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About a New Class of Integral Transforms in Hilbert Space
S. B. Yakubovich

Presented by Bl. Sendov

In this paper a new class of integral transforms is constructed by means of compositions
of the general Fourier and Watson transforms [5). This class involves both transforms with
integration with respect to the arguments(the convolution type transforms [2}, [4]) and to the
parameters (the index transforms [7]-[9]) of special functions in the kernels. Mapping properties
are investigated in the space La(R+), where La(R+) is the Hilbert space of square summable
functions on R+. A Plancherel type theorem is proved. New pairs of index transforms involving
the Lommel functions [1] and the Meijer G-functions [3] as kernels are discussed.

1. Introduction

In accordance with [5] the transform

N
(1) K@) = o) = Jim [ Kew) )y

is said to be a general Fourier transform, where f(z) € La(R+), k(z) is called
a Fourier kernel and the integral (1) converges in L;-sense. The operator (1) is
bounded on the space Ly(R+) and its inversion in the general case has the form

- N -
(2) [Kol(z) = f=) = Jim [ kz)a(u)ay

where k(z) is the conjugate Fourier kernel and there is the equality in terms of
Mellin transforms (3] k*(s) = M{k(y); s} and k*(s) = M{k(y); s} of the kernels
k(z) ans k(z): X

(3) k*(s)k*(1-8) =1, R(s)=1/2,
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where

(4) M{f(y); s} = /R Ty,

In order to provide the existence of Mellin transforms (4) for the Fourier
kernels mentioned above we need the following

Definition 1.1 [6]. Denote by R the set of kernels k(z) for which the
following conditions hold:

1) k(z) € L(¢, E) for any €, E such that 0 < € < F < oo;

2) The integral (4) for k*(s), R(s) = 1/2 is convergent and there exists
a constant C > 0 such that for almost all ¢, £ > 0 and t € R the following
estimation is fulfilled:

(5) /E k(u)u“'l/zdu <C.

€

If for the kernel k(z) € R there exists a conjugate kernel k(z) € R so
that the equality (3) holds almost everywhere on the line R(s) = 1/2, then we
say that k(z), k(z) € R* C R.

For the K-transform and the K-transform the relation of Parceval type
is true

(6) / LK F(u) K f)(w)du = / ” Py)dy
with the inequalities |
(7) cl / Z 1 f)Pdy < / K fl(w)Pdu < ez / |F(v)Pdy,
(8) el / 7 f)Pdy < / & () Pdu < & / \f(v)Pdy,

where ¢;, é-const, i = 1,2, and the integrals are understood as improper.
In particular, if k(z) = k(z) and |k*(s)| = 1, then the operator (1) is
unitary on the space La(R+), i.e.

) / K f(u)Pdu = / 1 Fw)Pdy

and its inversion formula has the symmetric form

N
(10) [Kg)(z) = f(z) = lim_ /0 k(zy)g(y)dy.
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Many examples of kernels from R* can be found in [1].It is natural to note the
known pairs of symmetrical cos- and sin-Fourier transforms

N

(1) (Fef)@) = o(@) = V2T7 Jim [ cos(ay)f(w)ay,
.N

(12) [F.f)(2) = o(z) = v/2/7 Jim [ sin(ey)f()dy.

Now we can introduce the transform (1) in terms of Watson kernels. A
function ky(z) is called a Watson kernel if

1/24+iN k*

(13) k(z) = / k(y)dy = =~ lim k(8 s,

27I’ZN—»oo 1/2 —iN 1-s

A function k;(z) is called a conjugate Watson kernel if

z 1/2+iN k"(s)
14 k = — ¢
( ) 1(1:) 27 l\}l—ronoo 1/2-iN 1- 3 s

and the equality (4) takes place. Since the functions k*(s), k*(s) are bounded
on the line R(s) = 1/2 according to Definition 1.1, then the integrals (13)-(14)
exist in Lo-sense and in accordance with the theory of the Mellin transform
ky(z)/z, k1(z)/z belong to Ly( R+).

