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A Dynamical Cliché
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Presented by P. Kenderov

Haec placuit semel, haec decies repetita placebit
Quintus Horatius Flaccus

The paper contains a discussion of Euler’s dynamical equations in the case of a single me-
chanical constraint imposed on the rigid body, together with a definitio per enumerationem
simplicem of such a constraint and an analysis of the 10 particular cases this very definition
is based upon. At that, no particular hypothesis concerning the dynamical nature of the con-
straint is made (as, for instance, smoothness, ideality, holonomity, etc.), in other words, no
restrictions are imposed on the reactions generated by the mechanical constraints in question.

The date September 3, 1750 may be proclaimed to be the Birthday of Solid
Dynamics: as G. Enestrom [1, S. 44] lets know, “eine Abhandlung mit diesem
Titel wurde nach C.G.J. Jacobi am 3. September 1750 der Berliner Akademie
vorgelegt”. The title in question is that of L. Euler’s article [2] containing the
first announce of “Euler’s dynamical equations” of the motion of a rigid body
around its center of gravity. The fundamentality of these equations cannot be
overestimated. As C. Truesdell [3] narrates:

“ ... the fact that fifty years passed before any improvement over [New-
ton’s] results ... was made shows that he himself had gotten the most out of the
subject that his own methods and conseptions could produce; to wrest so much
from so primitive a formulation of mechanics required the genius of a Newton;
none of his disciples, who might reasonably have been expected to build on his
foundation could raise the structure an inch higher. Before the next real ad-
vance, a half century of abstraction, precision, and generalization of Newton'’s
concepts was necessary. The first to go substantially beyond Newton ... was
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the man who found out how to set up mechanical problems once and for all as
definite mathematical problems, and this man was Euler.” (p.90).

And alibs:

“Except for certain simple if important special problems, Newton gives no
evidence of being able to set up differential equations of motion for mechanical
systems ... In Newton Principia occur no equations of motion for systems of
more than two free mass-points or more than one constrained mass-point; New-
ton theories of fluids are largely false; and the spinning top, the bent spring,
lie altogether outside Newton’s range ... what Newton really did for mechan-
ics: far from completing” the formal enunciation of the mechanical principles
now generally accepted” [as Mach states], he began it ... a large part of the
literature of mechanics for sixty years following the Principia searches various
principles with a view to finding the equations of motion for the systems New-
ton had studied and for other systems nowadays thought of as governed by the
“Newtonian” equations” (p.92-93).

In order to fix the ideas let us remind that one of the first, simplest, and
most efficient of Euler’s mechanical inventions — a true stroke of genius, as any
of his dynamical performances in actual fact — consists in the bright whim to
consider simultaneously two orthonormal right-hand orientated Cartesian sys-
tems of reference Ozyz and Q€n(, the first one playing the role of an observatory
for all proceeding mechanical phenomena, and the second one invariably con-
nected with the solid S the motion of which is studied. The second of Euler’s
inventions, smoothing the way to his dynamical program consists in introduc-
ing the angles nowadays named after him. Let i,j,k and £°,7°%,¢° be the unit
vectors of the axes Oz,0y,0z and Q&, 27, QU respectively; then by hypothesis

(1) i’=j=1, ij=0, k=ix]j,

(2) @2 =G =1, E-1°=0, P =Exi
If

(3) kx(°#0,

then Euler’s angles are defined by

(4) cosf =k(® (0<O<m),

(5) cosyp = 7% sinp=j3° (0<y<2m),

(6) cosp = £°%°, sing=-7%9° (0<op<2r)
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provided

k x C°
sinf

(7) 3° =

The third of Euler’s cardinal mechanical inventions is the instanta-
neous angular velocity

(8) @ = %(E°><E°+ﬁ°><f7°+2°><fo)

of Qén¢ with respect to Ozyz, dots denoting derivatives with respect to the
time ¢ with regard to Ozyz; as it is well known, if by definition

(9) o = wef + wy® + wel®,

then the relations

we =121sin¢sin0 -+ écosqb,
(10) wy, =1 cos¢psind — 0 sing,
we =1 cosl + ¢

are called Euler’s kinematical equations. Last but not least of Eu-
ler’s dynamical bright ideas consists in the introduction and systematic use of
moments of inertia and moments of deviation of the solid S with
respect to 2€6n(. As Truesdell notes:

“While the problem of oscillation of a heavy rigid body about a fixed axis
has been solved correctly by Huygens, and while a more satisfactory method
containing the germ of several later principles had been created by James
Bernoulli in 1703, in 1750 it could not be said that the general motion of a
rigid body was understood at all. Even for motion about a fixed axis, the reac-
tion of the body upon its support could not be calculated, and no method for
determining the behavior of a spinning top was known.

Euler’s “first principles” changed the scene overnight. As just mentioned,
in the paper where these principles are published Euler obtained the general
equations of motion of a rigid mody ([sic] about its center of gravi-
ty.He applied the “first principles” to the elements of mass making up the body,
at the same time replacing the acceleration of the element by its expression in
terms of the angular velocity vector, which makes its first appearance
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here. Taking moments about the center of gravity then yields, after some re-
duction, the differential equations of motion known as “Euler’s equations” for a
rigid body, subject to assigned torque about its center of mass. In the process
arise naturally the six components of what is now called the “tensor of inertia”.
The “moment of inertia” had occured, of course, in the older researches and
had been named by Euler much earlier” [3, p.117-118].

Let P be any point of the solid S, i.e.

(11) E=n=C(=0 (W)
provided by definition p = QP and
(12) p = € + m° + ¢C°,

and let Vs denote the standart vector space of all such points. Let by definition

(13) I = /(n2+<2)dm, Iy = /(<2+£2)dm, Ie = /(£2+n2)dm,

(14) Ine = /nCdm, Iee = /Cﬁdm, Ien = /Endm,

dm denoting elementary mass of § and the integral being taken over Vs. If G
denotes the mass-center of § and if by definition pg = QG and

(15) pc = &€ + nen® + (cC°,
then let by definition

(16) J€E=m("lg;+Cé), Im = m(CE + €2), Je¢o = m(f?;‘*‘"lé),
(17)  Jp¢ = mncela, Jee = mlcée, Jen = mégna,

m denoting the mass of S. Now the moments of inertia A, B,C and the
moments of deviation D, E, F of § with respect to Q£7( are defined by means
of the relations

(18) A= Ig—Jeg, B = Iyy—Jy,, C = I((-J(O

(19) D = In=Jnt, E = Ig—Jee, F = Igy— Jg.
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Supposing for the time being that the notion of liaison or constraint
imposed on a solid is familiar to the reader at least on an intuitive level, let us
note that the forces aplied on a particular rigid body in a particular dynami-
cal problem are divided into two classes usually called active and passive
forces respectively; these appelations are untoward ones being psychologically
misleading: the only mathematical difference between the first and the second
category of forces is that the active forces are known vector quantities being
wholly determined by the very conditions of the dynamical problem under con-
sideration for any position of the solid at any moment of the time and for any
velocities the points of the solid may have, whereas the passive forces are un-
known vector quantities the determination of which is a part and parcel and
one of the main aims of the solution of any dynamical problem.

The ezxistence of the active forces is warranted by the said conditions of the
dynamical problem, while the ezistence of the passive forces is warranted by a
dynamical axiom established ad hoc:

AxR. Any constraint imposed on a solid generates a force acting on the
latter, the directriz of which runs through the point of contact of the solid with
the constraint.

Df R. The force of Ax R is called the reaction of the geometrical
constraint on the rigid body.
Let by hypothesis the active forces

(20) F, = (F,,M,) (r=12,...,m)

be applied on the solid § and let S be submitted to n constraints generating
the reactions

(21) R, = (R,,N,)) (v=12,...,n)

respectively, all moments M, and N, (p=1,2,...,m; v =1,2,...,n) being
taken with respect to O. Besides, let by definition

(22) F = f:F,‘, R:Zn:R,,
p=1 v=1
(23) M = iM,,, N=Zn:N,,

u=1 v=1
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be the moments with respect to O of the systems of forces (20) and (21) re-
spectively.

All these preliminaries settled, the basic problem of solid dynamics
may now be formulated as follows:

If there are given:

i) A solid S,

ii) Certain constraints imposed on S, and

iii) Certain active forces applied on S, then determine
i) The reactions of the constraints, and

ii) The motion of S, if any.

(Some authors haughtily neglect this basic problem of solid dynamics and
pretend to proceed directly to the more general case of motion of something they
designate by the enigmatic term of mechanical system. Since according
to their arrogant though vague explanations three bodies presumably constitute
a mechanical system, such pretensions amount to the claim that one may come
to know everything about the dynamical behaviour of three bodies without
knowing anything about the dynamical behaviour of a single body. Such a
conduct a sage saw qualifies by the words “a begar on horseback”.)

At that, the meaning of the phrase “if any” in the above formulation will
be explained later.

