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Let f be a function, continuous and real valued on the segment A, A C (—00,0) and
{R.} be the sequence of the rational functions of best uniform approximation to f on
A of order (n,n). In the present work, the convergence of {R,} in the complex plane
is considered for the special cases when f is "an almost entire function”, or the poles
of {R,} accumulate in the terms of weak convergence of measures to a compact set
of zero capacity. As a consequence, sufficient conditions for the holomorphic and the
meromorphic continuability of f are given.

1. Introduction

Let A be a real segment, A = [@,f], o0 ¢ A, and let f, f # 0, be a
function, continuous and real valued on A (f € Cgr(A)). In the following, we
shall always assume that f is not rational. For each positive integer n we denote
by R, the set of the real rational functions of order (n,n),i.e. R = {p/q :p,q € p,
q #0}. Let R,, R, = R,(f) be the function of best uniform approximation to f
on A in R,; that is ||f — R.||a = inf,ex, ||f — r|la, where ||...]|a is the uniform
(sup) norm on A.

It is well known (see [1]), that for each n, n € N, the function R, always
exists and is uniquely determined by the alternation theorem of Chebyshev. The
sequence {R,} converges to the function f uniformly (in the sup-norm) on the
segment A.
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Let K be a compact set in the complex plane C. We say, that K is
regular, if the unbounded component K¢ of C — K is regular with respect to
the Dirichlet problem. Denote by Gk(z,00) the Green’s function with pole at
infinity and by Cap(K) the logarithmic capacity of K. It is known (see [2]) that
the compact set K is regular iff Cap(K) is positive. It is given by

Cap(K) = limexp (log |z| — G(z,00)), as z — oo

In accordance to [2], the compact set e, e C C, is of zero-(outer) capacity
(Cap(e) = 0), if there is a set of regular compact sets {K,}, K, D K,;; D e,
such that Cap(K,) — 0 as n — oo. (Compare [3]).

Further, if K is a compact set in C, we define the m;-measure of K
as follows (see [3]): my(K) = inf ) |U,|, where the infimum is taken over all the
coverings {U, } of K by disks; |U,| is the radius of the disk U,.

Now let 2 be an open set in C' and the functions ¢,, n € N, be continuous
in C on ). We say (see [4]) that the sequence {¢,} converges to the function
¢ in capacity on compact subsets in 2, if for any positive number € and each
compact subset K of 2, there holds that Cap({z z € K, |(¢n — ¢)(2)| > €}) = 0
as n — oo. The convergence in m;-measure is defined in analogous way. From
Cartan’s inequality Cap(-) > C.my(-) (see [3]), where C is a positive constant,
it derives that the convergence in capacity implies a convergence in m;-measure
(on compact subsets) in (1.

Further, we say that {¢n} converges m;-almost uniformly on the
compact set K, if for each positive € there is a compact subset K, of K such that
1m(K — K,) < € and {g,} converges uniformly on K..

All the detailed explanations concerning the convergence in capacity and
in m;-measure may be found in [4]. We restrict ourselves in reminding of the
fact that for the special instance when the functions ¢, are holomorphic in
(p € A()), then the convergence in m;-measure yields uniform convergence in
Q) (on the compact subsets); thus the limit function ¢ is holomorphic in 2, as
well.

2. New results

The first result in the present paper provides information about the be-
havior of {R,} in the complex plane C' (on compact sets) in the case when the
function f is analytic "almost everywhere” (except a set of zero capacity) in C.
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Theorem 1. Let A be a real segment, oo ¢ A, and fr € C(A), f#O0.
Assume further, that f € A(C — €), where the compact set e is of zero capacity
andeN A = 0.

Then the sequence { R,} converges to f, asn — oo, in capacity on compact
sets in C.

This theorem is an analog of the theorem of Pommerenke concerning the
convergence in capacity of the diagonal sequence {m,(f)} of the Padé table cor-
responding to the function f (see [5]). A special case has been considered in
[6].

