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Subgroups of the Isometry Group in a Galilean Space I: The
Cases of Two and Three-Parametric Subgroups !

Adrijan V. Borisov

Presented by P. Kenderov

In this paper the two and three-parametric subgroups of the isometry group in three-
dimensional Galilean space are determined.

1. Introduction

With respect to nonhomogeneous coordinates an isometry of the six-para-
metric isometry group Bg in the three-dimensional Galilean space G3 has the
form

T=a+z,
Y= b+ cx + cosp.y + sin ¢.z,

Z=d+ ex —sin p.y + cosp.z,

where a,b,c,d,e and ¢ are real numbers [3]. The infinitesimal operators of Bg

are 3 s 8
Xi=5 Xa=3, Xs=z5,

X4=§;, X5=1:38;, X6=z§;—y38;

' This work was in part supported by MES grant MM-18/91.
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and satisfy the system

(X1, X2] =0, [X1,X3]=X,, [X1,X4)=0,
[XlaXS] = X4) [XI’XS] = 0) [XZ, X3] = 01
[X2,X4] = 01 [X21 XS] = 0, [XZ) XG] = _'X47
[XS)X4] = 01 [X3, X5] - 07 [X3a XG] S '_X5)
[X'h XS] = Oa [X41 X6] = X2a [X5’X6] = X3,

where [...] is the bracket of Poisson.

For the necessities of some applications the natural problem which arises
is to classify the subgroups of Bg. That is the aim of this paper and we give
the two and the three-parametric subgroups of Bg which are different up to a
Galilean isometry. The results have been announced without proofs 1], which
are given here.

2. Two-parametric subgroups of Bg

A two-parametric subgroup of Bg can be defined by two infinitesimal
operators (see [2], p.163)

6
(1) Ya=) amXi, h=1,2,
k=1

satisfying the conditions

2
(2) [V;,Y;] =Y ki, i,5=1,2 i#]
k=1

where apx and cf-‘j are real numbers. Now we shall consider the possible cases.

1. @13 = a13 = a4 = a15 = a16 = 0. Then a;; # 0 and by a suitable
change of the variables we can obtain a1; =1, a2 =0.

1.1. a3 = a4 = azs = aze¢ = 0. Then az; # 0 and choosing az; = 1 we
obtain the subgroup

By = {X1, X3}

1.2. a3 # 0, a4 = azs = aze = 0. We put azz = 1 and therefore
Y1 = X,, Yy = a3 X2 + X3. From [Y7,Y2] = X, we deduce that the operators
Y; and Y; do not define a group.
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1.3. a4 # 0, ags = aze = 0. We take az4 = 1 and after the substitution

3) z=2z, 7 L__(amy+2), % L (v +am2)
=, y=—_’022 9 = —F/—\ 22
1+ ajz, \/1 + agz

we get the subgroup Bo;.

1.4. azs # 0, age = 0. Choosing a5 = 1 we have that Yy, h=1,2,do
not define a group.

1.5. aze # 0. We assume azs = 1. The operators define a group iff
ag3 = azs = 0. Now we make the change

T=2z, Yy=—au+y, Z=azx+2

and obtain the subgroup
Ba2 = {X1, Xe}-

2. a12 #0, aj3 = a4 = ay5 = a16 = 0. We suppose a;2 =1, az; =0.

2.1. a3 = az4 = azs = aze = 0. Consequently az; # 0 and taking
az; =1, a;; =0 we get Ba;.

2.2. azs # 0, agq = azs = aze = 0. We put azz = 1. The operators
define a group iff a;; = 0 and we find the subgroup

B3 = {X3,aX; + X3|a € R}

2.3. azq # 0, azs = aze = 0. We assume azq = 1. Then the operators
define a group if and only if ay1a23 = 0.

2.3.1. a1 = 0.
2.3.1.1. a; = 0. In this case we obtain the subgroup

Bjs = {X2,aX3 + X4|a € R}
2.3.1.2. a1 # 0. We make the substitution

1

(4) T=z, Y=y, Z2=——2+ 2
az

and we have Bg; or Bsj3 if azz = 0 or az3 # 0, respectively.

2.3.2. a3 = 0.
2.3.2.1. a7 = az; = 0. Now we get Bag by a = 0.
2.3.2.2. a;; = 0, a3 # 0. Applying (4) we obtain Ba;.
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2.3.2.3. a1; # 0, a2 = 0. By means of the change

T=z, Y=y, Z= zT—-Y,
an

we get again Bo;.
2.3.2.4. a;; # 0, az # 0. Now replacing
T=uz,
_ 1 as
Yy ——-———(——-—:z: +any — allz)’
vei, ta3 9
1

————=(—2 + any + anz),
vai + a3

N|

we have Bj;.

