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1. Introduction

In the paper differential equations with maximum of the form

z(t) = F(t,z(t)), ax z(s),

are considered, where z(t) € R", F and g are continuous functions. Such equa-
tions arise in the problem of automatic regulation of various real system [7], [11].
It is characteristic for them that the deviation of the argument is not previously
given but depends on the unknown function z. The necessity of study of this type
of equation was pointed out by A.D. Myshkis [10]. Various questions related
to ordinary differential equations with maximum are considered in separate pa-
pers. For instance, theorems of existence of periodic solutions and some of their
properties are studied in [12]; the averaging method is justified for differential
equations with maximum in [9)].

In the papers [1], [6], [8] (see also [3]) it is assumed that the initial functions
are elements of a concrete functional space and the right-hand side of the equation
satisfies the Lipschitz condition which ensures uniqueness of the solution. For
instance in Magemedov [8] and Angelov and Bainov [1] the phase space
is respectively C([—h,0], R') and C((—o0,0,R") consisting of continuous and
bounded functions.
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Here an abstract phase space E is used which admits a single approach
to the cases of bounded and unbounded delay of the argument. A theorem of
existence is proved, which does not require a Lipshitz condition on the right-hand
side of the equation considered. Sufficient conditions for continuous dependence
of the solutions on the initial function are found.

2. Existence of a solution

Let ® = {¢ (—00,0] —» R"}, E C ®, and let E be a linear space provided
with some seminorm || - ||. For any function z defined in the interval (—oco,t] € R
set 4(s) = z(t + s) for s < 0. For 7 > 0 set

E, ={p € ®|p € C[-7,0], p_, € E}.

Introduce the following conditions:
H1. If 1 >0,p € E,, t € [—7,0], then ¢, € E.
H2. If 7 >0, ¢ € E,, then ¢(0)| < Mp||¢|| and

lill < K(r) max lo(s)]+ M()llp-

where My is a constant, K and M are continuous positive functions, and | - | is
the Euclidean norm in R™.

H3. If ¢ € E then ¢ is continuous for s € Iy, where
(1) Io = {s <0 [{3c > 0}{Ve € E)H{lp(s)| < cllell}-

Definition 1. A linear space E which satisfies conditions H1-H3 is said
to be an admissible space.

Lemma 1. Let E be a linear space satisfying conditions H1 and H2. Let
A€ .

Then there exists a number Ko > 0 such that |¢(s)| < Ko||¢l|| for ¢ € E,
s € [),0].

The proof is given in [5] (Lemma 2.4).

Remark 1. From Lemma 1 it follows that if E is an admissible space,
then the set Iy is an interval, 0 € Io, and there exists a positive continuous and
monotone decreasing function M* such that

lo(s)| < M*(s)lll for s € Io, ¢ € E.
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A typical example of an admissible space is the linear space C) = {p €
®NC(—h,0| (3d € R)(Vs € (—h,0](|¢(s)|e™ < d)} provided with a seminorm
defined by the equality

llell = sup |o(s)le™,
s€(—h,0]

where 0 < 5 < 400, 0 < h < +o00. In this case Iy = (—h,0], M*(s) = e,
K(r)y=1fors<0<7,M(r)=e"for 0 <7 < h,and M(r) =0for 7 > h+1.
If E is an admissible space, where ||| = |¢(0)| for ¢ € E, then the quotient
space E/|| - || is isomorphic to R™ and instead of E we shall write R™.

Remark 2. Similar spaces have been introduced by Hale [4] Hale,
Kato [5],Schumacher [14] under some additional constraints. In the papers
quoted an essential role is played by the additional assumption that for ¢ € E,,
t € [—7,0] the mapping t — ¢; € E is continuous in the topology of E. The
last requirement excludes from consideration the spaces C} for 0 < v < o0,
0 < h < 400. In order to illustrate this fact we shall note that a typical example
of the space considered in Hale [4] Hale and Kato [5], Schumacher [14]
is the subspace

Cy ={p € C} | p(s)e™ has a limit as s = —h,s > —h}

for 0 <4 < 400,0 < h < 400, and C7\C} # 0 for h > 0. Let 0 < 4 < +o0.
If o(s) = e™*sins for s < 0, then p € CL\CL. If h € (0,400), ¥(s) = 0 for
s < —h, and 9(s) = €™ sin 73~ for s € (—h,0], then ¢ € C1\Cy.