Euler solved the basic problem of solid dynamics as stated above from the
Alpha to the Omega. Before proceeding to the technicalities in this connection,
let us quote a most instructive excerpt from Truesdell’s Essays [3]:

“His special case of the principle of moment of momentum did not lead
Daniel Bernoulli to the equations of motion of a rigid body. In a letter of
December 4, 1745 to Euler he described the general problem as “extremely
difficult, which will not be solved easily by anybody ... One might ask how to
determine the axis of rotation by a summation sign, such that the centrifugal
forces destroy each other”. While Bernoulli dropped the problem, Euler through
exploration of more and more general cases approached the equations of motion
of an arbitrary rigid body. He finally achieved them in a paper written in 1750.
This paper, Discovery of a new principle of mechanics, lays down the principle
of linear momentum or the “Newtonian” equation F' = mZ, as the axiom
which “includes all the laws of mechanics”, if applied to every several element of
mass m in every body. The end product of the paper is the “Eulerian equations
of motion” for rigid bodies [2,p.213]. How can this be? Euler states that the
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forces “include both such external forces as act upon the body from without,
and also the internal forces binding the parts of the body to each other, so as
to prevent them from changing their relative positions. But it is to be noted
that the internal forces mutually destroy each other, so that the continuation of
the motion does not require any external forces, except insofar as those forces
do not mutually destroy each other”. Euler thereupon obtains the equations of
motion by taking moments of the equations of linear momentum for elements of
mass, leaving altogether out of account any mutual forces that may be present.
His method, then, is now akin to that of Daniel Bernoulli, but while he sees
that mutual forces have no effect, he does not make any special hypothesis
about their functional dependences or their directions. In effect, he asserts
that H = L follows from the principle of linear momentum when the mutual
forces are such as to maintain rigidity. The modern theorist of mechanics, who
has constantly in mind the general case of a deformable body, when H = L does
not generally follow from the principle of linear momentum, sees the ridgepole
that Euler walked here; as usual, he did not slip off” (p.257-259).

This is a crucial point in the intellectual history of mankind — the climax
of the efforts of the best minds of the epoch in the course of more than half a
century as paradoxal as to be looked upon nowadays as tragicomical, following
Truesdell’s methaphorical expression [4]. Indeed, could one assess otherwise
Newton’s proverbial declaration Hypotheses non fingo in a book containing the
praedicatum:

Mutationem motus proportionalem esse vi motrici impressae, et fieri se-
cundum lineam rectam qua vis illa imprimatur.

If this is not a hypothesis, then what does, for God’s sake, a hypothesis
mean? To the same extent Euler’s discovery H = L, using Truesdell’s notation,
is a hypothesis of first water and by no means a veritas veritatum, that is to
say a proved mathematical truth. If one does not get to the bottom of this fact,
then one’s mechanical Weltanschauung stands in danger to be as sound velut
aegri somnzia.

Let by definition

(24) K = /vdm, L = /rxvdm

be the momentum and the moment of momentum respectively of a rigid body
S with regard to Ozyz; the latter proviso means that, P denoting any point
of § and r = OP by definition, then the velocity v = r of P is taken with
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respect to Ozyz. If § is under the action of the active forces (20) and of the
passive forces (21), then Euler’s greatest discovery in solid dynamics consists
in the equations

(25) K-F-R=0, L-M-N-=0

provided (22), (23), the derivatives in (25) being taken with respect to Ozyz.
Now if Euler did not prove (25), then what on Earth did he accomplish?

Two things.

First, he invented the dynamical laws (25).

Second, he substantiated his discoveries (25) physically by means of math-
ematical arguments.

Neither more, nor less.

The dynamical equations (25) are as provable and disprovable as Euclid’s
Fifth Postulate. They are Dynamical Axioms. They may be accepted, or they
may be rejected in accordance with the laws of supply and demand: take them,
or make yourself scarce.

A last remark in connection with (25) concerns the system of reference
Ozyz. It is easily proved that if (25) hold for Ozyz and ¥ is a Cartesian
system of reference moving with respect to Ozyz, then (25) are by no means
necessarily true if referred to X, i. e. if (24) are computed with respect to ¥ and
if the differentiation in (25) is accomplished with respect to ¥: a necessary and
sufficient condition that (25) might hold for £ too is the motion of ¥ towards
Ozyz to be a rectilinear uniform translation.

In such a manner there is an infinite variety of Cartesian systems of ref-
erence for which (25) do not hold. Are there Cartesian systems of reference
for which (25) do hold? This question is a matter of principle, not of proof.
It include two things: first, something that may hold, and second, systems of
reference, with respect to which this something holds. Now Euler’s great dis-
covery in solid dynamics consists in the invention of this something, namely the
left-hand sides of equation (25), that must be equal to zero, and in his deep
persuasion that there exist Cartesian systems of reference Ozyz for which these
quantities vanish - a hypothesis that is by no means transparent, ordinary, and
even plausibly convincing. All those systems of reference are called inertial.

After all these historical and ideological preliminaries, let us proceed to the
mathematical formalization of Euler’s dynamical axioms (25). To this end let
by definition

(26) r¢ = zgi + yej + zck,
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(27) F = F;i + F,j + Fk,

(28) R = R;i + R)j + Rk,

and let

(29) Mg = M + F Xrg, Ng = N+ RXrg

be the moments with regard to G' of the systems of forces (20) and (21) respec-
tively. Besides, let by definition

(30) Mg = Mge® + Mayn® + Mac(°,

(31) Ng = Nge€® + Ngon® + Nge(°.
Now (9), (18), (19), (26)—(31) imply that (25) may be written in the form

(32) mig = F.‘L'+R.l‘7 miJG = Fy+ Ry, mzg = F, + R,

and
( Awg — (B — C)wpwe — D(w;‘; - wcz)
— E(w¢ + wegwn) — F(w; — wewe) = Mge + Ngg,
(33) ) Bu, — (C - A)wewg — E(WE - i)
— F(wg + wnpw¢) — D(w¢ — wewn) = Mgy, + Ngy,
Cio¢ — (A- B)wgw, — F (W} — w})
(| — D(wy + wewg) — E(wg — wpwe) = Mg¢ + Ngg¢
respectively.

Euler’s dynamical equations (32), (33) reduce formally any dynamical prob-
lem concerning a rigid body S to ein Schablon, as regards the composing of the
algebraic-differential equations of motion themselves. This circumstance should
not lead one astray to such a degree as to think that what remains to be done
in a particular dynamical problem is a trivial job: the price of such a delusion
is a true mathematical collapse. On the contrary: any particular dynamical
problem concerning a particular solid S submitted to particular constraints
and subject to the action of a particular system of active forces proposes par-
ticular mathematical difficulties and requires a mathematical approach ad hoc
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in order to surmount them. One of the most arduous tasks in the solution of
the particular solid dynamical problem is the proof that such a solution ezists.

The ezistence problem is often overlooked in solid dynamics, in particular,
and in rational mechanics, in general, and this curcumstance menaces with a
mathematical devaluation lots of thousand printed pages of mechanical books
and journals. The meaning of the phrase “if any” used above in the formulation
of the basic problem of solid dynamics becomes now crystal-clear: if a solution
of of the particular dynamical problem ezists.

One may figuratively say that Euler’s dynamical equations (32), (33) are a
kind of a cliché for solving solid dynamics problems. Now the aim of the present
paper is to propose a cliché within this cliché. The meaning of this intention
may be explained in the following manner. The quantities at hand in the left-
hand sides of equations (33), specific for any solid S, are its moment of inertia
A, B,C and moments of deviation D, E, F'; they are completely independent
of the constraints imposed on S. The same holds, to a certain degree at least,
as regards the components Mg¢, Mg,, Mg¢ of the moment Mg with respect
to G of the system of active forces (20) applied on the solid S. Quite on the
contrary, the moment Ng with respect to G of the system (21) of reactions
of the constraints and hence its components Ng¢, Ngn, Ng¢ figurating in the
right-hand sides of equations (33) depend essentially on those constraints as it
will be seen immediately. Now the aim of this paper is to reduce the negatice
computational sequences of this dependence to the minimal possible degree.
In other words, our goal is to reduce to minimum the necessity of the ad hoc
calculations in solid dynamics problems.

The method in question is most effective when only one constraint is im-
posed on the solid S. Let its point of contact be A and let by definition
ra = OA, ps = QA and

(34) ra = zal + yaj + 24k,
(35) pa = EAE + nan® + Cal’

Besides, let
(36) R = (R,N)

be the reaction of the constraint, generated by virtue of Ax R, the moment N
being taken with respect to O. Since the directrix of (36) runs through A, the
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(37) N = raxR

69

is satisfied. If by definition rq = ORQ, then the identities OG = O + OG and

OA = 09 + QA imply

(38) rg = rq+ pg, ra = rq + pa,
whence
(39) TA — TG = pa — pG-

On the other hand, (37) and (29) imply
(40) Ng = (ra —rg) xR
and (40), (39) imply

(41) Ne = (pa — pc) X R.