2.4. ags # 0, aze = 0. Choosing azs = 1 we obtain that Y; and Y define
a group iff a;; = 0. By the change

T=au+z, §=y, Z=2
we get the subgroup

Bss = {X2,aX1 + BX3 + Xs|ap € R}

2.5. aze # 0. We put aze = 1. Then the operators define a group if and
only if a;; # 0, a3 = ajjazs — 1 = 0. Making the substitution

Tos, J=-au-—z+y, T= -2 45
a an
we find Bsj.
3. a13 # 0, a14 = a5 = a16 = 0. We suppose a;3 = 1, az3 = 0.

3.1. ag2 = a4 = agzs = aze = 0. Therefore a3; # 0 and taking az, =
1, a;; = 0 we obtain 1.2.

3.2. azy # 0, agq = azs = aze = 0. Now we choose az; = 1, a;2 = 0 and
we get 2.2.

3.3. azq # 0, azs = aze = 0. We put azq = 1. The operators define a
group iff az; = 0. Replacing

: 1 1
T=a2+z, J= =(ay + 2), Z= ———=(—y + a222),
12 Y 1+022( 22 ) 1+a22( 222)
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we get Bjs.

3.4. azs # 0, aze = 0. We take azs = 1. Y; and Y; define a group if and
only if a;; = az; = 0. After the change

T=a12+z, Y=y, Z=2
we obtain the subgroup

Bae = {X3,aX3 + BX4 + Xs|a, B € R}.

3.5. aze # 0. Choosing az¢ = 1 we get that the operators do not
determine a group.

4. a14 # 0, a15 = a1 = 0. We assume a14 = 1, azq4 = 0.

4.1. agzy = a3 = agzs = azg = 0. Consequently az; # 0 and taking
az; =1, a;; = 0 we have 1.3.

4.2. az2 # 0, a3 = azs = az¢ = 0. Now we put az; =1, a;2 =0 and
obtain 2.3.

4.3. a3 # 0, azs = aze = 0. Choosing a3 = 1, a13 = 0 we get 3.3.

4.4. ags # 0, aze = 0. We take azs = 1. The operators define a group iff
a1 = a13 a) = 0.

4.4.1. a);) = a13 = 0.

4.4.1.1. a12 = a2 = 0. By the change

(5) T=z, =2, Z=-Y
we obtain B,z or Bas if azs = 0 or az3 # 0, respectively.
4.4.1.2. a12 # 0, azz = 0. In this case we make the change

1 1
6 T=2z, §J= ———(a12y+ 2), Z= ——=(—y + a122),
1 VT, ) e Ve

and we get B3 or Bss if a3 = a1 or az3 # a2, respectively.
4.4.1.3. ayz = 0, a2 # 0.
4.4.1.3.1. az; = a3 = 0. Now we apply (5) and we find Ba4.
4.4.1.3.2. a1 # 0, az3 = 0. Replacing

(7 T=z, =2, z=a—-:c—y,

we have Bs3.
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4.4.1.3.3. ay; = 0, az3 # 0. By the substitution

— a2z — -
T=—+2z, Y=2, 2= Y,
az3

we obtain Bys by a = 0.
4.4.1.3.4. a3 # Oazz # 0. In this case we apply (7) and we get Bas.
4.4.14. a2 # 0, azz ;é 0.
4.4.1.4.1. az; = ay3 = 0. We make the change

— a2 _ 1 _ 1
8) T=-——+z¢z, = ———(a1y + 2), 2= —/——=(—y + a122
(8) 12 Yy T+ ‘112( 12Y ) m( 122)
and we find Bys by a = 0.
4.4.1.4.2. a3 # 0, azz = 0. Applying (8) we have Bss.
4.4.1.4.3. a3 =0, a3 # 0. If azs # a,2, then we make the substitution

a 1
'f=--L+:L‘, ¥ = ———=(a12y + 2),
az3 — a2 1+ aj,

1

zZ= ——(—y + 0.122)
vV1+ a?z

and we obtain Bys by a = 0. If a3 = a2, then we apply the change (6) and we
get Bag.

