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Parallel Inversion of Block Tridiagonal Matrices

Dinko Gichev

Presented by P. Kenderov

A new algorithm for parallel inversion of a block tridiagonal matrix is proposed which
is based on the Frobenius formulae. Estimates of the time and resources which are necessary
for implemention of the algorithm are obtained.

1. Introduction

In this paper we shall consider the question about finding the inverse of
a square N X N block tridiagonal matrix, i.e. a matrix of the following type:

[ A5, A2 O 0o 0 ... 0 0 0 0 ]
Agp Agg Az 0 0 ... O 0 0 0
(1)A _ 0 A32 A33 A34 0 ... 0 0 0 0
0 0 0 0 0 ... 0 An—l n—2 An—l n—1 A'n.—l n
L 0 0 0 0 0 ... 0 0 An n—1 Ann J

Here the blocks A;j, 4,j = 1,2,...,n are square k X k matrices, i.e.
N = nk. Let us suppose, for simplicity, that n = 2!. To obtain the inverse
matrix A~! we shall apply a version of the Frobenius formulae [1]. As an
auxiliary we need a method for finding the inverse of a square k X k matrix.
Different methods can be applied - Gaussian elimination, LU - decomposition,
Csanky’s algorithm, etc. [2],[3].This is not of great importance for us and we
shall consider this problem at the end of the paper.
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We must point out that the proposed algorithm can be considered
connection with those which are described in [5] and [8]. In [5] the autho
have used the idea to divide the problem of dimension n into two parts, each
dimension n/2. The same idea is used in our algorithm but, due to the speci
structure of the matrices, we have avoided the necessity of inverting matric
of dimension greater than k (k is the dimension of blocks). In [8] Frobenit
formulae are applied to invert a dense matrix by using the "bordering method'
Only matrices of dimension 4 are inverted, but the algorithm is of linear orde
In our case, due to the block tridiagonal structure of the matrix to be inverte:
the order of the algorithm is log n.

2. Basic formulae and basic notations

Let A = [ A Ar ] be a block matrix. When the Frobenius fo
Ay Az
mulaeare applied, the elements of the inverse matrix A~ = [ g;i g;: ] ar
given by:
Cn = A + A A2D7' Ay AR
(2) Ci2 = —AfllAlzD_l
Can = —-D'A3 A7
Coy = D~

where D = Azg -— AzlAi—ll A12.
We shall apply a version of (2), namely

Cn = (A — A12Az}An)™!t

(3) Cn = —A;AnCH = — A3 An (An — A12Az) Ag)7 !
Caz = —(Azz — AnAf Ar)!
Ciz = —AfACy = —Af' Az (A — AnAj An) ™.

The following notations will be used hereafter
(4) M = A7lA1;, N = A3 An.
Then

Cn = [An(I — A[AAz} An)]™' = (I — MN)T'ARY
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and
Cpa = [Ana(I — A} An ATt AR)™ = (I - NM)™'A37; .
Finally:
Cn = (I - MN)'A
(5) Ci = —NCn = —N(I — MN)'A7}
C = (I-NM)'a™!
C; = —-MC = —M({I - NM)'A™!.
3. Description of the algorithm
At the first step of the algorithm the inverses of
A A
6 1 _ m—1 m—1 m—1m
( ) Am [ Am m—1 Am m ]

for m = 1,2,...,n/2 are computed (in parallel, if it is possible).Here A} , m =
1,2,...,n/2 are the block 2x2 matrices on the main diagonal of A which blocks
are k x k matrices. At this step formulae (2) can be applied. For the inverses of
the kx k matrices Ap—1 m—1 and Dy, = Am m — Am m-1(Am-1 m=1)""Am-1 m
to be find, the auxiliary method (Gaussian elimination, LU - decomposition,
etc.) is applied.

In the case when the initial matrix A is not necessary to be kept then the
derived matrices (AL)~!, m = 1,2,...,n/2 can be disposed upon the matrices
Al m=1,2,...,n/2.

At each of the next (I — 1) steps, formulae (4) and (5) are applied. Let
us describe the step with ordinary number S (S € {2,3,...,1}).