The standart approach to the solution of the system of equations (32), (33)
consists in elimination of R, R,, R, by means of the following conventional

process. Let by definition
(42) R = Re® + R,7° + RCC.

Then (42), (28) and the definitional relations

i = 011§0 + a121_70 + a13§0’
(43) J =021§_° + a?® + 023C_°,
k = aalfo + 032"_70 + a33(0-
imply
R =anR; + anRy + axR.,
(44) R, =ai2R; + anRy + axnR.,
R( =ai3R; + a23Ry + aas3R,.,

and (32), (44) imply

(45)

R, =m (a128¢ + anic + anic) — F,,

{Rf =m (annZg + anyc + as zg) — Ff’ _
R¢ =m (a13¥c + asyc + assig) — Fe,
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where
Fe =anf: + ankFy, + a3 F;,
(46) Fn =aF; + 0'22Fy + a32Fzr
F¢ =ai3F; + axFy + a3sF;,
whence
(47) F = F£° + Fn° + F(°

in accordance with (43).
On the other hand, the relations (41), (35), (15), (42), (31) imply

Nge =(na — nc) B¢ — (Ca — (G) Ry,
{NGn =(Ca — (g)Re — (4 — &) Re,
Ng¢ =(a — &) R,y — (na — nc) R

and (48), (45) imply

(48)

( Nge = (na — ng)(m (a3ic + asic + assic) — Fy)
—(Ca = Cg)(m (a12%c + axnic + azig) — F,),
N, =(Ca — (c)(m (anic + an¥c + amzg) — Fy)
—(€a — &) (m (a13%c + a3¥c + asszg) — Fy),
Nge = (éa — &c)(m (a1286 + ax2ic + asig) — F)
—(na — ng) (m (anic + anic + amic) — F)

(49) ¢

\
provided (46). Besides, (38), (26), (15), (43) imply

zg =zq + anéc + a2ng + a3,
¥ye =1UYa + anfc + annc + a1lcg,
zg =2z2q + amnéc + azxne + aszlg

(50)

providis by definition
(51) ro = zoi + yaj + 2qk.

Since G is a point of the solid 5, the definition (15) implies
(52) bc =g =(c =0 (Vi)

and (52), (50) imply

ig =1Zq + dnéc + di2ne + disla,
¢ =1iYa + dn€c + a2nc + d23(g,
zZg =29 + axnfc + d3zne + aaslc.

(53)
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Now, as it is well known, the cosine-directors a,, (u,v = 1,2,3) of the
systems Ozyz and Q&n( are completely determined functions

(54) ay = aw(¥,4,0) (u,v=1,2,3)

of Euler’s angles %, ¢, 0, namely

(a1 =cos® cos¢p — sin® sin¢ cosé,
a2 = — cos?y sing — sin@b cos¢ siné,
a3 = sin siné,
as =sinY cos¢ + cos® sin¢ cosé,

(55) { azy = — siny sing + cosy cos¢ cosé,
as3 = — cos? sin,
as; = sin ¢ siné,
ass = cos ¢ sin 0,
| as3 = cosé.

In such a manner, d,,, (4,v = 1,2,3) are completely determined functions

(56) a'u.u = auu(¢,¢70; ¢1¢,b; ¢,¢$0), (#11’: 19213)

of the variables

(57) ¥, 6,605, 6,0,,9,0

obtainable from the relations (55).
As it is well known, the quantities

(58) Ia, Ya, 2Q, 'P, ¢s 0

are called the canonical parameters of the solid S (with respect to the
systems of reference Ozyz and Q€7n(). By hypothesis, S is submitted to a
single constraint with a point of contact A. Now a constraint imposed on a
rigid body diminishes its degree of freedom 6 by one, two, or at most three
units, that is to say one, two, or three of the canonic parameters (58) of S are
functions of the remaining five, four, or three respectively. This implies that,
on principle at least, if a single constraint is imposed on a solid S, then Euler’s
angles 9, ¢, # may always be chosen in the capacity of independent parameters
of S.
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Summing up, we may now state that we are faced with the following math-
ematical situation. By virtue of (49) the unknown components R,, R,, R, of
the reaction R of the single constraint are completely expelled from the equa-
tions (33). On the other hand, the left-hand sides of these equations are, in view
of Euler’s kinematical equations (10), wholly determined functions of quantities
(57). As regards the right-hand sides of (33), the following curcumstance must
be taken into account.

First, a canonical for solid dynamics hypothesis states that the active forces
(20) applied on the solid S may depend on the position of S in space, on the
velocities of the points of S, and possibly on the time ¢. In other words, F,
and M, (g = 1,2,...m), and thence F and M by virtue of (22), (23), are
completely determined functions of (58), of

(59) ¢q, ¥a, za, ¥, &, 0

and possibly of ¢. In view of (26), (50), (55), (52) and (29) the same holds for
Mg and consequently for Mg¢, Mgy, Mg¢. At last, the relations (49), (53),
(56) imply that the only place, whence Zq,yq or Zq may take their appearance
in the right-hand sides of equations (33) are the quantities (53).

The above considerations display that the elimination of R, Ry, R, from
(33) is a rather knotty task. We shall now seek another way to disentangle this
skein. To this end let us first note that a vectorial approach to the determination
of Ng is possible instead of the scalar one exposed above. In order to acomplish
it the vectorial record

(60) mi¢ = F + R

of (32) must be used. Then (60) and (41) imply

(61) Ng = (mfg — F) x (pg — pa)-

Let us remind the connection between the derivatives f; and 36; of a vector
function a with respect to the systems of reference Ozyz and Q€n( respective-
ly:

da ba

(62) E.t_=¢;vxa+3-;.
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At that, if

(63) a = azi+ayj+ak = a4+ a7’ + ac(°,

then by definition

. da
(64) a = E =

Now (62) implies

d%a .
as well as
(66)

and (66), (9), (64) imply

(67)

Applied to (39), the identity (65) implies

(68) ig = Fa+@ X (pg — pa) + @ X (@ X (PG — Pa)) — 20 X ——

Ty ba . Z0 s 204 s 7
azi+ ayj+ ak, Tl acf® + ann® + acC°.
- ba 5%a

Xxa+ X (@wxa)+ XH-FE,

Lo

dt — 6t’

@ = ©f° +wn® + (.

9pa

ot

since (15), (52), (64) imply

(69)

and (69) implies
(70)

fg x (pg — pa) =

épc
- =0 (),

ta X (pc — pa) + (@(pc — pa))(Pc — Pa)

— (pc — pa)’e + (@(pc — Pa)@ X (PG — Pa)

- 2Aa(pe - pa) LA + 2(BA

If by definition

(71)

(pc — Pa))o + (PG — pa) X

s = (mrA - F) X (pG ~ pA))

73

6%pa

s

5PA 62pa
612
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(72) sy = m(w(pc — pa)) (PG — Pa), s3 = —m(pg — pa)’w,

(73) sa = m(@(pe — pa))@ X (p — pa), 85 = —2m(@(pc — pA))%,
_ 6pa W\ — (7 ~ 6%p 4

(74) s¢ = 2m(—~(Pc - pa))@, s7 = m(pg — pa) X =

then (61), (70)—(74) imply

7
(75) Ng = Z s, .
v=1
In order to compute N let by definition
(76) s, = 5,6+ s’ + s,cC° (v=1,...,7).
The definitions (34), (27) and (43) imply
miy — F = (a11(m3a — F; ) + (a21(miya — Fy) + (az1(mza — F,)) €°
(77) + (a12(mia — Fy) + (az2e(mija — Fy) + (az2(mzs — F,)) 7°
+ (ar3(méa — Fr) + (aza(mija — Fy) + (ass(mza — F)) (°,
and (71), (76), (77), (15), (35) imply
816 = (an(m.‘i,; - Fx) + (agg(m'y,q = Fy) + (asg(m:i,q - Fz))(CG - CA)
— (a13(mz 4 — F3) + (a23(mya — Fy) + (azs(mza — F;))(nG — na)-
On the other hand, (73), (76), (9), (15), (35) imply
(79)  sz¢ = —m((éc — €a)* + (n6 — ma)? + (Ce — Ca)?) ¢,
(80) s3¢ = — m(we(€g — €a) + wn(ne — ma) + w¢((e — Ca)) (b — €a) -
Similarly, (73), (74), (9), (15), (35) imply
sae = m(we(€c — €a) + wn(ne — na) + we(Ce — Ca)) x
X (wn(¢c = Ca) — w¢(ng — n4))-
Besides, (73), (74), (76), (9), (15), (35), (64) imply

(78)

(81)

(82) sse = —2m(we(€c — €a) +wy(nG — na) +we(Ce — Ca))éa,
(83) see = 2m(€a(€c — €4) + 1a(1G — na) + Ca(Ce — Ca)) we
(84) s7e = m((ng — na)a — (Ca — Ca)ila)-
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Now (75), (31), (78)—(84) imply

Nge = (a12(mi 4 — Fz) + az2(mija — Fy) + azza(mza — F3)) ({c — Ca)
— (a13(mi 4 — F3) + azs(miya — Fy) + aza(mza — F3)) (16 — na)
- m((ne — 14)* + (Cc — Ca)*)we
+ m(&c — €a) (Wn(nG — na) +w¢(Ce — Ca))

(85) + m(we(€e — €a) + wn(nG — na) + we(Ca — Ca)) X

X (wn(Ce = Ca) — we(nG — na))
— 2m(wy(nG — na) + we(Ce — Ca)) €a
+2m(ia(ne — na) + a(Ca — Ca))we
+ m((nG — 14)Ca — (¢ — Ca)ila) -

Similar expresions, with self-evident mutatis mutandis, are obtained for Ng,
and Ng¢.