The following improper integral

u

© L I
(15) / —lﬂ)—:—lLy—u)du = min(z,y), >0, y>0
0

is said to be a Watson condition which provides the boundedness in Ly(R+) of
the corresponding Watson transforms pairs

(16) K@) =)= 32 [ k@i,

a7) & 1)@) = 1@) = 57 [ haenew) L.

Moreover as it is shown in [5] the Watson condition (15) is necessary for the
existence of the dual transforms pair (16), (17).
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2. New general transforms

Let the functions k(z), h(z) be arbitrary Fourier kernels for the set R*
and (K f](z), [H f](z) be the corresponding general Fourier transforms defined
by formula (1). Let also u(z) be a monotonically increasing positive function
on R+, which is differentiable one and p(0), p’'(0) # 0.

Let us consider the following composition of general Fourier transforms

9(z) = [K /W) H fl((1)))(z)
(18)
N M
Jim [ keovE® Jim [ b f@) dy
and its conjugate

(=) = (KW (@)H f)(u(1))(=z)
(19)

N . M
fim [ k@) /i@ Jim [ hu(e)(w) dyat
0 —o0 Jo

N—oco

It is evident that if f(z) € Ly(R+), then +/p/(z)[Hf](u(z)),
N z)[H f)(u(z)) € La(R+) and after twice using the equality (6) we will have
the corresponding Parseval relation for the compositions (18), (19), namely:

(20) / " 9(2)i(z)dz = / U A0 = [ ” Py)dy

with the inequalities

(21) & /o )Py < /0 ” g(w)l?du < ez /o *\fw)ldy,
(22) & /o )Py < /0 ” o(u)du < & /0 " fw)dy,

¢;, é;-const, 1 = 1,2.
Now we consider the composition (18) in the space of C*°-functions with
compact support on (0,00) as follows

_ 4 [Chk(zt) 1 d [ h(pt)y)
g(:l:) - dz o 1 \/ﬁ'—(ﬁdt - Yy f(y)dydt

d [®ki(zt) 1 d [ hi(u) u
(23) =zl = oL |7 P s mwyduat

d [ k) JED [ ,
= [T RO [ i) v
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Since ky(zt)/t € La(R+) for any z > 0, @hl(u(t)y) € Ly(R+) for
any y > O,then the last iterated integral is absolute convergent one and after
changing the order of integration and integration by parts the composition (18)
will have the following representation

ey @ =g [T g [T o) L D,

where the integrated terms vanish according to the properties of the function
f(y) and the following estimate of the inside integral follows by the Schwartz
inequality

r

2 bty Lo

() \'* (o), 2
(/0 —z /0 " dv < B,/zy,
B-const.

If we denote by

(25) Kp(z,y) = 3%/ /ooo kL(;-th(u(t) ) th() )dt

then we obtain almost for all 2 > 0 the following general transform

t <

(26) o(z) = = / K2 (2, v)f(9)dy,

or analogously as for the composition (19) we have the conjugate index transform

(27) i(z) = L / K% (2,9)/ (v)dy.

Let now f(y) be an arbitrary function from L,(R+). By substitution
u(t) = v in (25) and by the properties of Watson kernels k;(z), hy(z) it is not
difficult to show that K}, (z,y) belongs to Ly(R+) for almost all z > 0, and
analogously K7 o (:l: y) € La(R+). Therefore, from the inequalities (21), (22)
the operators (26) (27) are bounded in Ly(R+) and defined for any function
f(y) € Ly(R+), since the set of C°°-functions with compact support on (0, c0)
is dense everywhere in Ly(R+).