Further, let p be a positive measure with a compact support suppy. We
denote by U*(z) the corresponding logarithmic potential:

U4() = - [ gz — tldu(t)

As it is known (see [3]), U*(z) is a harmonic function in C — suppp, subharmonic
in C — supp p and superharmonic in C; U*(00) = —oo and U¥(z) > —oo at each
z€eC.

Let {gn}, n € ©, ® C N be a sequence of measures. We say that {u,}
converges weakly, as n € O, to the measure g, if for any continuous function ¥
with compact support there holds

/d)dﬂn — /¢du, asn € O.

Let R, = P,/Q., where both polynomials P, and @, do not have common
divisor; set

P"(Z) = an H(z - én,k)a myp S n,
k=1
and

In
Qn(z) = bn H(z - Cn.k)a ln < n;
k=1

Let é, be Dirac measure at the complex point z. Then the unique measures
v, and p, associated with the polynomials P, and @, respectively can be defined
a follows:

mn In

o =(1/n). ) b, and pn = (1/n). > &,
k=1 k=1

In the present paper we prove
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Theorem 2. Let f € Cr(A) and suppose there is a compact set e,
e C C,enNA = 0, such that for each compact set K ‘in C — e there holds
pn(K) = o(1/logn), as n — oo; furthermore, let one of two following condition
holds:

a) Cap(e) = 0 and the sequence {un} converges, as n — oo, weakly to a
measure y, SUppy = € or '

b) for each infinite sequence A, A C N, there is a subsequence A,, such
that {un} converges, as n € A, weakly to a measure p(A,), suppu(A,) C e and
there is a point (o, (o € € at which

U* (o) — o0, as n — oo.

Then the sequence { R} of rational functions defined above converges, asn — oo,
m;-almost uniformly, on compact sets in C — e.

Combining this theorem and the fact that {R,} converges on A uniformly
to f, we obtain sufficient conditions for the continuability of the given function
f into C — e, namely:

"Corollary 1. In the conditions of Theorem 1, let K be a compact set in

C — e and € an arbitrary number. Then there is a compact subset K, of K, such
that my(K — K.) < € and f € A(K.).

Corollary 2. In the conditions of Theorem 2 on f, e and p, assume
that R, € A(K) for any compact set K in C — e and all n starting at a number
n(K), n(K) € N. :

Then f € A(C —e).

Corollary 8. In the conditions of Theorem 2 on f, e and p, assume
that there is a compact set K in C — e and an integer m(K) such that

limsup n.pq(K) < m(K), asn — oo

Then the function f admits continuation as a meromorphic function in K
with not more that m(K) poles.

For the special case when the set e consists of a finite number of points
Corollary 2 has been proved by K. Lungu (see [7]).

Applying the same considerations as in the Proof of Theorem 2 to the
zeros of Rn, one can get information concerning the asymptotical behavior of the
sequence {R,}, in the terms of the zeros of {R,}, as well. We restrict ourselves
in formulation an analog to Theorem 3, namely



On the Convergence of Rational Functions of... 121

Theorem 8. Let f € Cr(A) and let e be a compact set, e C C, eUA = 0,
such that for each compact set K in C — e there holds v,(K) = o(1/logn), as
n — 0o; furthermore, let one of two following condition holds:

a) Cap(e) = 0 and the sequence {v,} converges, as n — oo, weakly to a
measure v, supported on e or

b) for each infinite sequence Z, Z C N, there is a subsequence Z,, such
that {v,} converges, as n € Z,, weakly to a measure v(Z,), supported in e and
there is a point n, vy € e for which ,

U ({o) — 00, as n — oo.

Then the sequence {R,} converges m;-almost uniformly, as n — oo, on compact
sets in C — e.

From Theorem 3, it derives

Corollary 4. In the conditions of Theorem 2 on f, e and v, assume
that for any compact set K in C — (e U D) there holds

liminf (Hélll(llR,.(z)l) >0, asn — oo,

Then the function f admits a meromorphic continuation in C — A.

Preliminaries:

Lemma 1 (lemma of Hermite-Lagrange). Let Q be a domain in C and
assume the function g € A(Q) N C(N). Suppose the rational function r, r € R,
r = p/q, interpolates g at the points a;, a; € Q, ¢t = 1,..,n+m + 1. Set
Q(Z) — n+m+l(z _ a‘).