Considerable simplifications in (85) set in if G is chosen in the capacity of
origin of the system of reference Q2£7n( invariably connected with the solid S -
a choice always possible and not infrequently favourite in dynamical praxis. In
such a case obviously

(86) ¢ =16 = (c =0 (V)
and (85) takes the form

Nge = (ar3(mi g — Fr) + aza(mia — Fy) + ags(mza — F;)) na
— (a12(mZ 4 — Fz) + aga(mya — F,) + aza(mza — F;))Ca
— m(n + (3¢ + mEa(naon + Cax)
+ m(we€a + wyna + weCa) (wnla — wena)
+ 2m(wyna + weCa) €a — 2m(naia + Cala)we
+ m(Caita — naCa) -

(87)

In the case when the point of contact A of the solid § with the constraint

is fixed in S, i.e. when
(88) fa = ia =¢Ca =0 (W),

the quantities £4,7m4,(4 are known constants of the dynamical problem under
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consideration, and (87) takes the form

Nge = na(aia(mia — Fz) + aza(mija — Fy) + azs(mza — F,))
— Ca(a12(mi 4 — Fr) + az2(miya — Fy) + azz(mz4 — F,))
— m(nj + ()¢ + mEa(nacn + Cadx)
+ m(we€a + wyna +wela) (wna — wema) -

(89)

A slight simplification of the expression (87) may be attained in the follow-
ing manner. As it is well known, Euler’s equations (33) represent, purely and
simply, projections of the axes Q&, Qn, Q( respectively of the equation

(90) Lr = Mg + Ng,

where by definition

(91) Lr = /px(wxp)dm—mpcx(axpg).
Now (29), (41) and (39) imply

(92) Mg + Ng = M+ Fxrg+ (+F+R) x (pg —pa).

On the other hand

(93) My =M+ F XxXry

represents the moment with respect to A of the system of active forces (20)
applied on the solid S, and (90), (92), (93) imply

(94) Lr = M4y + Ny,
where by definition

(95) Na = (F+ R) X (pc — pa)-
Let by definition

(96) My = Mal® + Mann® + Mac(°,

(97) Na = Naef® + Nanii® + Nac(°.



A Dynamical Cliché 77

Since these transformations do not affect the left-hand sides I.Jpg, Zr,,, Lr(
of (33) provided by definition

(98) Lr = Lre€® + Lrgn® + LreC,

the relations (94) and (96)—(98) imply that Euler’s equations (33) may be writ-
ten in the form

(99) Lre = Ma¢ + Nag, Lrn = Man + Nag, Lr¢ = Ma¢ + Nag,

reminding once more that the left-hand sides of (99) represent a symbolic —
let us say, stenographic — record of the left-hand sides of (33). This settled,
we are now in the position to write down, say, N4¢. Indeed, in the case (86),
for instance, the equations (61), (60), (95) and (87) imply

1

— Na¢ = (a13% 4 + ag3ija + a3zZa)na — (@124 + a2294 + a3224)Ca

(100) — (M4 + Qe + €a(nadn + Caic) + (Caita — nala)
+ (weba + wyna + wea) (wWnla — wena)
+ 2(wpna + weCa)éa — 2(nana + Cala)we.

Mutatis mutandis, similar expressions are obtained for N4, and N4¢.
In the case (88) the relation (100) takes the form

— Nye = (a13%4 + az3fa + a3zza)na — (a1284 + a2294 + a3224)Ca

—(nh + Q) we + Ea(mawn + Cadx)
+ (we€a + wyma + weCa) (wnla — wena) .

(101)

Let us, ezampli gratia, write down the first equation (99) in the most
general case, i.e. when the origin  of the system Q¢n(, invariably connected
with the solid S, does not necessarily coincide with its mass-center G. Since
the left-hand side of the first equation is identical with the left-hand side of the
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first equation (33), we obtain

Awg — (B — C)wpw — D(w,"; - wg)
— E(d¢ + wewn) — F(wn — wew)
= Ma¢ + m(a1224 + az2ya + a3224)((c — a)
— m(a1324 + a23y4 + aazza)(nG — 14a)
— m((n — na)* + (Cc — €a)*) @ + m((nG — na)a — (Ca — Ca)ria)
+ m(éc — €a)(Wy(nG — na) + w¢(Ce — Ca))
+ m(we(éc — €a) + wn(ne — na) +we(Ce — Ca)) X
X (wn(Ce — Ca) —w¢(nG — na))
— 2m(wy(nG — na) +we(Ce — Ca)) €a
+ 2m(ia(ne — 1a) + Ca(Ce — Ca)we

(102)

the other two equations (99) being obtainable from (102) by a cyclic lexico-
graphic change of letters.

Until now we have exposed the general traces of a strategic, if we may say
so, scheme of obtaining “pure” differential equations of motion of a solid §,
submited to a single constraint with a point of contact A, by an elimination
of unknown reactions of the constraint from Euler’ equations (33) through the
mediation of (32), under most general conditions at that of the dynamical
problem concerned. Let us now come down to earth by complementing those
total considerations with some tactical particularities.

First and foremost we must fix our attention on the notion of a mechanical
constraint imposed on a solid.

The time-honoured statical and dynamical praxis has shaped 10 fundamen-
tal cases when a rigid body S is submitted to such external impacts that the
conformation of their availability in statical and dynamical phenomena has ul-
timately led to the idea of kinetical constraints or liaisons imposed
on S. The adjective kinetical is used here quite deliberately in contrast to
the so called purely geometrical constraints or liaisons one may imagine
imposed on a geometrical solid. In order to emphasize the radical distinguish-
ing features between geometrical and kinetical liaisons, let us consider a most
instructive special case.

The motion of a rigid body with a fixed point has always been a pet subject
of mechanicians from the very beginning of dynamics, especially its particular
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case called spinning top. Now the very formulation of a solid-with-a-fixed-
point problem provides the occasion for curious, non-standart and perspicatious
mechanical meditations concerning the conceptual aspects of the notion liaison
imposed on a rigid body.

Let A be the fixed point of the solid S and let us suppose that A is inertial
according to the very conditions of the dynamical problem under consideration.
The meaning of this supposition is that A may be connected invariably with
an inertial system of reference Ozyz, i.e. that.

(103) ta = o = 24 = 0 (V)

provided (34). The point A being by hypothesis fixed in S, too, the definition
(35) implies the relations (88). Now (103) and (88) suggest that, for the sake of
simplicity, one may choose O = Q = A. This proviso adopted, it is immediately
seen that § has 3 degrees of freedom and that any of its positions is determined
by means of Euler’s angles v, ¢, between Azyz and A¢n(.

On the other hand, it is crystal-clear that, P being any point of S different
from A, P is compeled to remain, during any motion of S, on a sphere with
center A and radius AP. In such a manner, one concludes that the initial
constraint

(104) TA = pa =0

imposed on S entails an innumerable multitude of secondary constraints im-
posed on S: as a matter of fact, these by-product constraints are thrust on all
and sundry points of S other that A.

Vice versa, let P,(v = 1,2,3) be points of S and let A be such a point
that

(105) (P — Pa)? = a* (v =1,2,3;V1),

(106) (P1 —pa) X (P2 —pa) - (p3—pa) # 0 (V)

provided p, = QP, and p4 = QA, a being a constant with respect to the time
t. Since by condition

5
(107) ;’t" =0 (v=1,2,3V1),
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the relations (105) imply

(108) (o—pa) P2 =0 (v=1,2,3,W),
and (108), (106) imply

(109) -— =0 (v,

i.e. A is a point of §.

In such a manner, inversely, the immobility of A is implied by the following
constraints imposed on S: three points P, (v = 1,2,3) of the solid S are
compeled to remain on a sphere with a center A and radius a, being non-
complanar with A.

Consequently, both problems — namely the conditions (88), (103) on the
one hand, and the conditions (105)-(107) on the other hand — are geometrically
identical. Are they identical mechanically, too?

Mechanically those are quite different mathematical problems.