For any vector-valued function ¢ = (z1, 2, ..., ,) continuous in the inter-
val [a, b] introduce the notation

:nelim’)b(] z(s) = (sme[?)lf] z1(8), ey smelz:,)g] zn(8)).

Consider the differential equation

(2) (1) = F(t,2(t), max a(s),

where & is a right-hand derivative of the unknown n- dimensional function z, and
g and F are given functions defined respectively in the open sets I C R! and
G C I x R™. Introduce the conditions:

H4. g€ C(I), g(t) —t € I for t € I C R, where I is an open set.
"H5. F € C(G), where G is an open set, G C I x R*™.
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Lemma 2 [1]. Let hy, hy € C(I) and hy(t) < hy(t) fort € I. Lett, € I,
[h1(t1), ha(t1)] C U, z € C(U), where U C R' is an open.set.

Then the function =~ max _ z(s) is conti N
f s€[hy (t)h2(t)] ( ) 18 conlinuous for t

Lemma 3. Let E be an admissible space and let condition Hj hold. Let
j be a functional defined for (t,7) € I x E by the equality

(3) i(t9) = (59(0) max ¢(s)).

Then j € C(I x E) and j(t,.) is locally Lipschitz continuous.

Proof. For o, p € E, ¢, d € Iy, c < d, k = 1,2,...,n the following
inequalities are valid

max 8) — max pi(s) < max —or)(s
,e[c.ﬂw( ) ae[c,d}w( ) < aE[c,d](<Pk @x)(s)

(4) < max M*(s)lle = ¢ll = M*(@)lle ~

where M* is the function of Remark 1. Here j(t,.) is locally Lipschitz continuous.
It remains to show that the last n components of j are continuous functionals.
But this follows from conditions H3, H4, from relations (4) and Lemma 2 in view
of the equality

pk(s)

sG[l_:]r(lg-)—(f,O] Pk
(s)
max _@k(s) —

max o1(s
s€lo(t)-t,0) s€lg(D)—£.0] P(s)

Let E be an admissible space and let conditions H4 and H5 hold. From
Lemma 3 it follows that the set Q = j7}(G) C I x E is open.. For (t,%) € Q set

(5 f(t,9) = Flt, (1), _max ().

s —
R wx(s)

= — ma ;
"G[?(lti)lftyolwk(s) sG[g(t))—(t,O]sOk

Thus equality (2) takes the form
(6) (t) = f(t, 7).

Remark 3. Under the conditions H1-H5 the functional f in the right-
hand side of equality (6) is continuous by Lemma 3.
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. For (o,¢) € Q the initial value problem (2), z, = ¢ is equivalent to the
Initial value problem (6), z, = ¢. For the initial value problem (6), z, = ¢ we
shall prove an analogue of Peano’s theorem of existence of a solution.
Remark 4. We shall illustrate the significance of condition H4 or more
- precisely of the inclusion g(t) —t € I, for t € I which enters it. Let E be an
admissible space consisting of continuous functions. Let the functions g and F be
continuous respectively in I and G C I x R*. Suppose that (7,0,...,0 € G, g(7)T,
but g(7) — 7 ¢ I,. Then the functional f defined by equality (5) is discontinuous .
at the point (7,0) € I x E. Moreover, if G C I x I, where the set I' C R*" is
bounded, then in any neighborhood V' of the point 0 € E there exists ¢ € V such
that the right-hand side of equality (2) is not defined for ¢ = 7, z, = . This fact
follows from the relation g(t) — 7 ¢ Ip and from the homogeneity of the seminorm
Il in E.
Definition 2. The function z (—0o0,a) — R™ is said to be a solution of
the initial value problem (2), z, = ¢, (0,9) € I x E if 0 < a, z € C([0,a)),
T, = ¢ and for t € [0, a) satisfies the relations j(t,z:) € G and (2).