=1

Then for each z, z € Q and q(z) # 0, the following identity holds:

(9 —r)(2) = (1/2m3)) /8 . (W(2)q(t)T(t)g(t)dt) | (W (t)g(2)T (2)(t - 2))

where T is an arbitrary polynomial of degree not grater than m.

The proof of the lemma of Hermite-Lagrange may be found in [7].

Lemma 2 (see [2]). Let K be a regular compact set in C and T,, | be the
corresponding Chebyshev polynomials of degree n with zeros on K. Then

lim || Ta(2)|| 3" = Cap(K), asn — oo
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Lemma 3 (see [2]). Let Qn be a monic polynomial of degree ezactly n
and r a positive number. Then -

Cap{z,|Qn(2)| <"} =

Lemma 4 (see [8]). Let K be a compact set K, K C C and {pn},
n € A, be a sequence of measures with suppp, C K. Then {u,} contains a
subsequence {un}, n € Ay, Ay C A, that converges weakly, as n € A, to a
measure p, suppp C K. The sequence of the corresponding logarithmic potentials
U*n converges to U*, as n € Ay, uniformly on compact sets in C — K ; for any
z € C there holds '

liminf(U*")(z) > U*(z), as n € A,.

Lemma 5. (Bernstein-Walsh lemma, see [7]). Let K be a regular compact
set in C and P, a polynomial of degree n. Then for each z, z € K° the inequality

| P.(2)| < || Pallk- exp(nG(z, 00))holds.

Proofs of the results:

We say that the integer n, n € N, is normal if the number of the poles of
R, in the extended complex plane C' is equal to n, i.e. if max(m,,[,) = n. Since
the function f is not rational, the sequence A of the normal integers is infinite.
Let n(k) € A. By the alternation theorem of Chebyshev, the difference (f — Rn(x))
attains alternatively the value of £||f = Rnx)lla at N(k)+1 == n(k)+n(k+1)+1
(different) points on A (see [1, pp 66] ). It is easy to show that for any n € A,
n(k) < n < n(k + 1), one has Rn)(z) = Rn(z). Chebyshev’s theorem implies
also

(1) (Ra(k+1) — Ba1)(2) = An(eywn(i) (2)/(Qn(k) @n(k+1))(2)

where w,(x)(2), is a monic polynomial of degree exactly N(k), with simple zeros
belonging to A and A, is given by the formula

(2) Angky = (Pa(k+1)@n(k) = Pn(k)Qn(k+1)) (1) /wnry (1)

for any complex number 7, ¢ A.
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To simplify notations, we shall assume everywhere in our further consid-
erations that A = N. With respect to the arguments discussed above we preserve
the generality of the considerations.

Proof of Theorem 1:

In the conditions of the theorem, we may assume that the function f is
holomorphic at infinity (outside of a disk of sufficiently big radius) and f(oo) =.0.

Let K be a compact set in C, K Ne = () and r be a positive number such
that the disk D, = {z,|z| < r} contains the sets K, e and A. ‘

For each n, n € N, we decompose the polynomial Q,(z) = Q2(2).¢x(2),
where
(3) gn(2) = [ I¢nil > 2r(2/¢ni = 1)
and Q° is monic.

For each set F', F D e, FN(KUA) = (), we introduce the parameter C(F')
as follows:

C(F):=( sup |t—n|)?/{(dist(F,A)*dist(F, K))}.
tesneF

Obviously, for any sequence { F,,} of compact sets with F,NK = 0, F;, D Fpy1 Dee,
there holds C'(F,) — C(e) continuously as n — co. Select now a compact set V,
V D€, VN(KUA) =0 such, that C; =2C(e) > C(V).

From here and on we shall denote by C;, ¢ = 1,2, ... constants, independent
on n.