If we consider the equality (20) for two different functions
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f(v), f(y) € Ly(R+) and their general transforms g(z), §(z)
(28) | swiwan = [ rwiway

then taking f(y) = 1,0 < y < z, f(y) =0, y > z and evaluating
g(u) = Klf:il(u,a:) € Ly(R+)

for almost all z > 0, where

(29) K% (u,z) = (% /Ooo kl(tut) iy (u(t)z)‘:—’z;)t)dt,

we get immediately the dual formula
(30) f(z) = %/0 th(u,z)g(u)du
or analogously from (27) we have

(31) 1@ = g2 [ &ty

Theorem 2.1 Let u(z) be a monotonically increasing positive function
on R+ which is differentiable and p(0) = 0, p'(0) # 0. The general transforms
(26) and (27) map L2(R+) onto Lo(R+) and the Parseval equality (20) takes
place with the inequalities (21)—(22). Moreover, the dual formulae (30), (31)
are true almost everywhere on the R+.

Now we can get analogues of Watson condition (15) for the general trans-
forms (26), (27). Since (25), (29) yield that

(32) Kty = gm [ o) i,
(33) it = im [ kom0

then according to the Parseval equality (6) we have

* N ki (at)ka (vt .
(34) / K (z, u)K; (y, u)du = / _1_(2_321(—3/)‘” = min(z, y),
0 0
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N hy(zu(t))h
@) [tk du = [ PRI 40) = mine,v).

Hence, as in Section 1 we conclude that the transforms pairs (26), (30)
and (27), (31) are dual ones iff the conditions (34), (35) are fulfilled. ’

Now we apply the theory of the Mellin transform (4) in Ly(R+) [5] to the
pairs (26)-(30) and (27)-(31) in order to fill the set of new integral transforms.

Let f(z) € La(z%~'; R+)NLy(z'~%'; R+),1/2 < 7 < 1, where the space
Ly(u(z); R+) denotes the space of square summable functions with a weight
u(z). From the Holder inequality we find that f(z) € La(R+) in this case and
moreover, from the Parceval equality (20) and the Mellin-Parseval equality [5]
it follows that

oo 1 +100
(36) / g(u)g(u)du = 53 f(s)fr(1—s)ds,
0 Tt Jy—ico
where f*(s) denotes the Mellin transform (4) of the function f(z) in
La(z®~'; R+) and f*(s), f*(1—s) € La(y — i00,7 + i00).

Let the kernel hq(z)/z € La(2?!; R+) N La(R+), 1/2 < v < 1. Then
in the space of smooth functions we use the representation (23) and according
to the definitions (13), (14) of Watson kernels with the Mellin-Parseval equality
and the changing of the order of integration by the property 1) from Definition
1.1 we will have

o@) = [~ BN [T o) v
(37) = = Jlim /1 ;VN k(xt)x/n'(t)2—; / fﬂw ';'(S)F(l s)(u(t))"*ds =
1 e p(s)
= —Nh_r‘n(x> o T ——~ My(z,1—8,N)F(1-3s)ds,

y—100

where F(1—3s) € La(y — t00,7 + t00) and

(38) F(s) = /ooo y"f’(y)dy,
N
(39) Ma(z, 8, N) = / k(zt) /i () (u(t))*~dt.
1/N

‘But integration by parts in (38) for C*°-functions with the compact supports
gives F(s) = —sf*(s). So we get finally,

1 y+i00

(40) g(z) = — h*(s)Mi(z,1—s,N)f*(1-s)ds

N oo 271 ~—ico
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and similarly for g§(z),

vy+ioco

(4) g = lim = [ h*(s)My(e, 1-s, N)f*(1- s)ds,

N—-oo 2m12 y—i00

if the kernel h;(z)/z € Ly(z27~1; R+) N Ly(R+), 1/2 < v < 1.Substituting in
(39) u(t) = v we obtain