Lemma 4. Let E be an admissible space and condition H4 hold. Let
0 < a, [0,a) C I, and let the function z (—oo,a) — R™ be continuous in the
interval [0,a) and z, = ¢ € E.

Then the vector j(t,x;) is continuous function of t € [0,a)

Proof. Since z, € E, z € C([0,a)) and E is an admissible space, then
z, € E for t € [0,a). From Lemma 1 it follows that two cases are possible: o =
(=7,0],7 > 0 or Iy = [—7,0], T € (0,+00). If Io = (—7,0], then z € C((0 — 7,4))
and the assertion of the Lemma follows from condition H4 and from Lemma 2.
In the case Iy = [—7,0], 7 € (0,+00) we set Z(t) = z(t) for t € [0 — 7,a) and
#(t) = z(0c — 7) for t < ¢ — 7. Then # € C(—00,a) and from condition H4
and from Lemma 2 it follows that the vector j(t,%;) is a continuous function of
t € [0,a) and j(t,z,) = j(t,z) for t € [0, a).

Lemma 5. Let E be an admissible space and conditions Hf and H5
hold. Let the function z (—oo,a) — R™ be a solution of the initial value problem
(2), z, = ¢, (0,9) €I X E.

Then = has a continuous derivative fort € (o,a).

Proof. From relation (2) and from Lemma 4 it follows that for ¢ €
[0,a) the function z has a right-hand derivative #(t) which is continuous. From
Rouche, Habets and Laloy ([13], Appendix 1, Corollary 2.4) it follows that
for ¢ € (0, a) the function z has a continuous derivative d/dtz(t).
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Let o > 0. Consider the spaces |
Col0,a] = {y € C([0,q], R") | y(0) = 0},
Col0,0] = {y € C((~00,a], ") | y(s) = 0, for s <0}

provided with the standard norm

ol = max, lu(s)1

It is obvious that these are Banach spaces and the embedding i Co[0, o] — Co[0, a]
is an isomorphism and homeomorphism. For # > 0 set

A(e, B) = {y € Co[0, ] [llyllo < B},

A(a, B) = i(A(a, B)).
Moreover, with each ¢ € E we associate the function ¢ R' — R" defined by the
equalities
(7) %o = @, ¢(t) = ¢(0) for t > 0.

Lemma 6. Let E be an admissible space and conditions Hj, H5 hold.
Let (0,0) € Q=;"Y(G) and a > o:

Then the function z (—o0o,a) is a solution of the initial valve problem (6),
t, = ¢ if and only if the function y defined for t < a — o by the equality

(8) y(t) = z(o +1) — ¢(t)
satisfies the equalities
(9) Yo = 0,

v = | “F((0 + 5,30+ 32))ds

fort € [0,a — o).
The proof follows from the relations @, + ys = To4s,j(0 + 8, Zo45) € G for
s €[0,a — o), and from Lemmas 4 and 5.

Lemma 7. Let E be an admissible space and conditions H{, H hold. Let
UcQ=j"YG), and let a, B, d be positive numbers such that the set

(10) V={(+t,¢e+y) | (0,¢) €Ut €[0,a],y € A(, B)}
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satisfies the relations

(11) V COIF(i(t, ) < d for (t,¥) €

Then the formulae

(12) TF(O',SO,y)=0fOT‘t€ (—O0,0],

(13) TF(@p)(0) = [ Fl(o+ 5,60+ ))ds,t € 0,0],

define an operation TFU x A(a, B) — Co0, a] whzch is continuous and, moreover,
TF(U x A(a,B)) C S, where the set

(14) S = {y € Col0,a] | ly(t) —y(r)| < djt — 7|, |y(t)| < da, t,a € [0,0l}

is compact in Co[0,q].