Let § be an arbitrary positive number § and E be a regular compact set
such that e C E C V and 0 < CapE < §/(9C;). For any n, n € N, let T,(2),
deg T}, = n, be the corresponding Chebyshev polynomial with zeros on E. By the
alternation theorem of Chebyshev, for each n € N there are 2n + 1 points z,;,
lying on A such that f(z,;) = Rn(zn;). Setting Wa(2) = 2"} (2 — 2a,) and
applying Lemma 1, with 2 = D, we obtain for z € K (recall that f(co) =0.)

Setting

Xa(E) = [WallelTallellgall el Qulle | ¢ € OF min{|Wa(t)| [Ta(t)] 1Qa(t)] lan(t)]}
we get .
I(f = Ra)(2)] < C2 Xn(E)
< Co.C™(E).(3r)".3" | Talle/1Qn(2)]

In view of (3) and of Lemma 2, taking into account the choice of the
positive constant Cy, we now get

(4) |(f = Ra)(2)| < C2.6/1Qn(2)]
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Note that the last inequality is valid for each z, z € K with Q%(z) #
and n large enough.

Let now € be an arbitrary positive number. From the last inequality w
get

{z,2 € K,|(f = Ra)l(2) 2 €} € {2,z € K, |Q3(2)| < C2.6"/¢}
Hence, by Lemma 3 and by (4)

limsup Cap{z,z € K,|(f — R)|(2) > €} < §, as n — oo.
This proves Theorem 1.

Proof of Theorem 2:

Let K be a compact set in C, K Ne = . Fix a compact set F, K C 1
and FNe=0.

For every p, p > 1 we introduce the notation ®,
® = {z,Ga(z,00) = log p}.

It the case being considered ®,, is an ellipse with focuses at the points a and 3.
Select now a positive number p such that

D, ={zz|<r} D {eUFU{®,F,®,NF #0}}.

We normalize the polynomials Q,(z) = Hkn,kls"(z_(ﬂ’k) . HICn.ul>r(z/C"-"_
1). Set ¢°(2) = H|<,.,,|>r(z/<n.k —1). By the conditions of the theorem,

() lga(2)"/" =1, as n — oo

uniformly on compact subsets of D,.
Decompose Q, = ¢,.q2.Q%, where all the zeros of g, are situated on F
Set k, = deggq,. In the conditions of the theorem, k, = o(n/logn). Therefore,

(6) llgallps™ = 1, as n — oo

for each compact set M in C.

Denote by u the unique measure associated with Q2 and by U¥s th
corresponding logarithmic potential. Obviously, u2 is the restriction of pn o1
D — F. 1t follows from the conditions of the theorem that if one of the sequence

{pn} or {p2} converges weakly for some X, X C N, then so does the other an
the limit measures are equal.
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Set now

¢n(2) = (1/n)log [((Rns1 = Ra(2))gn(2)gn41(2)|

and consider the function
¢(z) = limsup p,(z), as n — oo.

According to (1), the functions ¢, are harmonic in K — A, equicontinuous.
and uniformly bounded above there (on compact subsets). Hence, by Arzela’s
theorem, ¢(2) is either

1) a continuous subharmonic function in K — A or

2) p(z) = —oo.

We shall show that Proposition 2 holds. For this purpose it suffices to
prove that ¢(a) = —oo for an arbitrary point a,a € K — A.

Fix an arbitrary point a, a € K. From (1) and (2), we get

¢n(a) < (1/n)10g |(Pat1@n — PaQn41)(C)I+
+(1/n) 10g |wan+1(a)/wan41(¢)| = (1/n)|log Qa(a) + log Qn1(a)l+
(7) + (=1/n)|log gn(a) + log gny.(a)l.
where ¢ ¢ A is an arbitrary point.
Fix the compact set E such that e C E C D, and EN (AU F) = 0.
Everywhere in what follows we shall assume that ( € E. Obviously
(8) limsup(1/n) 10 [[wans1(a)/wans1(C)llcex < C, a8 m — o0

and
(9) limsup(—1/n){{log |Qa(a)| + log |Qa.(a)|} < C4, as 1 — oo.

Note that the constants C3 = Cj(a,() and C4 = C4(a) do not depend on n and
are finite numbers.