According to Ax R, the motion of the solid S in the case (88), (103) is
governed by equations (60) and

(110) Lr = Mg + R x pg

provided (104) by virtue of (90) and (41), the reaction in A being (36). On the
contrary, in the case (105)—-(107), again according to Ax R, there are 3 reactions
of the constraints

(111) R, = (R,,N,) (v=1,2,3)

the moments N, (v = 1,2,3) being taken with respect to O = = A. In other
words,

(112) N, =p xR, (¥=1,2,3)

whence, according to (29) and (22), (23),

3 3
(113) Ng = N+Rxps =3 p xR, + Y R, x pg,

v=1 v=1
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i.e.

(114) Ng = Y (pv—Pc) x R, .

v=1

Hence, the motion of the solid S in the case (105)-(107) is governed by
the equations

3
(115) mps = F+ > R,,
v=1
i 3
(116) Lr = Mg + »_(pv—pc) X R,.

v=1

Now what !

Cujusvis hominis est errare, nullius, nisi insipientis, in errore perseverare,
observed once Cicero. The first lesson the sapient one must derive from this
simple contrast is that there is a profound distinction between a geometrical
and a mechanical constraint. A geometrical constraint is a necessary, but by
no means sufficient, condition for the availability of a mechanical constraint.
One may state figuratively that a mechanical constraint is a geometrical con-
straint plus Ax R. This not quite precise a formulation stands in need of some
particularization.

First of all, let us note that the conclusion in the case (104) that any point
of § other that A is compelled to remain on a sphere with center A is due to
the specific characteristics of the rigid body concept rather than to any outside
interference. Indeed, a solid S may be described as such a mechanical entity,
for which

(117) %(l‘l —1‘2)2 = 0 (Vt)

holds for any two points P, and P, of § provided r, = OP,(v = 1,2). Now it
is enough to substitute P and A for P, and P, respectively in order to derive

(118) (r—ra)? = a> (W)

from (117), a? being a constant of integration.
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Second, it is not pointless to brood a while over the physical motivations
of the mechanical liaison concept. Any constraint imposed on a physical rigid
body is feasible by means of another physical rigid body, and the physical result,
as well as cause in the same time, of their mutual contact are two forces, equal
in magnitude and opposite in direction according to Newton’s Lez III, acting
on either of the bodies. In such a manner the reaction of the constraint is an
inalienable attribute of the mechanical liaison concept — as necessary as its
geometrical description.

All those considerations once grasped, they lead to the following two im-
portant inferences.

First, it is most desirable to give prominence to the essential difference be-
tween geometrical and mechanical constraints imposed on a solid by an explicit
indication of the fact in any particular instance; this may be achieved by the
indispensable use of the adjectives geometrical or mechanical in any concrete
case. In the sequel we shall adopt the term mechanical liaison.

Second, a mechanical liaison is outlined against all possible concomitant
geometrical constraints (leading to the same restrictions of the solid S in space,
consequently to the same degree of freedom ! of S and to the same mutually
independent parameters g (A = 1,...1l) of S) by the mere proclaiming it as
such one. The very promulgation of a particular geometrical constraint for a
mechanical liaison from among a infinite variety of other equivalent geometrical
constraints (as in the above example of a solid with a fixed point) applying for
the dynamical rank, or state, or title, immediately calls forth arouse Ax R,
generating a reaction through the corresponding point of contact, while all
other failed candidates purely and simply are falling into disuse. Cum grano
salis the situation is to a certain degree similar to that of a the-bell-of-the-ball-
competition.

Reverting to the theme touched some pages above, namely about the 10
traditional cases of mechanical constraints established by the statical and dy-
namical praxis, let us formulate them pedantically from beginning to end with
a view to their application to equations (102) and suchlike.

Mechanical constraint No 1. A point A fixed in the solid is constrained
to remain on a surface given in space (possibly changeable in the course of time).

Mechanical constraint No 2. A surface fixed in the solid is constrained
to pass through a point A given in space (possibly changeable in the course of
time).
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Mechanical constraint No 3. A point A fixed in the solid is constrained
to remain on a curve line given in space (possibly changeable in the course of
time).

Mechanical constraint No4. A curve line fixed in the solid is con-
strained to pass through a point A given in space (possibly changeable in the
course of time).

Mechanical constraint No 5. A point A fixed in the solid is constrained
to coincide with a given point in space (possibly changeable in the course of
time).

Mechanical constraint No 6. A surface fixed in the solid is constrained
to touch a surface given in space (possibly changeable in the course of time),
the common point A of the surfaces being in the general case variable on both
of them.

Mechanical constraint No 7. A surface fixed in the solid is constrained
to touch a curve line given in space (possibly changeable in the course of time),
the common point A of the surface and the curve being in the general case
variable on both of them.

Mechanical constraint No8. A curve line fixed in the solid is con-
strained to touch a surface given in space (possibly changeable in the course of
time), the common point A of the curve and the surface being in the general
case variable on both of them.

Mechanical constraint No9. A curve line fixed in the solid is con-
strained to intersect a curve line given in space (possibly changeable in the
course of time), the common point A of the curve lines being in the general
case variable on both of them.

Mechanical constraint No 10. A curve line fixed in the solid is con-
strained to touch a curve line given in space (possibly changeable in the course
of time), the common point A of the curve lines being in the general case
variable on both of them.

In any of those 10 cases the geometrical entity external to the solid S (the
surfaces in Nos 1, 6 and 8; the points in Nos 2, 4 and 5; the curve lines in Nos
3,7,9 and 10) is called a mechanical constraint imposed on S, and the
common point A of § and the corresponding mechanical constraint is called
their point of contact.

Let us formulate mathematically those descriptive definitions. To this end
let first P be any point of space and, provided r = OP, p = QP, let by
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definition
(119) r=zi+yj+zk

and (12) hold.

Second, let F(I, Y, 2, t), Fu(z7 Y,2, t), f(E’ n, C)’ fV(E’ 7, C) (V =1, 2) be giv-
en twofold differentiable functions of the indicated arguments with

(120) grad F # 0,
(121) grad F; x grad F # 0,
(122) grad f # 0,
(123) grad fi x grad f # 0,

provided by definition
OF, OF ., OF

(124) grad F = 22} + E’J + -a—zk
_0f 0, f o,
etc. :
Third, let r4 = OA, pa = QA, rqg = OQ and let by definition (34), (35)
and
(126) rg = zqi + yaj + 20k

hold. Now the identity r4 = rq + pa and the relations (43) imply

ya =vya + a2éa + axrna + a23la,
za =2zq + a3nfa + axna + azzla.

24 ==zq + anéa + a12n4 + a13€a,
(127)

Under the above provisoes the mechanical constraints Nos 1-10 can be
expressed in the following manner.
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Constraint No 1. The equation of the surface being

(128) F(z,y,z,t) = 0,

the only restriction imposed on the solid S by the mechanical constraint is

(129) F(za,ya,24,t) = 0,

the constants

(130) éa, NA, (A

in (127) being determined by the conditions of the dynamical problem under
consideration.
Constraint No 2. The equation of the surface being

(131) f(€&n,¢) =0,

the only restriction imposed on the solid S by the mechanical constraint is

(132) f(anﬂAvCA) =0,

the functions

(133) zA(t),ya(t), za(t)

being determined by the conditions of the dynamical problem under consider-
ation.
Constraint No 3. The equations of the curve line being

(134) Fu(-’ﬂ,y,Z,t) =0 (V =1,2),
the only restrictions imposed on the solid S by this mechanical constraint are
(135) F,(z4,y4,24,t) = 0 (v=1,2),

the constants (130) being determined by the conditions of the dynamical prob-
lem under consideration.
Constraint No 4. The equations of the curve line being

(136) fV(f"'bC) =0 (V= 1’2)’
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the only restrictions imposed on the solid S by this mechanical constraint are

(137) fu(§A7nAaCA,t) =0 (U: 1’2)’

the functions (133) being determined by the conditions of the dynamical prob-
lem under consideration.

Constraint No 5. The only restrictions imposed on the solid S by this
mechanical constraint are (127), the constants (130) and the functions (133)
being determined by the conditions of the dynamical problem under consider-
ation.

Constraint No 6. The equations of the surfaces being (131) and (128)
respectively, the only restrictions imposed on the solid S by this mechanical
constraint are (132), (129) and

(138) gradaF x gradaf = 0,

the index A indicating that the corresponding quantities must be computed for
the point A.

Constraint No 7. The equations of the surface and the curve line being
(131) and (134) respectively, the only restrictions imposed on the solid S by
this mechanical constraint are (132), (135) and

(139) grad4 F1 x gradqa F> - gradaf = 0.

Constraint No 8. The equations of the curve line and the surface being
(136) and (128) respectively, the only restrictions imposed on the solid S by
this mechanical constraint are (137), (129) and

(140) gradg F' - gradaf; X gradaf, = 0.

Constraint No 9. The equations of the curve lines being (136) and (134)
respectively, the only restrictions imposed on the solid S by this mechanical
constraint are (137), (135), since the condition of intersection

(141) (grada Fy x grada Fy) x (gradafi x gradafz) # 0

is a prohibition rather than an obligation.

