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Non-Commutative Neutrix Convolution
Products of Functions

Brian Fishert, Yongping Chen}

The non-commutative neutrix convolution product of the functions z"e** and z’e:’ is evalu-
ated for 7,5 = 0,1,2,... and all A, p . Further non-commutative neutrix convolution products

are deduced.

In the following we let D be the space of infinitely differentiable functions
with compact support and let D’ be the space of distributions defined on D.
The convolution product f g of two distributions f and g in D’ is then usually
defined by the equation

(f*9)(z),8) = (f(y),(9(z),d(z + ¥)))

for arbitrary ¢ in D, provided f and g satisfy either of the conditions

(a) either f or g has bounded support,

(b) the supports of f and g are bounded on the same side,see Gel’fand
and Shilov [5].

Note that if f and g are locally summable functions satisfying either of the
above conditions then

M Ur@= [ s0ee-vi= [ j@- e de
It follows that if the convolution product f* g exists by this definition then

(2) frg=g+/,

(3) (f*xg) =f*g = f*g.



12 Brian Fisher, Yongping Chen

This definition of the convolution product is rather restrictive and so the
neutrix convolution product was introduced in [2]. In order to define the neu-
trix convolution product we first of all let 7 be a function in D satisfying the
following properties:

(i) r(z)=r(-2),

(i) 0<r(z)< 1,

(iii) 7(z)=1for |z| < 1,

(iv) 7(z) = 0 for |z| > 1.The function 7, is now defined by

1, |z| < n,
T(z) = ¢ 7(n"z — n"*1), T >mn,
r(n"z + n™tl), z < —n,

forn=1,2,....
Definition 1. Let f and g be distributions in D’ and let f, = fr, for
n = 1,2,... . Then the neutrix convolution product f®@g is defined as the

neutrix limit of the sequence {f, * g}, provided that the limit A exists in the
sense that

N—Lim(fn +9,4) = (h, ),

for all ¢ in D, where N is the neutrix, see van der Corput [1], having domain
N'={1,2,...,n,...} and range N” the real numbers, with negligible functions
finite linear sums of the functions

22In"'n,In"n (A>0,r=1,2,...)

and all functions which converge to zero in the usual sense as n tends to infinity.
Note that in this definition the convolution product f, * g is defined in
Gel’fand and Shilov’s sense, the distribution f, having bounded support.
The following theorem was proved in [2], showing that the neutrix convo-
lution product is a generalization of the convolution product.

Theorem 1. Let f and g be distributions in D' satisfying either condi-
tion (a) or condition (b) of Gel’fand and Shilov’s definition. Then the neutriz
convolution product f®g ezists and

f®g = f*g.

The next theorem was also proved in [2].
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Theorem 2. Let f and g be distributions in D' and suppose that the neu-
triz convolution product f®g exists. Then the neutriz convolution product f®g’
exists and

(f®9) = f®g'.

Note however that equation (1) does not necessarily hold for the neutrix
convolution product and that (f®g)’ is not necessarily equal to f'®g.

A number of neutrix convolution products have been evaluated. For ex-
ample, z2 @z, see [2], 22" ®z3 see (3], Inz_@®Inz, see [6] and lnz_@zk,
" ®Inz see [4].

In order to define further neutrix convolution products, we increase our set
of negligible functions given in Definition 1 to also include finite linear sums of
the functions

ntet™  (u > 0).

We now define the locally summable functions e} and e} by

Az e’\’, z >0, Az 0, z>0,
ey = €~ =93,
0, z<0, e <.
It follows that
X + )7 = €M, 27e)T =z e, z7ed = (-1)z ",

forr=0,1,2,....
We now prove

Theorem 3. The neutriz convolution product (z"eX*)®(z*e”) ezists and

- e#: + eé_z
(4) Qe = 5=
T k] T e“z + eix
(a7eX)@(a"€}") = DD, ==
_ z’: s (r+s—i)!z':ei’+
g 7 (A — p)r+s—|+l

(T (=1)(r + s — i)lzier"
(5) +Z(i)( )(,\ Er”)r+a—i-?-lze ’

1=0
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where Dy = 0/0X and D, = 0/0u, for A # p and r,s = 0,1,2,... , these
neutriz convolution products ezisting as convolution products if A > p and
(6) (72 )@(2°€}7) = B(r + 1,5 + a™+*+1eX,

where B denotes the Beta function, for all A and r,s = 0,1,2,... .