Proof. From relations (10), (11) it follows that equalities (12), (13) define
an operator TFU x A(a, 3) — S where S is a subset of Co[0, a] define by equality
(14). From (14) it follows that z'“(S ) is compact in CQ[O a) by the Ascoli-Arzella
theorem. Since the embeddlng i CO[O a] — Co[0,q] is continuous, then Sis a
compact in Co[0,a]. Let {(o™, o™, y™)}2_, C U % A(a ﬂ) and (o™, ™, y™) —
(0°,¢°,4°) € U x A(a, B) as m — +oo. Smce {TF(c™ ¢™ y™)} ooy C S a.nd S
is a compact, then there exists an accumulation point v € S and a subsequence
{(e™, ™, y™,)}5, such that for t € [0,0q]

t

(15) y(t)= lm [ F(j(e™ +s,¢7 +y,™))ds.

v—+00 0

From conditions H2 and from relations (7) it follows that for s € [0,a], m € N
the following inequalities are valid

&7 — &5 +y7 — vyl
K(s)|™(0) — ¢°(0)] + M(s)|le™ — &°ll + K(s)lly™ = ¥°lo

< (K(s)Mo + M(s)ll¢™ = &°ll + K ()™ = 8°llo

Then from relations (10), (11), from conditions H4, H5 and from Lemma 3 it
follows that

(16) lim F(j(e™" +s,¢™ +yi™)) = F(i(0° + 5,45 +45))

v—+00
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for s € [0,a]. From relations (10), (11), (15), (16) and from Lebesgue’s theorem
it follows that

Qn

t
- / F((0°+ 5,8° +3))ds = TF(,¢% 5°)(2)
0

for t € [0,a]. Since the accumulation point + is unique for the sequence
TF(c™,¢™,n™), then the operator T'F is continuous.

Theorem 1. Let E be an admissible space and conditions Hj, H5 hold.
Let (o,¢) € I x E and j(o,¢) € G.
Then the initial value problem (2), x, = ¢ has a solution.

Proof. Since the set G is open, j(o,¢ € G and the function F is con-
tinuous, then there exists a neighborhood Gy of the point j(o, ) and a positive
constant d such that |F(t,z,y)| < d for (t,z,y) € Go. From equalities (7) and
from Lemma 4 it follows that the vector j(o +t,{;) is a continuous function of ¢
fort >0,0+t € I. By Lemma 3 the function j(s,) is locally Lipschitz continu-
ous with respect to ). Hence there exist numbers a > 0, B > 0 such that ad < 3
and the set V defined by the equalities U = {(c, )}, (10) satisfies relations (11).
From the inequality ad < f it follows that the set S defined by equality (14)
is a subset of A(za,B). From Lemma 7 it follows that S isa ‘compact subset
of the Banach space Cy[0,a] and the operator TF(a,, . )§ — S defined by the
equalities (12), (13) is compact. Since the set S is a compact and convex subset of
Co[0, a], then by Schauder’s fixed point theorem it follows that there exists y € S
such that TF(0,¢,y) = y. By Lemma 6 the function z defined for t < o + a by
equality (8) is a solution of the initial value problem (2), zo = ¢.

Definition 3. The function z (—oco0,a) — R" is said to be a continu-
ation of the function Z (—oo,d) — R" if @ > @ and z(t) = Z(t) for t < a.

Definition 4. The function z (—00,a) — R" is said to be a non-
continuableolution of the initial value problem (2), z, = ¢, (0,9) € I X E,
if z is a solution of the initial value problem (2), z, = ¢ and no solution of the
initial value problem (1.3), z, = ¢ is a continuation of z.

The existence of a noncontinuable solution of the initial value problem (2),
2, = ¢, (0,¢) € I x E is guaranteed by Theorem 1 and Zorn lemma. If z is a
noncontinuable solution of the initial value problem (2), z, = ¢, (0,¢) € I X E,
then by b(z) we shall denote the right-hand endpoint of its definition domain.

Corollary 1. Let E be an admissible space and let conditions H4, H5
hold. Let = be a noncontinuable solution of the initial value problem (2), z, = ¢,
(0,¢) € I x E such that b= b(z) < +oo and has a limit z(b) ast — b, t <b.
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Then z, € E and (b,z3) ¢ j71(G).
The proof follows from Theorem 1.