At the S-th step the inverse matrices of the diagonal 2 X 2 block matrices

Al AS~
7 A:n - [ msl'm—l m—_lm]
0 A1 Anm
form =1,2,...,n/2% are computed. Here Afj'l is 291k x 2°~1k matrix (2°71 x

2°=1 block matrix which blocks are k X k ma.tnces) At the previous ((S — 1)-
th) step of the algorithm the inverse matrices (AL 1)“ and (A371 )7 are
obtained and as was said before,if the initial matrix A is not necessary to be
kept, on the main diagonal of A exactly these matrices are disposed. The other
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2 blocks of A#, have specific structure (non-zero k X k submatrices are marked
with x and zero ones - with 0), namely:

00 ... 0 00 *

. 00 0
(8) A;;tl—l 2m 0 0 0 ’ A;;IZm-—l - :

* 0 0 00 ... 0
For different m = 1,2,...,n/2° operations are independent and can be done
simultaneously. We compute
(9) M, = (A:n_—ll m—1)_1A:n_—11 m

Ny = (Am) AL -

Matrices (A3", 1)~ and (A71,)~! are known from the previous ((S—1)-th)
step of the algorithm. From (8) it is clear that M2 and Nj, have the following
structure (x means non-zero k X k block, 0 means zero k x k block):

*~ 0 ... 0 0 0 %
~ 0 ... 0 0 0 x
(10) Mr‘;r. = . 3 N,‘:l = .
x 0 0 0 0 =%
Hence
0 0 % x 0 0
—— 0 ... 0 % . e x 0 0
0 0 % =~ 0 0
and
I;0...0 % x0...00
0p...0 % *xIk...00
(12) 12.1—1 - M,;N,’n = : H Izs—l — N,’nM,‘; = :
00...Ik* *0...Ik0
00...0 % *x0...01I

In (12) unity matrices r x r are marked with .. Each of the formulae (9)
consists of 2°~! independent multiplications of k x k matrices. If we have



Parallel Inversion of Block Tridiagonal Matrices 107

sufficient resource of processors this multiplications can be done simultaneously.
The cost for performing the formulae (11) is the same.
For the formulae (5) to be applied it is necessary to compute

(13) (Igo-1 — MENE)™' and (Ige-r — NS ME) .

In view of the specific structure of these matrices (see (12)) and by using the
fact that:

I, 0 0...0 By L 0 0...0 —-By(Ii—B,)!

0 Iy 0...0 B, 0 Ix 0...0 =By(Ix—B,)!

0 0 0...I By 0 0 0...Iy —B,_y(Ix — B,)™!
0 0 0...0 Ix—B, 0 0 0...0 (Ix—By)!

(14)

It—B; 0 0...0 0 17" [ (Ik=By)! 0 0...0 0
B, I, 0...0 0 —By(Ix=B1)™' I 0...0 0
Bq—l 0 0 “e Ik 0 —Bq_l(Ik—Bl)—l 0 0 “e Ik 0
B, 0 0...0 I —By(It=B1)™* 0 0...0 I

(Bi are k x k matrices, i = 1,2,...,q, 1 < ¢ < n/2) it is clear that the cost of
each of computations (13) is equal to the time which is necessary to invert one
k x k matrix and to perform 2°~! — 1 independent multiplications of two k x k
matrices.

For final computation of the elements of (A%,)~! by using formulae (5)
it is necessary to compute expressions of following type:

P:1 = (12’—1 _M":'LN';l)_l (A:n——ll m-—l)—l
(15)
@ = (I = NuM)™ (A7)

m m

form=1,2,...,n/2° and
(16) N: PS and M QS

form=1,2,...,n/2%

Each of the formulae (15) consists of 22°~2 independent expressions of
the type CD + F, where C, D and F are k X k matrices.These expressions can
be compute simultaneously.
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Finally, each of the formulae (16) consists of 2°~! independent multipli-
cations of k x k matrices, which can be done simultaneously, too.

4. Estimate of the time and resources which are necessary for
realization of the algorithm

The described algorithm allows us to perform operations inparallel on
different levels depending on available resource of processors. This problem
will be considered in details below. Let us note the time which is necessary to
perform the basic used operations on k X k£ matrices with the assistance of p
processors in following way:

e R(k,p) for a matrix to be inverted
e M(k,p) for multiplying 2 matrices
e S(k,p) for adding 2 matrices

In particular, S(k,p) is also the time which is necessary to invert the
sign of k X k matrix, i.e. for the operation —D to be done,where D is a k X k
matrix.