Proof. We put (eX*), = eX*r,(z), for n = 1,2,... and suppose first
of all that A # p. Since €4” and (eX%), are locally summable functions with
(e**),, having compact support, the convolution product (eX?), * e’f is defined
by equation (1) and so

(7) (ei:)n*e+ _/ (eAt) eﬂ-(z t) dt.
When —n <z <0,

/ (eit)nei(z—t) dt = e;n:/ e(A—m)t dt + e** /_ e(’\—“)t‘rn(t) dt
e -n -n—-n-n

erT _ ehz—(A—p)n

— —n_—(A-p)n
(8) Py +O(n""e )-

When z > 0,

) 0 -n
/ (e'lt)nei(x_t) dt = e** / eC-mt gy 4 e“z/ eCA=mtr (1) dt
—o —-n -n—n-—n"

pr _ opz—(A—p)n
(9) = ¢ :_ ; +O(n~ e~ (A=mny,

It now follows from equations (7), (8) and (9) that for arbitrary ¢ in D
((€X%)n + €47, 8(2)) = (A — )™M (el +€i’,¢(l‘))+
= (A= p) 7l O (ERT 1 €47 g(2)) + O(n e Amwn)

and so
Nn:loiom((eix)n «ef p(z)) = (A —p)” (e + €27, ¢(2)),

the usual limit existing if A > u. Equation (4) follows.
We now put (z7e??), = z"e**r,(z). Then using equation (1) again we
have

(10) (27€X%), + (z*€"%) = / (teX)n(z — t)%e ™1 4.
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When —n < z < 0,

M) (2 — 1)%et ) gt = er® t"(z —t)%ePrMt gy
—00 + -n
+e [ 7 (z — t)*eP =Mtz (1) dt
= DD et” / QM dt 4 O(n~ s e~ (A-un
Az

= DiD; 35—,

(11) + O(nmtrHee=(Ammny,

+ euzp(e—(f\-#)ﬂ)+

on using equation (8), where P denotes a polynomial.
When z > 0,

co 0
[ @@ rreta=e [ (- pet-ta

—00 -n

+ e"* / t"(z — t)°eC=Mtr, (1) dt

n—n-"n

0
— DKD;C“I/ e(/\—“)t dt + O(n—n+1‘+le—(k—u)n)
e“’—n

ux —(A=p)n
A—p + e P(e )+

(12) + O(nmHrHse=(A-uiny

= D}D;,

on using equation (9).
It now follows as above from equations (10), (11) and (12) that for arbitrary
¢ in D
N —lim((a"eX*)a + (a*€}7), (2)) = DIDL(A — ) "N (e + €27, 4(a)),
the usual limit existing if A > u. Thus
, e“’: + eiz
(27eX")@(a"€4") = DD} —5—= p

and equation (5) follows.
Now suppose that A = u. Then using equation (1) again we have

(13) (z7e®), * (z°€)®) = /

(o]

(t"eM)n(z — t)*e} 7Y dt.
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When —n <z <0,
/ (t"eX)n(z - t)’e_’}_(z_t) dt =
/ £ (z — 1) dt + € / (2 — t)'ra(t) dt

/\: (3)( 1): s—ztr+: dt + O(n—n+r+a)
r+s+1 r+i+1 s—l
z\z‘ S l — (_ ) —n4r+s
— (1)( D r+i1+1 +0Ofn )
Az ¥ L) g : r+i oS (8) (D)2t i
z(,) o f[evae ey () ST