3. Continuous dependence of the solution on the initial function

Lemma 8. Let E be an admissible space. Let conditions Hf, H5 hold,
where I = (to,+00), G = I x R*™, and the function F is bounded. Let z be a
noncontinuable solution of the initial value problem (2), z, = ¢, (o,9) € I X E.
Then b(z) = +o0.

Proof. Suppose that this is not true, i.e. that b(z) < +oo. For t <
b(z) — o set

y(t) = (o +1) — ¢(t),

where ¢(t) = ¢(t) for t < 0 and ¢(t) = ¢(0) for ¢ > 0. By Lemma 6 equalities
(9) are valid. Since the function F is bounded, then the function y is Lipschitz
continuous. Hence the function z has a limit as t — b(z), t < b(z), and by means
of Corollary 1 we get to a contradiction with the equality G = {to, +o0) x R?".

Introduce the following condition:

H6. There exist numbers 7 € I, p > 0, a@ > 0 such that [r — p,7] C I,
and if z is a noncontinuable solution of the initial value problem (2), z, = 0,
o €[r—p,7], then b(z) > 0 + e and z(t) =0 for t < o + a.

Theorem 2. Let E be an admissible space. Let conditions H{, H5 hold,
where I = (to,+00), G = I x R*™™, and the function F is bounded. Let, moreover,
condition H6 hold.

Then for € > 0 there exists a number § = §(7,p, o, €) € (0,€) such that ifz
is a noncontinuable solution of the initial value problem (2), z, = ¢, 0 € [T—r,7],
e € E, |l¢|l < 6, then b(z) > 0 + a and ||z,|| < € fort € [0,0 + .

Proof. Let ¢ = m[gx](K(s) + M(s)), where K and M are the functions
s€|0,a

of condition H2. It suffices to show that there exists a positive function é defined
for € > 0 so that §(e) < € and if z is a noncontinuable solution of the initial value
problem (2), z, = ¢ € E, 0 € [t —p,7], |l¢|l < é(¢), then b(z) > o + a and
qlz(t)| < e for t € (0,0 + a.

Suppose that the assertion of the theorem is not true. Then from Lemma
8 it follows that there exists a number ¢, > 0 such that for any n € N there
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exist o™ € [1 — p, 7], " € E, n|¢"|| < €, n|e™(0)] < 1, a solution z" of the
initial value problem (2), z,n = ¢" and t" € [¢", 0™ + a] such that |z"(t")| = €.
By condition there exists a number d > 0 such that |F(¢,z,y)] < d for t € I,
z,y € R". From Lemma 7 it follows that formulae (12), (13) define a continuous
operator TF I x E x C[0,a] — S, where S is a compact subset of C|[0, a] defined
by equality (14).

Forn € N,n > 1/e, t < a set

y"(t) = 2"(o" +1) — g"(1),

where ¢"(t) ="(t) for t <0, ¢"(t) = ¢™(0) for t > 0. From Lemma 6 it follows
that

(17) TF(e",¢"y") =y".

Moreover, y" € S, 7—p < o™ < 7,0" < t" < T4a, n||¢"|| < € and thesets S, [ —
p,T + o] are compact. Therefore, if we pass to a subsequence and preserve the
same notation, we obtain without loss of generality that (o™, ", y*) — (7,0,7),
t — tasn — oo, where € [r—p,7],t € [7,7+0a],§ € S. Since the operator T F
is continuous, then passing to the limit in (17), we obtain that TF(7,0,y) = .
From Lemma 6 and from condition H6 it follows that y = 0 € C([0,a]). On the
other hand, the relations t" — o™ € [0,e] and [§"(t" — o™)| = |Z(t") — " (0)| >
€0 — |¢"(0)| are valid. Hence ||3"|| > €0 —n~"'. Since §" — § = 0 as n — +o0, we
obtain that ¢ < 0 which contradicts the inequality €y > 0.

Theorem 3. Let E be an admissible space. Let conditions Hf, H5, H6
hold, where I = (to,+o0) and (t,0,0) € G C I x R fort € [t —p,7 + a.