Constraint No 10. The equations of the curve lines being (136) and (134)
respectively, the only restrictions imposed on the solid S by this mechanical
constraint are (137), (135) and

(142) (gradaFy X grad4 F») x (gradafi x gra,dAf2) = 0.
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The above analysis is enough and to spare with a view to the mathematical
situation one is faced with when any particular of the mechanical constraints
Nos 1-10 is separately at hand in a particular solid dynamical problem. Nev-
ertheless we shall propose a second mathematical formalization of the circum-
stances attendant these constraints which, being equivalent to the former one,
has several technical advantages, in some cases at least. It is closely connected
with the parametric representation of the surfaces and curve lines involved in
those constraints.

To this end let r(u,v),r(s) and p(a, B3),p(c) be given twofold differentiable
functions of the indicated arguments with

or or

(143) u X v # 0,
dr
(144) = *0
and
op ap
(145) 7a X -a—ﬂ # 0,
dp
(146) a0 # 0.

Under those provisoes the mechanical constraints Nos 1-10 can be ex-
pressed in the following manner.
Constraint No 1. The equation of the surface being

(147) r = r(u,v,t)

where r in the left-hand side represents the radius-vector (119) of any of its
points P, the only restriction imposed on the solid S by this mechanical con-
straint is

(148) rg = r(uA,vA,t),

us and vy representing newly introduced parameters of S. Since the right-
hand side of (147) represents a given function of u,v,t, the relation

(149) r(u,v,t) = z(u,v,t)i + y(u,v,t)j + 2z(u,v,t)k
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implied by (119), (147) suggests that the components z(u,v,t), y(u,v,t),
2(u,v,t) are given functions of u,v,t, too. Now the relations (127), (148),
(34) imply

zq = z(ua,va,t) — (a11€a + a12m4 + a13€a),
(150) vo = y(ua,va,t) — (a21€a + a22m4 + a23(4),
za = 2(ua,va,t) — (a31éa + az2na + a3zla),

where the constants (130) are determined by the condition of the dynamical
problem under consideration. In such a manner, in view of (55), the canonic
parameters

(151) rQ,Yq,2Q

of the solid .S are found to be completely determined functions of the time ¢
and of the quantities

(152) ¢a¢70auA,vA )

which in turn are mutually wholly independent.

Summing up, we conclude that in the case of mechanical constraint No
1 the solid S has 5 degrees of freedom and that the quantities (152) may be
chosen in the capacity of its independent parameters.

Constraint No 2. The equation of the surface being

(153) p = /_’(a’ ﬂ)

where p in the left-hand side represents the radius-vector (12) of any of its points
P, the only restriction imposed on the solid S by this mechanical constraint is

(154) pa = p(aa,Ba),

ay and B4 representing newly introduced parameters of S. Since the right-
hand side of (153) represents a given function of a and f3, the relation

(155) pla,f) = &(a,B)€ + n(e,B)7° + ((a,8)C°,

implied by (12), (153) suggests that the components &(a, 8), n(a, 3), ((a,3)
are given functions of @ and f3, too. On the other hand,

(156) ra = ra(t),
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and consequently (133) by virtue of (34), are completely determined functions
of the time ¢t by the conditions of the dynamical problem under consideration.
Now the relations (127), (154), (156) imply
(157)
lzqg = z4(t) — (annéa(aa,Ba) + a12na(aa,Ba) + a13Ca(@a,Ba)),
{ ya = ya(t) — (a2164(@a,B4) + a22ma(aa,Ba) + a23Ca(aa,Ba)),
zq = 24(t) — (azs1€a(@a,Ba) + azna(aa,Ba) + azsCa(aa,Ba)).

In such a manner, in view of (55), the canonic parameters (151) of the solid
S are found to be completely determined functions of the time and of the
quantities

(158) ¢’¢70’QA7.BA,

which in turn are mutually wholly independent.

Summing up, we conclude that in the case of mechanical constraint No
2 the solid S has 5 degrees of freedom and that the quantities (158) may be
choosen in the capacity of its independent parameters.

Constraint No 3. The equation of the curve line being

(159) r = r(s,t)

where 7 in the left-hand side represents the radius-vector (119) of any of its
points P, the only restriction imposed on the solid S by this mechanical con-
straint is

(160) rqg = r(sA,t),

sa representing a newly introduced parameter of S. Since the right-hand side
of (159) represents a given function of s, ¢, the relation

(161) r(s,t) = z(s,t)i + y(.s,t)j + z(s,t)k

implied by (119), (159) suggests that the components z(s, t), y(s,t), z(s,t) are
given functions of s and t, too. Now the relations (127), (160), (34) imply

(162) ya =y(sa,t) — (a21éa + a22ma + a23(4),

{1‘9 = z(s4,t) — (anéa + a12n4 + a13€a),
zqg = 2(sa,t) — (az1€a + a3zana + aszla),
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where the constants (130) are determined by the condition of the dynamical
problem under consideration. In such a manner, in view of (55), the canonic
parameters (151) of the solid S are found to be completely determined functions
of the time ¢ and of the quantities

(163) ¥, 9,0,s4,

which in turn are mutually wholly independent.

Summing up, we conclude that in the case of mechanical constraint No
3 the solid S has 4 degrees of freedom and that the quantities (163) may be
choosen in the capacity of its independent parameters.

Constraint No 4. The equation of the curve line being

(164) p = p(o),

where p in the left-hand side represents the radius-vector (12) of any of its points
P, the only restriction imposed on the solid S by this mechanical constraint is

(165) pa = ﬁ(aA),

o representing a newly introduced parameter of S. Since the right-hand side
of (164) represents a given function of o, the relation

(166) p(a) = £(0)€° + n(a)n° + ((o)C°,

implied by (12), (164) suggests that the components £(o), (o), ((o) are given
functions of o, too. On the other hand, (156) and consequently (133) by virtue
of (34) are completely determined functions of the time ¢ by the very conditions
of the dynamical problem under consideration. Now the relations (127), (165),
(156) imply

zq =za(t) — (a11a(04) + a12n4(04) + a13Ca(04)),
(167) { va =ya(t) — (a21€a(0a) + az2ma(oa) + a23la(oa)),
zq = 24(t) — (amfa(oa) + azna(oa) + assCa(oa)).

In such a manner, in view of (55), the canonic parameters (151) of the solid
S are found to be completely determined functions of the time and of the
quantities

(168) ¢, ¢70,0A )
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which in turn are mutually wholly independent.

Summing up, we conclude that in the case of mechanical constraint No
4 the solid S has 4 degrees of freedom and that the quantities (168) may be
choosen in the capacity of its independent parameters.

Constraint No 5. The only restriction imposed on the solid § by this
mechanical constraint is

(169) ra(t) = ra + pa,

where the left-hand side and consequently (133) by virtue of (34), are completely
determined functions of the time ¢ by the conditions of the dynamical problem
under consideration, whereas (130) are wholly determined constants by the
same conditions. Now (169) and (127) imply

(170)

Yo ya(t) — (a21éa + a22ma + a23la),

{zn =z4(t) — (a11éa + a12ma + a13la),
2q z24(t) — (az1€a + as2ma + a3sa).

In such a manner, in view of (55), the canonic parameters (151) of the solid
S are found to be completely determined functions of the time ¢ and of the
parameters

(171) ¥, 9,6,

of S, which in turn are mutually wholly independent.

Summing up, we conclude that in the case of mechanical constraint No
5 the solid S has 3 degrees of freedom and that the quantities (171) may be
choosen in the capacity of its independent parameters.

Constraint No 6. The equations of the surface fixed in the solid S and
that given in space being (153) and (147) respectively, the only restrictions
imposed on S are

(172) r(ua,va,t) = ra + p(aa,Pa)

and

or or op %\ _
(173) (3UA x 3vA) x (3aA % 3ﬂA) =0
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the symbols ua, v4, and a4, B4 having the same meaning as in (148) and
(154) respectively, equation (173) expressing the tangentiality of the surfaces
(153) and (147) at A. Now (172), (12), (119), (126) imply
(174
: lzg = z(ua,va,t) — (annéa(aa,Ba) + a12na(aa, Ba) + a13Ca(aa, B4))
{ ya = y(ua,va,t) — (aznéa(@a, Ba) + azzna(aa, Ba) + a2aCa(aa, Ba))
2q = 2(ua,va,t) — (an1éa(@a, Ba) + az2na(aa, Ba) + azsla(aa, Ba))

In such a manner, in view of (55), the canonic parameters (151) of the solid
S are found to be completely determined functions of the time ¢ and of the
quantities

(175) ¢7¢v07uA’vA1aA7ﬂA'

On the other hand, these quantities are not quite independent mutually by
virtue of equation (173) which is equivalent to two independent scalar relations.
Indeed, (173) is a vector equation of the kind

(176) axb=0 (a#0, b#0)

by virtue of (143) and (145). On the other hand, the left-hand side of (176) is
not quite independent by virtue of the identities

(177) axb-a=0, axb:-b=0.