1=0 =0
+ O(n—n+r+s)

s . .
_1)rxa—:nr+t+l
— 1 r+s+1 _Az Az s (
B(r+1,s+ 1)z e +e 2 ; T iT1 +
(14) + O(n—"+'+"),

where B denotes the Beta function.
When z > 0,

/ (t"eX)u(z — t)’ei(z_t) dt =
—o0

: o .
= e"’/ t"(z —t)*dt + e"’/ t"(z — t)°Ta(t) dt

— —n—n-n
( -1 )rza—inr+i+1

(15) _ e,\zi: (*:) . +O(n~mHr e,

1=0

It now follows as above from equations (13), (14) and (15) that for arbitrary ¢
in D

N—hm((zreil‘)n * (:c’ei’), ¢(I)) = B(T +1,8+ 1)(zr+s+leix, (2:))
and equation (6) follows.

Corollary 1. The neutriz convolution product (z"e}*)®(z*€"") exists and

T 8 T T 38Az+e‘ix
(16) (z"e}")®(z°es”) = D’\D“_L_—T’
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for X # p and r,s =0,1,2,..., this neutriz convolution product ezisting as a
convolution product if A > p and

(17) (z'e;\_’)@(z’eﬁ’) =-B(r+1,s+ 1)z'+’+lei’,

forall A and r,s =0,1,2,....

Proof. Equations (16) and (17) follow immediately on replacing z by
—z, A by —A and g by —p in equations (5) and (6) respectively on noting that

G e L C BN

Corollary 2. The neutriz convolution products (z7e**)®(z°e4”),
(z7ed*)®(z°€#*) and (z"e**)®(z°eH*) exist and

Az

(18) (2" )@ (a"ef") = £DIDLy—,

A ers
(19) (z"ef")®(z°eH”) = :th\Df‘j\-_—#,
(20) (xrez\:)®(zseuz) - 0’
for A\# pandr,s =0,1,2,..., these neutriz convolution products eristing as
convolution products if A > p and
(21) (z7e*)®(2%e}") = +B(r + 1,58 + 1)z"t*+1erz
(22) (27} )@ (2°€e*) = 0,
(23) (z"eX)@(z°e*) = 0,

for all A and r,s = 0,1,2,....

Proof. We will suppose first of all that A # u. Since z’ei’ and :l:‘eiz are
locally summable functions bounded on the same side, the convolution product
(z7€}) * (z°€4”) is defined by equation (1) and so when z > 0, (it is 0 when
z <0)

T T
(z’ei’) *(z%e}") = / treM(z — t)"e"('_') dt = Df\D;/ eMer(==t) gy
0 0
el o

— T
(24) = DI, —
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Replacing z by —z, A by —A and p by —p in equation (24) we get

Az _ KT
(25) (27€X%) * (z"€4%) = DyD ==
©w—=A
It follows that
Az
(z’e“)@(z"ef) = [:z:'ef’ + z'eﬁ’]@(z’ef = KD;,\C;—;,

on using equations (5) and (24) and noting that the neutrix convolution product
is distributive with respect to addition. Similarly,
Az
(27**)@(a"¢~") = D3 D} 3—,
A—p
on using equations (16) and (25). Equations (18) are proved.
Equations (19) follow similarly from equations (5), (16), (24) and (25) and
equation (20) follows immediately from equations (18).
Now suppose that A = u. Then the convolution product (z"e}*) * (z°e}%)
is again defined by equation (1) and so

T
(Ireiz) . (zaei::) _ {'/0 t"e/\t(z _ t)aeA(z—t) dt, z>0,

0, <0
= ei‘/ t"(z — t)* dt
0
— s Az
(26) = B(r +1,s+ 1)z"t*+1el”.

Replacing z by —z and A by —\ in equation (26) we get
(27) (zfe’_“_t) * (z’e’f’) =-B(r+1,s+ 1)2'+’+1e’1‘”.

Equations (21), (22) and (23) now follow as above from equations (6), (17),
(26) and (27).
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