Then for € > 0 there ezists a number § = §(7,p,a,€) € (0,¢€) such that if z
is a noncontinuable solution of the initial value problem (2), z, = ¢, 0 € [T—p, 7],
then b(z) > o0 + a and ||z;|| < € for t € [0,0 + o]

Proof. Since [r — p, 7+ a] x {(0,0)} is a compact subset of G C I x R*"
and G is open, then there exists a number v > 0 such that the open set

Go={(t,z,y) € R |te(t—p—vT+a+7) [g| <, ly| <7}

and its closure G lie in G. By Urysohn’s lemma th_ere exists a continuous and
bounded function F defined in R?™*! so that F' = F in Go. The set j7'(Go) is
open by Lemma 3 and contains the compact [T —p, 7 +a x {(0,0)} C I x R,
Then there exists a number € > 0 such that the set

Vo={(or+s,1/;)|o'€(7'—p,‘r+a), YEE, |3|S60, ”'(/J” <60}
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lies in j=1(Gy), i.e. j(Vo) C Go. For € € (0,€) the assertion of the theorem
follows from Theorem 2 since F' = F in j(Vp)

In the general case the continuous dependence of the solutions of the initial
value problem (2), z, = ¢, on the initial function ¢, ||¢|| = 0 for fixed o € I is
not uniform on o even if the null solution of (2), z, = 0 is unique for o € I and
the right-hand side of the equation is bounded.

Examplel. Fort € I = (1,+00), z > 0 set

tr, 0<z<t!
F(t,z) = { 1, >t

and F(t,—z) = —F(t,z). Consider the ordinary differential equation
(18) z(t) = F(t,2(t))

For given ¢ > 0, € € (0,q) and § > 0 arbitrarily small there exists o > §~! such
that the solution Z of the initial value problem (18), z(o) = é leaves the domain
lz| < e.

Remark 5. Theorem 2 and Theorem 3 give sufficient conditions under
which the continuous dependence of the solutions of the initial value problem
(2), z, = ¢ on the initial function ¢, ||¢|| & 0 is uniform on o running over a
fixed compact. In particular, for p = 0 and fixed a > 0 the function 8(a,€) =
6(0,0,,p,€) can be chosen nonincreasingly and continuous on o.

Introduce the following conditions:

H7. If z is a noncontinuable solution of the initial value problem (2),
t, =0,0 € I, then z(t) =0 for t € R.

H8. There exists ¢ > 0 such that for |z| + |y| < €, t € R the functions
g(t) — t and F(t,z,y) are periodic with respect to ¢t with rationally dependent
periods.

H9. The function M*(g(t) — t) is bounded for t € I.

H10. There exist numbers € > 0, ¢ > 0 such that |F(t,z,y)| < ¢(|z|+y|)
fort € I, |z] + |y| < eo.

Remark 6. A function r is said to be periodic with period w = 0 if
r(t) = const for t € R.

Corollary 2. Let E be an admissible space. Let conditions H{, H5, H7,
H8 hold, where I = R, G D R x {0}.

Then for any q¢ > 0, € > 0 there exists a number § = 6(q,e) > 0 such
that if z is a noncontinuable solution of the initial value problem (2), z, = ¢,
(0,9) € R' X E, ||¢|| < 8, then b(z) > o + q and ||z|| < € for t € [0,0 + q].
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Proof. By condition H7 there exists a number w > 0 such that g(t—w) =
9(t) —w, F(t —w,z,y) = F(t,z,y) for t € R, |z| + [y| < €. Without loss of
generality we suppose that

G ={(t,z,y) | (t,z,y) € R x R" x R", |z|+ |y| < ¢}

Let 0 < a < 400, Z (—00,a) = R", z* (—00,a + w) — R" and z*(t) =
Z(t — w) for t < a + w. Then z,, = %, and for t € (0 + w,a + w) the following
equalities are valid

F(t,z*(t), .é{lqz))(,t]z (s)) = F(t — w,z(t — w), se[g(mi))(,t—w]

z(s)).