The relations (177) are, however, not independent in view of (176), In such
a manner, only one of the identities (177), say the first one, is authoritative;
owing to this, the vector equation (176) is equivalent with 2, rather than with
3, scalar equations.

This peculiarity of equation (173) once grasped, let us consider this con-
dition somewhat closer. First of all, let us note that it may be written in the
form

or op ap ) or ( or op op ) or
(178) (3UA Oay x 0Ba) 0va ~ \Ova Oca % 0Ba) Oua
On the other hand, the relations

ap _ f 70 a77 —0 ¢ 5o
(179) 3(1,4 3&,4 f N 30,4 C ’

9p _ ffo 6nﬁo+igo

0Ba 09Pa op 0Ba
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imply
a— a— CCCEO 7-’0 Z'O
(180) T X g = | e B e
A ﬂA ) F) 3%(_
At last, the first of the relations
or oz . oy . 0z or oz . Oy 0z
1 = = 1
A8 5 = Bua T ouad T 5us ™ Box =~ Gus T B0, T B
along with (43), implies
Oor Oz ady 0z -
3 —(11m+ 216uA+ 31m)€
oz dy 0z | o
(182) + (a12 Bus + a3 Bus + a3 5;‘:)71
17}
+ (a13 3 + as3 3 + ass ﬁ)(o

and (178), (180), (182) (with a similar expression for 5@%) imply
(183)

0 17]
{(an1 a_:z:_ + an n 9¢ ¢ on
uUA

dus T * 9ur)Ban 0Ba T Bap 9Ba’
o¢ 9§ 9t o )
aaA a,BA aCYA aﬂA
9 om  9n 8¢ 3
30,4 3ﬂA aaA aﬂA a‘vA
_ 6_:1: dy on 0C o¢ dn
ez, Tong,, o av )(aa,, Bs ~ Dax 985
oz By ¢ 0¢ o€ 0¢
tlang L tang . avA)(aaA 81 ~ Dax 0B
oy +a )(86 877_67) 36}8r
3804 T v,y Ban 084  Baa 0Ba”° Bua
In the light of all aforesaid it is clear that the vector equation (183) is
equivalent to 2 scalar equations between the quantities (175) and the time t¢.

In such a manner, only 5 of (175), say

0 0 0
+(alza—x + azza—y + aszauz ) (

+ (@13 57—

oz 4 Jy
dun 0233 + a 33 )(

oz
+ (a13 ET +a

(184) ¢’¢,01 UA, XA

are mutually independent, while the other two, say v4 and (4, are completely
determined functions of (184) and t.
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Summing up, we conclude that in the case of mechanical constraint No
6 the solid S has 5 degrees of freedom and that the quantities (184) may be
choosen in the capacity of its independent parameters.

Constraint No 7. The equations of the surface and of the curve line
being (153) and (159) respectively, the only restrictions imposed on S are

(185) r(sa,t) = ra + p@a,Ba)

and
Jr . op « op
Os A 8a,4 aﬂA

the equation (186) expressing the tangentiality of the surface (153) with the
curve line (159) at A. Now (185), (12), (119), (129) imply

{ zq = z(sa,t) — (ané(aa,Ba) + a12m(aa,Ba) + a13({(aa,Ba)),
(187)

(186) = 0,

ya = y(sa,t) — (a1é(aa,Ba) + azan(aa, Ba) + az3l(aa,f4)),
zq = 2(sa,t) — (a31&(aa,Ba) + azan(aa, Ba) + azz((aa,Ba4)).

In such a manner, in view of (55), the canonic parameters (151) of the solid
S are found to be completely determined functions of the time and of the
quantities

(188) ¢,¢:07 SA,C!A,,BA.

On the other hand, these quantities are not quite independent mutually
by virtue of equation (186). Following a computational process similar to the
above one, by means of which equation (183) has been derived, it is immediately
seen that equation (186) is equivalent to

{(ann dsn T s, T )(30,4 0Ba  dax aﬂA)
+ (a12 EY .22 0s4 + a3 33 )(304 Ba  dan aﬂA)

oz dy 9¢  on on 9 .\ _
+(a13 5~ L toeng o tang )(6a,4 8Bs Doy 3P4 )} = 0.

(189)

In the light of all aforesaid it is clear that (189) is a relation between the
quantities (188) and the time ¢. In such a manner, only 5 of (188), say

(190) 1/}9¢a 0’3Ava.4
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are mutually independent, while the other one, say 34, is a completely deter-
mined function of (190) and ¢.

Summing up, we conclude that in the case of mechanical constraint No 7
the solid S has 5 degrees of freedom and that the quantities (190), say, may be
choosen in the capacity of its independent parameters.

Constraint No 8. The equations of the curve line and the surface being
(164) and (147) respectively, the only restrictions imposed on S are

(191) I'(UA,'UA,t) = rq + [—)(O'A)
and

or or dp
(192) dua % vy dos 0,

equations (192) expressing the tangentiality of the curve line (164) with the
surface (147). Now (191), (12), (119), (126) imply

zq = z(ua,va,t) — (a11€(0a) + a12n(oa) + a13((oa)),
(193) ya = y(ua,va,t) — (ané(oa) + az2n(oa) + a23((ca)),

za = 2(ua,va,t) — (azé(oa) + azzn(oa) + assl(oa)).
In such a manner, in view of (55), the canonic parameters (151) of the solid

S are found to be completely determined functions of the time ¢ and of the
quantities

(194) 1»b7¢707 UA,VA,04 -

On the other hand, these quantities are not quite independent mutually by
virtue of equation (192). Following a computational process similar to the above
one, by means of which equation (189) has been derived, it is immediately seen
that equation (192) is equivalent to

dy 0z 0z 0y d¢ dn d¢
(auA Ovag Ouny av,,)(““ doy + aum + alsm
0z Oz dz 0z 3 dn d¢
(195) + (auA Oovy Oup avA)(“” doy + on Zi;: + azsm
dr Oy Oy Oz d§ dn a¢ . _
T (ayA Oz 4 - Ouny (9v,4)(a31 doa t 832 doy ¥ “332?; =0

In the light of all aforesaid it is clear that (195) is a relation between the
quantities (194) and the time ¢. In such a manner, only 5 of (194), say

(196) '¢’7 ¢7 0, UA,TA
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are mutually independent, while the other one, say v4, is a completely deter-
mined function of (196) and t¢.

Summing up, we conclude that in the case of mechanical constraint No 8
the solid S has 5 degrees of freedom and that the quantities (196), say, may be
choosen in the capacity of its independent parameters.

Constraint No 9. The equations of the curve line invariably connected
with S being (164) and that of the curve line given in space being (159), the
only restriction imposed on S is
(197) r(s4,t) = ra + P(o4),
the prohibition

or dp
e -t 0
(198) 63,4 X dO’A #
being a guarantee that the curves intersect at A. Now (197), (12), (119), (126)
imply ‘
(199) yo =y(sa,t) — (an€(oa) + a22n(oa) + a23((0a)),
zq = 2(sa,t) — (az1€(oa) + azan(oa) + azz((o4)).
In such a manner, in view of (55), the canonic parameters (151) of the solid
S are found to be completely determined functions of the time ¢ and of the

{xn = z(84,t) — (ané(oa) + a12n(oa) + a13((oa)),

quantities
(200) V,0,0,84,04 .
Since they are mutually independent, we conclude that in the case of mechanical
constraint No 9 the solid S has 5 degrees of freedom and that the quantities
(200) may be choosen in the capacity of its independent parameters.

Constraint No 10. Under the notations of the previous case the restric-
tions of the solid S are (199) and

ar dp

- dsa * doa
instead of (198), the equation (201) expressing the tangentiality of the curve
lines. Similar considerations of those apropos of (176) imply that vector equa-
tion (201) is equivalent to 2 independent scalar equations. Now

(202)
dp  _ dn ¢ ..
doa ( 1y +azxdaA + as - )i
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and
or oz . oy . 0z
2 =
( 03) asA 63,4 1t asAJ t 63,4 k
imply that (201) is equivalent to
1o} d d d
a—w(ndf + a 22d’7+a32d_C
(204) s 7A oA
Oy e an | ag
T 954 Mg, T Mg, T PG, T
and
0 d d d
Y (a13 3 + az3 B + ass '—C"
084 doy doy4 doy
(205) 9 de d d
S (12— + 022—17- + asg—g- =0
0sa doy dog doy ’

say. In the light of all aforesaid it is clear that (204), (205) are independent
relations between the quantities (200) and the time ¢. In such a manner, only
3 of them, say (171), are mutually independent, while the remaining two, say
s4 and og4, are functions of (171) and ¢.

Summing up, we conclude that in the case of mechanical constraint No 10
the solid S has 3 degrees of freedom and that the quantities (171), say, may be
choosen in the capacity of its independent parameters.

