are the corresponding eigenvectors of C. The rate of
convergence is given by

(10) ot < (1 )l

where o2 is the sum of the absolute values of the offdiagonal elements of C,.
The above scheme we denote C-scheme.

But the problem (7) can be solved in real arithmetic by its reducing to
the eigenproblem (R-scheme)

) (e 7)G)-()

In such a way the eigenproblem of the Hermitian matrix C is transformed
into the eigenproblem of the following real symmetric (J-symmetric too)

A -B
(12) M=M(A,B)=(B A )
It is dear, that the equation (11) can be solved by the classical Jacobi method.
But proceeding in such a way one shall use up to twice more memory with
respect to the C-scheme. Much will be the computing time too.
Now we propose more effective algorithm which consists in constructiy
the following sequence of simplectically and ortogonally similar matrices

(13) My = M(Ax, Bx) = ST My_1 Sk

where k = 1,2,3,..., My = M, Sk Sr = I. To give an idea for the iter-
ation proces (13) we expla.m only the first iteration by which from matrix
M = M(A,B) = (mypg), A = (apg), B_= (bpy) the next matrix M; = M =
M(A, B) = STﬂ(go)MS 8(p) = (pg), A = (dpg), B =(bpg)and 1 <a< B <n
is obtained.

(14) First case: r;l:.;dmpql = |aq,gl|

In this case
Sa,6(p) = diag[Ua,p(), Ua,5(#)]
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where
Uaa = (upp) = cos g
Uap(p) = (Upg) Uap = —Upa = —sine
Upq = Opq in the remaining cases

The parameter ¢ is to be found from the equation @, = 0. So we get
(15) A = UJ5(9)AUp(9) = AT, B = UZs(9)BUap(p) = —B”

or

Gpq = apq (p# a,B, ¢# a,B)
(16) Goq = Gaq COS @ + agg sin @ (¢ # a,PB)
 @q = —GqgSin @ + agg cos ¢ (q # a,B)
Gaa = (Baa COs @ + agasinp)cosp + (aqpcos @ + aggsin @) sin @
agg = —(—@aasin @ + agy cosp)sing + (—aqgsinp + aggcos @) cos
a3 = —(@aa COS @ + aga sinp)sing + (axgcos + aggsinp)cosp =0
Similar are the formulas for the elements of the matrix B.
The last equation (16) gives
2a,p
17 tg2p = —m4m48M8—
(17) 82 =

In fact formulas (16) and (17) are the same, as for Jacobi method.

(18) Second case: m:.xlm,,ql = |bag|
p#q

In this case the elements of S,g(y), respectively A, B are

Saa = S8BB = Sn+anta = Sn4pfn4p = COSY
Saﬁ(‘P) = (qu) ! San+f = Sfn+a = —Sn+af = —Sn4fa = —SINY
Spq = 0pq in the remaining cases

Apg = Gpq (p # a,Bq # a,B)
Gnq = GaqCOS @ + bpgsin (¢ # a,pB)
(19) Ggq = bagsinp + apg cos (¢ # a,p)
Goa = (@Gaa COs @ — bagsin ) cos  + (aggsin ¢ — byg cos @) sin
agg = —(appcos @ + bagsinp)cosp + (@qq sin @ + bag cos ) sin
Gop = (aapcosp + bggsinp)cosp + (aapsinp — baq cos @) sinp = aqp
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qu = by (p # a,Bq # a,B)

i’aq = baq COsS @ — apq Sin(p (q # a’ﬂ)

(20) by = bpqcOS Y — @nq COS (g # a,p)
boa =bgg =0
bap = (Gaa cOS @ — bagsinp)sing — (apgsin @ — bapcosp)cosp =0
From (20):
2bap

21 tg2p = ——48—
(21) 82 = e

Now, substituting A = Ax = (a(k)) B = By (b,,q )y, Sap(p) =
Sorse(pr) = Sk, Myyy = M(A,B) = M(Ak.H,Bk_H) we get the sequence
M) = M(Ag, Bi) which is always convergent. Indeed if Vi = $,5,...Sk, then

(22) My = VIMV, - M(L,0) = VTM(A, B)V

where Vi, — V, L = diag[), Az, ..., ;). The matrix V is ortogonal and simplec-
tic and hence it has the form

X -Y
@ o (X )
Therefore the matrix M (A, B) has the eigenvalues A, Al, A2, A2, 00y Any An
and corresponding eigenvectors

(24) (x,)’(y,)’ s=1,2,...,n,
Ys Ts

where z, and y, are the columns of matrix X and Y, i.e. we can put Z = X +iY.
One can prove that the rate of convergence of R-scheme is given by

2 L k2
(25) o <(1- ;(—n——T)) %
where o2 are the same quantitis, introduced for the C-scheme.

Now we shall compare the above two schemes with respect to: memory,

‘number of operations, convergence and rate of convergence.