At the first step we obtain (in parallel, if there is sufficient number of
processors) the inverses of n/2 matrices by using formulae (2). Each of this
inversions needs

(17) thh = 2R(k,p) + GM(k’p) + 4S(kvp)

units of time.

At the S-th step of the algorithm (§ = 2,3,...,/) we obtain (in parallel,
if there is sufficient number of processors) the inverses of n/2° matrices by using
in consecutive order formulae (9), (11), (12), (13), (15) and (16). Each of this
inversions needs time which is given below. To estimate the time and resources
of processors which we need to perform the described operations we shall use
the well-known estimates:

Mk, k%) = O(logk)
(18)
S(k’k2) = O(1) or S(k,k) = O( pgk)

and, for example

(19) R(k,k*) = O(log? k).
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Here and hereafter, as it is usual, loga means log, a. The estimate (19) hold-
s,when the Csanky’s algorithm is applied to invert a k x k matrix. If any other
algorithm is applied, then we shall obtain different estimates for R(k,p).
Formulae (9) require t} = 2[2°~' M(k,p)] = 2° M (k,p) units of time. For
all n/2° matrices, which are inverted at the S-th step, the operations (9) to be
performed it needs T} = nM (k,p) units of time. If this operations are done in
parallel (i.e. if nk® processors are used) then the total time for performing (9)
over all the n/2° matrices (in parallel) is equal to O(logk). ‘
Thus at the stage of formulae (9) we obtain

T, = nM(k,p)
(20) and with nk® processors it takes
O(logk) units of time.

In an analogous manner, when the formulae (11) are applied, we obtain the
following values

T} = nM(k,p)
(21) and with nk3® processors it takes
O(logk) units of time.

and for the formulae (12) to be performed

T? = nS(k,p)
(22) and with nk? processors (nk processors) it takes
0(1) (O(logk) ) units of time.

The stage of the formulae (13) must be divided into 3 substages which can not
be done simultaneously. The first substage consists of obtaining of the inverse
matrices (denoted by (Ix — Bg)™! and (Ix — By)~! in the third section). For
each of the n/2°* matrices, which are work matrices at the S-th step, we must
invert the corresponding two k x k matrices.

Hence we obtain

(23) T* = [n/2° '] R(k,p) and with [nk*/2°7'] processors it takes
O(log k) units of time.

The second substage consists of matrix multiplications (denoted by B(Ix —
B,)™! and B,(Ix — B;)~! in the third section). For every of the n/2° matrices
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there are 2°~! such multiplications. The corresponding values are:

T; = nM(k,p)
(24) and with nk® processors it takes
O(logk) units of time.

At the third substage inversions of sign are made. Here

T = nS(k,p)
(25) and with nk? processors (nk processors) it takes
0(1) (O(logk) ) units of time.

For the operations (15) to be performed
ty +t3 = 2{2%7}(M(k,p) + S(k,p)]} = 227" M(k,p)+ 27 S(k,p)

units of time are needed for any of the n/2° matrices, which are inverted at the
S-th step. Corresponding global values at this stage are

(26) T = 2°7'n M(k,p) and with 2°~'nk3 processors it needs
O(log k) units of time.

for the multiplications (denoted by C'D in the third section).
Respectively

7 = 2°"'nS(k,p)
(27) and with 2°~1nk? processors (2°~'nk processors) it needs

o(1) (O(logk)) units of time.

for the additions (denoted by [C'D + F] in the third section).
At the end of the S-th step, formulae (16) are applied. At this last stage
of the S-th step of the algorithm we obtain

(28) T? = nM(k,p) and with nk® processors it takes
O(logk) units of time.

We can obtain the global estimate now. As § = 2,3,...,l and | = logn,
then it is clear that the total time for performing of the algorithm is

T = O(l - log? k) = O(logn - log? k)
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units of time when

P = max{n,k} - (nk%)/2

processors are used.

—
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