(42) Mi(z,1—s,M) = M k(zp~'(v)) -8 du

sl
M (p=1(v))
and from the condition v?u'~%7(v) < C, C-const for all v > 0 it follows that for

allz >0 k:,‘(‘;l'('u» € La(v'~?"; R+). Thus, we get that

Nlim Mi(z,1—3,M) = My(z,1—38) € La(y — 100,7 + i00).
—00

Now we modify the condition (5) on the Watson kernels, namely: let for
the kernel k(y) (similarly for the kernel k(y)) the following inequality hold

E
(43) / k(zu)V/E (@) (u(u)) "~ du| < C, 1/2<v <1,

where ¢, F and C are some constants, X > 0, T € R. So, in these cases according
to the Lebesgue theorem we have that the integrals (40)—(41) converge uniformly
in N for all z > 0 and the corresponding limits coincide almost everywhere on
R+ with the limits in square and we get the following formulas

1 vy+i00
(44) o= g [ WMz, 1-5)1 (1= )ds,
(45) §(z) = 2_36 / 7_+°° h*(s)M(z, 1—35)f*(1=s)ds,
where o
(46) Mu(a,1=5)= [~ k(@0 Vi m(e)dt.

Now for the arbitrary function f*(s) such that f*(s), f*(1—s) € La(y -
00,7 + i00) from the Parseval equalities for the Mellin transform [5]:

1 [ .. . &
o [ inta= [y s)ty,
T J oo 0
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1 oo . ) o
—*2”/ |f*(1 — 7 + it)|%dt =/ v 7| f(y)|?dy
—oo 0

it follows that f(z) € La(2?""Y; R+) N La(2'"2;R+) C La(R+), 1/2 <y < 1
and from the estimates (21)—(22) we have

@ [Tleora<a [ 1reior,
0 —00
/ |g(t)|2dt<A1/ |f*(y + it)|%dt, A, A; — const.
0 —00

So, the equality (44) is true for all functions from Ly(y — 00,7 + i00) N
La(1—7—1400,1—7+1i00) and the integral transform (44) maps them in Ly(R+).
From (28) we ha.ve the analogue of equality (36) for two different functions f*(s),
f*(1—s). Setting f(1—-y—it)=1,—co<t<T, f(1—29—it)=0,t>r
from the Parseval equality (36) it follows that a.lmost everywhere on R the dual
formula holds valid

(48) f*(y+ir)= % /Ooo g(u) /T h*(y + it)M;(u, 1 — vy — it)dtdu.

Theorem 2.2 Let u(z) be a monotonically increasing positive function
on R which is differentiable,u(0) = 0,4'(0) # 0,and z*u'~?7(z) < C,C — const,
z >0, 1/2 < vy < 1. Let also the Watson kernels hy(z), hi(z) be so that
hi(z)/z € La(z*~1; R+) N La(R+), 1/2 < v < 1, hl(z)/x € La(z2~ 1 R+) N
Ly(R+), 1/2 < v < 1, and for the kernels ky(z) and ki(z) the inequality (43)
holds. Then, for arbztrary function f*(s) such that f*(s), f*(1—s) € La(y —
00,7 + i00) the general transform (44) belongs to L(R+) and the Parseval
equality (36) is true, where §(z) is defined by (45) with the estimations (47).
Moreover, the dual formula (48) takes place almost everywhere on R.

3. Examples

Let us consider the cases of transforms (26), (27), (44), when FS t) =e'-1.
Moreover, we set k(z) = k(z) = {/2/7cos(z) or k(z) = k(z) = /2/msin(z).
Then, after simple manipulations using the condition (5) for the kernel h(z)
from the representation (25) we get immediately that

(49) 5(?— {"}( y) = f{"} owa’é‘%={§}sh(%%—im),
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where the integral in (49) is meant as improper according to condition (5). So
we have the following pairs of integral transforms which map the space Ly(R+)
onto Ly(R+):