For the two schemes the necessary memory is of the same order. As for
the number of operations for one iteration of C-scheme are up to twice more
but in both schemes the convergence is out of question. Now we shall show that
the rate of convergence of R-scheme is about twice less.
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Indeed let € > 0 be arbitrary after q iterations of the C-scheme it holds
the inequality
2
26 1-—)<e
( ) 0'0( n(n - 1)) -— €

In order to achieve at least the same accuracy in the R-scheme after p iterations,
the inequality
1 2
27 201 o — — VP < g2l - —2 e
( ) UO( n(n - 1)) - 00( n(n _ 1))
should be satisfied. (Here p denotes the least positive integer with this property.)
Denoting 1/(n? — n) = z, we get

P In(1 - 2z)

(28) g In(1-2)

=y(I),0S$S

| =

The function y(z) is increasing in (0, 3] and

25> Ymae(5) = n(3)/1n(2) > 2.

These estimates show that the rational number  is of the interval [y(z),o0)
and the choise of p is as better as 5 is closer to y(z). It is also clear that as
smaller is z (n greater ) so 5 is closer to 2. For example if n > 6 then in order
to achive by p iterations in R-scheme at least the same accuracy ¢, attaible by
q iterations in C-scheme it is sufficient y(z) < 5 < 2.1 to hold.

We will not consider other charactiristics of the effectiveness of the R-
scheme and modification of this scheme since they are similar to that of the
classical Jacobi method.

From the theoretical consideration of the R-scheme made here and from
numerical experiments we may conclude that the advantages of the R-scheme
are enough in order it to be preferable in comparision with the C-scheme.

3. Simplectic modifications of the Jacobi method for solving
eigenproblems for Hermitian J-symmetric matrices.

In this section we propose two more modifications of the Jacobi method in
complex and real arithmetic for solving of the eigenvalue problem for Hermitian
and J-symmetric matrix of the form

(29) ( A0 ) ,(A,B € ™y



Solution of Symmetric and Hermitian... 343

Here and elsewhere the bar denotes the complex conjugate. Matrices of the
form (29) arise in the calculation of electronic structure for molecules and solids
containing heavy atoms [3,4].

3.1. Complex arithmetic

An idea of the method could be obtained considering the first iteration.
Let for M of (29) we have M = (my,), A = (apq), B = (bpg). Then M is sub-
jected to an unitary simplectic similarity transformation by a matrix S,s(¢, ¥)
where both the natural parameters a,f8(a < 3) € [1,n] and ¢, ¥ are to be
determineed. Let

. A B
M = SHi(0, v)M Sap(p,v) = ( _F Z)

with A = (@pg), B = (bpg)- Sap(y,%) be the unitary simplectic matrix we are
looking for.

We are considering 2 cases:

i) maz,gq|mpg| = |aag| In this case

Tap(p, %) 0 )
30 Sap(@, ) = ( "0
(30) o) = (T2 4 0
where Top(p,¥) = (tpq) € C™*™ has the elements
(31) taa = lgp = cOS @
tap = —lpa = —€'Vsingp
tpq = bpq - in the remaining cases.

Till now we determined the form of S,s3(¢,%) and had show how to
determine the parameters a, 3. As for the other two parameters ¢ and v, they
are to be obtained from the condition 7,3 = 0. In such a way we obtain

2
(32) Y = argaqg, tg2p = _2aapl
Qaa — ABg

ii) maz,zq|mpql = [bap| In this case the elements of Sap(p, ) = (Spq)

are

Saa = 888 = Satna+n = SB4+nB+4+n = COS P
(33) Saf+n = —8f4na = —€'¥singp

SBat+n = —Sa4nf = —e'Y sin ¢

Spqg = bpq - in the remaining cases



344 Milko G. Petkov, Ivan G. Ivanov

Now ¢ and 1 are to be obtained from the condition Eag = 0. This yields

2|baﬁ|
34 = argbag, tg2p = ————
(34) ¥ = argbag, tg2¢p Py

Denoting

A= AW = (@), B =B® = (¥), M=M® = (m})
A=AKN B = BE+D a1 = MED | S0 0(0,%) = Sarsr (k> k)

the iteration process has the form

M) = Sakﬁk(cpkv wk)M(k)SakﬂkOPk’ "/)k) (k =0,1,2, )

In order to study the convergence of the process, let us introduce

(35) of =Y Im@P =2 (lal* + 501

p#q p#q

As in the classical Jacobi method, one can show that

1
(36) ok S 03(1 - ——=)**.

n(n — 1)

Hence M(¥)(A(*)) convergence to a diagonal matrix, and B(*) conver-
gence to the zeromatrix, i.e.

D 0

Here D is a diagonal matrix with the eigenvalues of M as diagonal ele-
ments.

Denoting S = [T¥_,
matrix of the form

(38) s=(_UV ‘I;)

with the eigenvectors of M as columns. Hence, M(¥) is a good approximation
of Dy, and Sk, for S for sufficiently big k.

Remark. If A B

is an anti-Hetmitian matrix, then the spectral problem for matrix (39) can be
reduced to the yet considered case for N = i M.