In the light of the above analysis it is immediately seen how in any of
the particular cases Nos 1-10 the results obtained concerning the independent
parameters (152), (158), (163), (168), (171), (184), (190), (196), (200) and (171)
respectively may be applied to the equations (102), etc. It is essential that in
any set of independent parameters just now listed Euler’s angles 1, ¢,6 may be
included (ezceptis excipiendis, of course); in other words, the left-hand sides of
the equations (102) etcetera are, if one can put it like this, stable with respect
to ¥, ¢,0.

The following three concluding remarks in connection with the equations
(102) etcetera are a matter of principle. '

First, as it has been proved in a previous article [5], the following funda-
mental identities of Lagrangean formalism

0 .
(K-F-R) rG+(Lp Mg — NG)a
(75

=L _Qi-P (A=1,...,])

(206)
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hold, provided g5 (A = 1,...,1) denote the independent parameters of the solid
S, submitted to holonomic constraints,

(207) T = % / v’ dm

denotes the kinetic energy of S with respect to Ozyz, and by definition

= or 2 or
208 = F,-—%, P, = R, =2 (A=1,...,1
(208) Qv = D Fugzt P Z=) 90 )

r, andrp,4, (=1,...,m; v=1,...,n) denoting points of S, incident at the
moment of time ¢ with the directrices of the corresponding active forces (20)
and passive forces (21) respectively. Now (206) and Euler’s dynamical axioms,
i.e. the first relation (25) and (90), imply

209 _—— - — = —P, =0 A=1,...,1).
(209) at 94, Do Qx — Py ( )
Equations (209) coincide with Lagrange’s dynamical equations
d oT or
(210) dt aq,\ aq,\ Qz\ 0 (A ’ 71)

if and only if the mechanical constraints imposed on S are smooth, i.e.
(211) Py, =0 (A=1,...,]).

In the case (211) the mathematical process leading from Euler’s dynamical
axioms (25), (90) towards Lagrange’s dynamical equations (210) via identities
(206) represents, as a matter of fact, a Schablon for the automatical elimination
of the smooth reactions (21) from Euler’s dynamical equations (32), (33). Now
if the constraints are non-smooth and the conditions (211) are violated, this
process fails to accomplish elimination of reactions since Py (A = 1,...,1)
remain at hand in (209). In such a sense, the elimination of the passive forces
in (102) cannot be attained by means of (206).

Second, in all cases of mechanical constraints Nos 1-4 and 6-9 the number
of the parameters of the solid S exceeds the number 3 of the “pure” differential
equations (102) etcetera available for their determination by 1 (Nos 3 and 4)
or by 2 (Nos 1, 2 and 6-9) units. If one puts

(212) Ua = uay® + Uapd + uaed + u
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in the cases (152), (184), (196); or

(213) va = vaph + vagd + vaed + v

in the case (152); or

(214) ap = aap + aasd + asb + a
in the cases (158), (184), (190); or

(215) Ba = Bay¥ + Bagd + betasebd + B
in the case (158); or

(216) sa = Sap¥ + sagd + saeb + s

in the cases (163), (190), (200); or

(217) oA = Oy + Oagd + oagb + o

in the cases (168), (196), (200) — all coeficients and free terms in (212)—(217)
being twofold differentiable functions of v,¢,0 — then after replacing (212)-
(217) in the equations (102) etcetera one obtains an irreproachable system of 3
differential equations of second order with respect to the three unknown fun-
ctions 9, ¢, 0 of the time t. This is an estimate of the degree of arbitrariness the
mechanical constraints Nos 1-10 introduce in a particular dynamical problem,
without inserting the reactons of the constraints in such an assessment.

Last, but not least, let it be noted that the put-up affairs (212)- (217)
enable one to disclose once more the intenability of some modern traditio-
nal “definitions” of the notion of non-holonomic constraints imposed on rigid
bodies.

We shall confine us to quote only two of the numerous literary sources
typical in this respect, both published relatively recently at that.

In the monograph [8] on non-holonomic dynamics one reads:

“ IpencraBum cebe, UTO MBI MBICAEHHO MJIM (AKTUUECKH CHAJIM C CUCTEMBI PAL UMEIO-
IMXCA y Hee cBA3€e¥ M UYTO MOCJie BTOro ee reoMeTpHUUYEeCKOoe MNOJIOXKEeHMe onpenesiaeTca n
Benuumnamu (1,492, ...,QJn, HasbBaeMbiMU 0GoGeHHBIMM kKoopaAuHaTamu. Toraa npoms-
BOJIBHOMY M3MEHEHMUIO BTHUX oﬁoﬁu.(ellux KOOpAMHAT BO BPEMEHM COOTBETCTBYET HEKOTOpOe
ABUXXEHHUe OCBOSO)KACHHO* CUCTEMBHI. ECJIH Tenepb BHOBb HAJIOXKMTh HaA CUCTEMY CHATLIC
CBA3M, TO y»e He BCAKUM M3IMEHEHMAM OGOGIEHHBIX KOOPAMHAT (1,(2,...,{n 6yayr coor-
BeTCTBOBATb HEKOTOPbIE ABMXKEHMA cUCTeMbl. VM3meHeHmsa 0606WEHHBLIX KOOPAMHAT M MX
3HAUEHUA JOJDKHbI Tenepb MOAYMHATBHCA DALY YCJ/IOBMMA, HapylleHMe KOTOPHIX O3Hauano Oul
HapylLIEHUE HAJIOMKEHHBLIX CBf3eil. DTHU yCJIOBMA MOryT, B YACTHOCTM, BHIPAXKATHLCA CUCTeMoM

HEpaBeHCTB BMaa

fa(q17q2,'-'1Qn;q11q2"",qn;t) 2 0 (13)
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(a = 1,2,... ,m) M TOrJa COOTBETCTBYIOWIME MM CBA3M HAa3LIBAIOTCA €QHOCTOPOHHBIMH,

HeyleEPpXXUBAKOUIMMHU HUITHN OCBOGO)KABIOIHHMH, MJIN YypPaBHEHMA BUaa

fo(q1,92,- 185 01,02, -+ -5 Gn3t) = 0 (1.4)

(a = 1, 2, ...,m) M Torjga COOTBETCTBYKIME MM CBA3M Ha3bIBalOTCH ABYCTOPOHHBIMM,
YAEepXKUBAKOIIMUMHA MU HeoCBOBGOXKAAIOWMMMU . YACP)KMBIIOIHHC CBAA3M B CBOIO ouyepenb NENAT
Ha reoMeTpu4yYeCkKMe U KMHEMATHUYECKHE, 3aBUCALUME U HeE3aBHUCAILIME OT BPEMEHM, COOTBET-
CTBEHHO TOMY, BXOAMT HMJIM HE€ BXOAWUT SABHO BpeMA B MX ypaBHEHMA. CBA3M Ha3bLIBAIOTCA

reoMeTpMYeCKMM#U, €CJIM OHM BhIPpaXalOTCA YypPaBHEHHUAMU Buaa

fa(‘h,‘hy---,qﬂﬂ) =0 (15)
(a — 1, 2, ceey m) M KMHEMATUYECKMMMH, €CJIM BbiparkalollMe UX YPABHEHUA MMEIOT BUA
fa(QIaq2a“',Qn;ql,q2a"'7qn;t) =0 (16)

(e =1,2,...,m) (p.11).”

We shall not comment the logical level of these “definitions” which call to
mind an observation of Truesdell in his Essays [3]:

“The busy modern calls for culture in predigested quintessence pills, packa-
ged in abridged paperbacks, explained by folksy prefaces in pellet-paragraphs
of sugared baby-talk, lullabies to smugness” (p.3).

In spite of all their flaws, they top by a head the descriptions one can find
in the treatise [7] pretending to expose analytical dynamics “as it now stands”
(p- VII). Indeed, the “definitions” of [6] are leastway applicable to rigid bodies,
whereas Pars’ descriptions are dedicated to mass-point systems, yielding tribute
to the superstitious belief that “it was natural to conceive of a rigid body as an
aggregate of particles. The idea of a rigid body in the classical dynamics is a
collection of particles set in a rigid and imponderable frame. Similarly, we shall
think of the general dynamical system as a collection of particles acted on by
given forces and controlled by various kinds of constraints” (7, p. 20].

The climax of the mechanical philosophy of constrained systems in the
treatise [7] is brilliantly lit up by the following formulation:

“The possible displacements of particles are not arbitrary (except in the
problem of v bodies, where we are concerned with a swarm of v free particles)
but are subject to L equations of constraints

N
(2.2.4) > Ansdz, + A dt = 0,

s=1

r=1,2,....,L<N”
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Now the following question quite naturally arises: the relations (212)—(217)
satisfy the conditions (1.6) of [6] and, though somewhat forcedly, the equations
(2.2.4) of [7] — are then (212)~(217) non-holonomic constraints imposed on the
solid S7 '

As Juvenalis once observed, difficile est satiram non scribere.
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