SetBn(() = (1/n)log |(Pn+1Qn — PaQn41)(C)I

By (7)
(10) w(a) < Ba(¢) +Cs |

for a suitable constant Cs, Cs = Cs(a, E).
Let us estimate B,(() for n large enough. In view of (2), we get

B(¢) < (1/n)10g (| Pas1 (ONIQn(O] + 1@n41(OIIP)(O])
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From here, using an argument of [9], we have
(11) Ba(¢) <

< (1/n)log (| P llE1Q0 (Ol galIENlgalle + | Pall£l@0 41 ()l gn4a |5l gnr L)

Applying now Bernstein-Walsh’ lemma to || P,||g, we obtain

[Palle < || Palla- exp(nGa(C;00)) < [|Rallal|@nllallexp(rGa((; 00))l|e

(12) < Co|@nlla-C7 = Cgll@ulla,

where C7 = ||expGa((,0)||g. Here we used the fact that {R,} converges
uniformly to f, as n — oco. Similarly,

(13) [ Pasille < C5FH|Qnsalla-

Further, we have

(14) max([|Qniilla, 1Qalla) < Cg

Inequalities (12), (13) and (14) are valid for each n € N starting at some
index ny, n; = ny(E,a).

Combining now (11), (12), (13), (5) and (6), we obtain
B,(¢) < Cio+ (1/n)log 2+
+max {(1/n) log [@n41(C)], (1/n) log [Q7(0)}

where Cjo = Cjo(a, E) is a suitable finite constant.

Applying again an argument of (9], we may write

(15) B.(¢) < Ciy + max{=U"((),~U*w ()} =
= Cyy — min{U*(C), U+ (()}

Note that the last inequality is valid for all n > n; and for any (, ¢ € E.
Let now A = A(a) be an infinite sequence, for which

lime(a) = p(a), as n € A.
Then, in accordance to (10)

(16) ¢(a) < limsup B,(¢) + Cs, as n € A°.
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for any sequence A°, A° C A, and any point ¢, ( € E.

By Lemma 4 there exists an infinite subsequence A, of A such that {2}
and {ud,,} converge, as n € Ay, weakly to the measures p’ and u”, respectively.
In view of the conditions of the theorem, suppyu’ and suppu” belong both to e.

The further application of Lemma 4 to inequality (15) yields

lim sup B,(¢) < Cra — min{U*(¢), U*"(()}
Combining (16) and the last inequality, we get
(17) w(a) < Cra = min{U*((), U*"(O)}-

Note that C), is finite constant and { € F is an arbitrary point.
Now, it easily follows that

(18) ¢(a) = —c0.

and thereby,
(19) ¢ = —oo on JK.

Indeed, in the case a) of the theorem we have ' = p” = p. Since Cap(e) =
0, there is at least one point (o € e at which U#((o) = oo and (18) is proved by
setting in (17) ¢ = (o. In the case b) we select a sequence ( tending to the
point (o and pass to the limit in (17); equality (18) now results from the lower
semicontinuity of the logarithmic potential at the point (. Set

kn
gn(2) = H(z —Cnii)

Select a positive number € such that ¢ < m;(K) and introdu- ce the set
(e)
Ue) =Un Uiy {2,2 € K, |2 — (a4] < €/ (knn?)}

Obviously, m;(2(¢)) < € and m(£(¢)) decreases with €. Also, for each
z ¢ Q(¢€) there holds '
(20) |gn(2)] > (kun?/e)n

Let ¢ be a fixed positive number, ¢ < 1. It is not hard to see that for all
n large enough the inequality

llellox < logg
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holds. Therefore, by the maximum principle for holomorphic functions,

| Ras1 = Raullk-a( < C13.¢"/{|9(2)-gn41(2)|}

for every z, 2 € K — Q(¢) and for an appropriate positive constant Cj3.

Applying (20) to the last inequality and taking into account that both k,
kq+1 satisfy the condition k, k.41 = o(n/logn), we obtain

| Ras1 — Rallk-a() < 97

for a some number ¢;, ¢ < q; < 1.

Therefore, the sequence {R,} converges uniformly on K — Q(¢). Recall
that m,(Q(¢)) < e.

This proves the theorem. .
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