Hence the function z is a solution of the initial value problem (2), z, = ¢ if and

only if the function z* is a solution of the initial value problem (2), z,4., = ¢.

From Theorem 3 (for p = w) there follows the assertion of Corollary 2.
Corollary 2 gives sufficient conditions under which the number é(c,€) in

Remark 5 does not depend on o € I. Another sufficient condition for this is given

in the following theorem.

Theorem 4. Let E be an admissible space. Let conditions H{, H5, H7,
HY, H10 hold, where I = (to,4+00) and G = {(t,z,y) € I x R*" | |z|+ |y| < 2¢0}-

Then for any q > 0, € > 0 there ezists a number § = é(q,¢) > 0 such
that if = is a noncontinuable solution of the initial value problem (2), z, = ¢,
(0,9) € I X E, ||¢|| < 6, then b(z) > o + q and ||z:|| < € for t € [0,0 + q].

Proof. Let ¢ > 0. Taking into account that E is an admissible space and
conditions H4, H9 are met, it follows that if z (~oc0,a) = R", 0 < @, z, € E,
z € Clo,a), then for t € [0,a) N [o,0 + q] the relations z; € E and

(19) lze|l < Ky max [z(s)| + Mulle |l
< x |zi(s) + | L df|ze|,
(20) | max, | < 3%, o l2l8) | < dl|z|l

are valid, where K, = K(7), M, = Trg{g);}M(T), and d = max{%,s;léll)‘(g(t)—t)}-

For any € € (0, €) there exists a number § = §(q, €) which satisfies the inequalities
(21) 0 < 2d6 < ¢, 4M,d6 < o, 4dK1(Mo + 2cdgM;)e** 516 < ¢.

We shall prove that §(g, €) satisfies the requirements of Theorem 4.
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Let z be a noncontinuable solution of the initial value problem (2), z, = ¢,
(0,0) € I x E, ||g|l < & = 6(g,¢). Set

(22) W = {t € [o,b(z))

z(t)|+ | max z(s)|> €0y,
20+ 1 max 2(5)] > o

r=b(z) for W =0,r =inf W for W # 0.

From the inequalities (20) and 2dé < € < ¢ it follows that o ¢ W. Hence
o0 <r < b(z) < +0o. From condition H10 it follows that

23 F(t,z(t), max z(s)| < 2¢| max z(s
(23) [F(t,2(2), max z(s)] < 2| max (s)l

for t € [0, b(z)). Integrating (2) from o to t, we obtain
t
<
24) (0] < le(@)] + [ IF(a(3), max a(s)ldA

for t € [0, b(z)). From relations (19), (20), (24), (25), z, = ¢ € E it follows that
for t € [0,0 + ¢] N [0, 7) we have

t
201 < Mollgll + 2ed(Mll¢ = o) + [ Kr ma [a(s)ldA).
Hence
t
rn[a)t(] |z(s)| < (Mo + 2cdgMy)||¢|| + 2cdK, / rga),\(] |z(8)|dA.
s€|o, o 3€lo,

for t € [0,0 +q]N[o,r). From Lemma 2 and Gronwall’s inequality it follows that

(25) | max a(s)| < (Mo + 2cdg M, ||p| e

for t € [0,0 4 ¢] N [o,r). From the inequalities ||¢|| < &, (26), (19)-(21) it follows
that
(26) =) + |, max a(s)| < 2l=(t)]| < 5+ 5 =¢< e

for t € [0,0 + q] N [o,7). Since 2d > 1, then it suffices to prove that r > o + ¢.
Suppose that this is not true, i.e. r < o + ¢q. From relations (27), (2) and from
condition H10 it follows that z(t) has a limit z(r) ast — r, t <r. Then r € I,
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z, € E, j(r,z,) € G and from Corollary 1 it follows that r # b(z). Hence
o <r < b(z) and by relations (22), (23) we obtain that W # () and

max x(s)|+ |z(r)| =€
|, dmax 2(s)] + la(r)] = e

which contradicts inequality (27).

10.

11.
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