(50) g(z) = lim / } Su(v, 1/2 ~ iz) f(w)dy,

(51) s = gim_ [ {8} site1/2 - wras,

As an example of the pairs (50)-(51) we consider them when h(y) =

h(y) = mam (y Egh))) is the Meijer’s G-function [3], where m,n € N, m # n,
(a2n) = a1,..., 024, (ﬂ2m) Biy .y Q2m, @ € R, anyj = —aj, Jj= T—n B; € R,
Bm+; = —Bj, j = 1I,m. As it is known from [6], these G-functions are Fourier
kernels and the corre§pondxnﬂtegral transforms pairs (50)-(51) are unitary in
Ly(R+), i.e. setting f(z) = f(z), §(z) = g(z), from (28) it follows the Parceval
equality in the form

(52) /0 ” \g()|%dz = /0 | f(v) .

The integral (49) can be evaluated according to [3], Section 2.24.2, for-
mula (4) and we have

8) s 120 =2 (8} [ Gt (v

- )%= 1 m+1,n+1 0,(ax2n)
- T {9} [r(1/2 - im)G2"+1’2m“ (y |_1/2_.-z,(g,m)) :

So we get two new pairs of integral transforms (50)-(51) with Meijer’s
G-functions as kernels, namely:

mA,ntl
g(z)= - N_,oo/ { [P(z G2»+1,2m+1 (y

(54)
[2 1 2n
f(z) ]\}I—Enoo [F( ! )Gg::l'.’;:lﬁl (z ?(%:y).(ﬁzm)>] g(y)dy‘

Further, we consider new pairs of integral transforms (50)—(51) with Lom-
mel functions S, ,(2) 1] as kernels when a) h(y) = h(y) = y/2/7sin(y) and b)

(c2n)
(Bam ) dt.
(53)

0,(02")
—%—c’z.(ﬁzm)):\ fw)dy,
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h(y) = h(y) = \/2/7 cos(y). From the Mellin transform formula (See [3], Section
8.4.27, formula (3)), the following representations follow:

/°° sin(yt)dt  _..
0

(t+ 1)1/2-.’: - iz,llz(y),

/0 > (ﬁ% = 4y~2(1/2 — iz)(y/4)"S1—iz1/2(¥)

and we get immediately in the case a)
N e ,
9(z) =2/x Jim | {g} [y Siz/2(v)] f(y)dy,

(55)
N
1) =2/x Jim [ {8} (e Si0n(@)] a)ay,

and in the case b)

8 . Mg . iz -2
g@@) = dim | {8} (12~ i2)/4)"S r4iaa)] v S W)y,
(56)

N
f@) = 2ot Jim [T {%1m} (172 - i0)(@/9%S 1siap2()] 9y,
In both cases (55)—(56) the Parseval equality (52) is true.

Finally we get a particular case of transform (44), when u(t) = e — 1,
k(z) = k(z) = \/2/x cos(z) or k(z) = k(z) = \/2/7sin(z) and h(z), h(z) are
arbitrary conjugate kernels so that the corresponding Watson kernels satisfy the
conditions of the theorems mentioned above. From the known representation
for the Beta-function, using (46) we obtain that

I'(s—1/2—iz)
My (@, 1-9) = r(}—s) {3} I(1/2 - iz)

(57)

. I'(s—1/2—-1iz)  T(s—-1/2-1iz)
_I‘(l—s)[ I(1/2 - iz) T(1/2 + iz) ]

Thus the pair (44), (48) will be as follows

YHioo s — — iz
68) o) =50 [ weora- (8} SR a- e,
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1/2<vy<1,

(59) ffy+ir) = Ed; /ooo g(u) /_T h*(y + it)[(1 — v — it) x

T(y + it) — 1/2 — in)
% {g} T(1/2 — iu)

dtdu.

If h(z) = h(z) and the kernels h(z), h(z) are real functions, then from
the Parceval equality (36) for the pair (58), (59) we have the following relation

(60) [T 1e@rde =5 [ roFa= s,

—100
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