Sa,B,, then S — S, where S is a simplectic unitary
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3.2. Real crithmctin

Let us write the spectral problem for the mairix s ci {(23; in the form

A B T4y \ _ z+4+1y
(40) (—-B A)(u-{—iv)?)\(u-{-iv)
with z,y,u,v € R"*!. Let us denote A= H +iD, B= E+:iF (H,D,E,F €
R™*™). From the assumptions for M it follows that H is a symmetric matrix,

and D, E and F are anti-symmetric matrices. Then (40) can be transformed
into the following 4n X 4n real eigenvalue problem

(41) Rz = Xz

with

H -D FE -F T

| b B F E v

(42) B=1_g -r B D |"?7| u
F -E -D H v

Since R is a real symmetric matrix, then (41) can be solved by the clas-
sical Jacobi method but not taking into account the special structure of R. It
is easy to see that the equation (41) can be writen in the form

(43) Rz =)z
with
H -D E F u
T A AR
-F E D H -v
where

., ( H -D _( E F
w=(5 7 )e=(F %)
Then the problem can be solved with any of the algorithms given in [1, 2]. These
algorithms take into account that R is a symmetric and J-symmetric matrix.
The algorithm described below uses all the information for the structure
of the matrix M of problem (41)—(42).

In order to describe the idea of the algorithm we consider again the first
iteration for obtaining of R = Qgﬁ(cp)RQag(qa) from R, where Q.a(y) is an
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apropriate ortogonal matrix. To this end we denote R = (r,q), H = (hpg),
D = (dpq), E = (epq), ' = (fpq) and

H -D E F
a-l| 2 H F -E
—-F —-F H -D
-F E D H

with # = (ilpq)v D= (Jpq)’ E= (€pq)s F= (qu)-
It remains to be shown how to choose the matrix Q,s(¢). To this aim
we consider 4 cases

1) maxpq [Tpg| = |hap|. In this case

Qap(p) = diag[Tap(), Tap(@), Tap(¥), Tap(#)]
where the n X n matrix Tog(p) has the elements
taa = tgg = COS P
(45) tag = —tga = —SiNP

tpg = 0pq - in the remaining cases.

The parameter ¢ is to be determined from
2hap
t = —_—
(46) 82¢ = j—— hop

which follows from A, = 0.

2) MaTpzq|Tpql = |dap|. In this case we introduce the n X n matrices
C = (cpq) and S = (8pq) Which elements are given by

(47) Caa = €33 = COS
Cpg = bpq — in the remaining cases
and
(48) Saf = SBa = SN @
8pg = 0 - in the remaining cases.
Then

c -§ 0 0

s C 0 0

0o 0 -S C
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From (iag = 0 one can obtain the eqiation

(50) | tg2p = hﬁ:‘i"iaa
for the parameter (.
3) maxpxq |Tpg| = |€ap|- In this case
c 0 S o
(51) Qo) =| 5 § 2%
0 -5 o0 C
and for ¢ from é,3 = 0 we get
(52) tg2p = EES%?%ZZ
4) maxXpzq |Tpql = | fap|- In this case
c 0 0 -S
(53) Q)= | o 5 50
s 0 0 C
and from f,53 = 0 we get )
(54) tg2p = hﬁa{%iaa

By analogy to the complex arithmetic the considerations from R =
RK) = (7‘;’;)) and R = R(k+1) = (ry;“)) e.t.c. we get

1

2n(n — 1) ).

2 2
Oky1 S 0p(1—

The last inequality implies the convergence of R(¥) to the quasi-diagonal
matrices diag[L, L, L, L] with diagonal matrix L € R"*". Meanwhile, the matrix
sequence Qq, 3, (pk) converges to a matrix of the form

X -Y U -V
Y X Vv U
-U -V X Y
v -U -Y X

(55)
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with columns determining the eigenvectors of R. Having on our disposal these
eigenvectors, one can easily obtain the eigenvectors of M. In fact, all the infor-
mation for the eigenvalues and eigenvectors could be obtained from the matrix
L and a block column of (55) only.

4. Generalized eigenvalue problem

Practically, to a spectral problem of the form (29) one can arrive consid-
ering the foloowing generalized spectral problem

(56) Mz = ANz

where each of the matrices M and N is of the form (29), and N is a positive
definite matrix. In this section we propose an orthogonal simplectic algorithm
for reducing of (56) to an ordinary spectral problem of the form

(57) Py = Ay

where P is a matrix of the form (2) too. This can be achieved, applying the
algorithm of 3.1 with respect to N. In such a way the matrix N can be repre-
sented in the form N = G¥ DG with an unitary simplectic matrix G and D is
a diagonal J-symmetric matrix with positive diagonal elements. Thus (56) can
be transfomed in the form (57) with a matrix P of the form (29)

P=D""?*GMGHD™/? y= D'

Here a variant in real arithmetic can be considered too.

5. Experiments

The algorithms proposed here are compared with an algorithm described
in [1). The comparison is made using a computer AT and the algorithmic lan-
guage TURBO PASCAL. For the examples experimented, the algorithms pro-
posed in this paper happened to be slower that the algorithm described in [1],
but our algorithms are more accurate and have simpler computational schemes,
giving better options for parallel modifications.
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