4.4.1.4.4. ag # 0, az3 # 0 . Changing the variables in the form

1 (- a12a32

Vv1+ a1!2 a1

T=2,7= T + a2y + 2),

zZ= N - mx—y-}-anz),
V1+ad], on
we find Bas or Bss if a3 = a2 or a3z # a;2, respectively.
4.4.2. a1y = az =0.
44.2.1. a13=0.
4.4.2.1.1. aj2 = a2 = 0. In this case we have 4.4.1.1.
4.4.2.1.2. ay2 # 0, azz = 0. We obtain 4.4.1.2.
4.4.2.1.3. a;2 = 0, az; # 0. Now we get 4.4.1.3.
4.4.2.1.4. ay3 # 0, azz # 0. We have 4.4.1.4.
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4.4.2.2. ay3 # 0.

4.4.2.2.1. a3z = a3 = 0. Applying (5) we obtain Bjg.
4.4.2.22. az # 0, az3 = 0.

4.4.2.2.2.1. a12 = 0. If aj3a2; < 0, then we have the subgroup

Bar = {aX3 + X4, BX2+ Xs|laB < 0; o, € R}.

and if ajzaz; > 0, then we use the change

1
= \/l-i-—a_—Tan(vamany + 2),

<

N|

1
T VT eV Vaeem)

and we get Bag.

4.4.2.2.2.2. a2 # 0.
i) D = a?, + 4a13a3; > 0. Using the substitution

1
T=A+z, J= —\/—7(2a13a22y + (a2 + \/l—))z),

1
Z= \/—Z((au — vV D)y + 2a13a322),

where 9
a
A= %(alz — a12013G22 + (l + 012013022)\/5)’
A = (—a12 + VD)? + 4a?4dd,,

we have Bog.
ii) D = a?, + 4a13a22 < 0. Replacing

— ay2 - 1 D
T=——+z, =7 + (1 +a1za2; + i
™ \/Z(any (14 ay3azz + v/ D1)z)
1
zZ= -_A(_(l + a13az2 + / D1)y + a122),

where

Dl = afz + (1 + a13a22)2, A= afz + (1 + ay3az2 + Vv D1)2

203
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we get Ba7.
4.4.2.2.3. azz =0, azz # 0. If a;2 = 0, then we use the substitution

az3 -
——+z, §=z Z=-y
a3

and we find Bgg. If a12 # 0, then replacing

8l
Il

T==z @‘———-1———-——(a + 2)
) 1+l123 23Y )

1

—=(—vy + a232
m(y 23)

z =

we have again Bag.
4.42.24. a2 # 0, a3 # 0.
4.4.2.24.1. aiz = 0.

i) D = a%; + 4a13a32 > 0. By the change
1
IT=A+z, Y= \/—2(20130223/ + (—az3 + VD)z),

1
3= -\-/—Z(—(—ag;; + \/B)y + 2“13‘1222)’

where Jb
—az3 +
A= —a—":—'—-(aza(aza — VD) + 2a13a22(1 + a13a22)),
13
A = 4a%303; + (—a2s + VD)?,
we get Bag.
ii) D = a2, + 4a13a22 < 0. Now making the change
1
T=A+z, Y= 7’—(023!/ + (1 + a13a22 + v/ D1)z),
zZ= ——( —(1 + a13a22 + v/ D1)y + az3z),

J_

where

. 228V Z1(1 4 arzaz + V' Dy),
0,13A

D = ad3 + (1 + ayzan)?,
A = a2 + (1 + a13a22 + VD1)?,

A= —
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we obtain Bj7.

4.4.2.2.4.2. a2 # 0.
l) D= (0.12 - 023)2 + 4a;3a;2 > 0. By the change

1
T=A+z, §= —\7_—2(2(“12%3 — a13a22)y + (@12 + a3 + v D)z),

1
Z = —(—(a12 + a23 + vV D)y + 2(ajza23 — ay13a22)2),
\/Z( (a12 + a23 + V D)y + 2(a12a23 — ay3az2)2)

where
1
= alaA(‘GZS(alz + a23 + VD)? + 2(1 — a12a23 + a13a22)(a12 + azz + VD)X
X(Gnazs - al3a22) + 4012(012023 - 013022)2), o
A = 4(a12a23 — @13022)* + (a2 + az3 + V'D)?,
we find Bgs.

ii) D = (a12 — a23)? + 4a;13a2; < 0. Now applying the substitution

1
T=A+z, §J= "\/7((012 + az3)y + (1 — a12a23 + ayzazz + /Dy)z),

1
z= ﬁ(—(l — @a12a23 + a13a22 + V/ D1)y + (@12 + az3)z2),

where

1
= m(—am(l — a12a23 + a13a22 + /' D1)? + ay2(a12 + az3)*+

+(1 = a12a23 + @13622)(1 — @12a23 + a13azz + v/ D1)(a12 + az3)),
A = (a12 + a23)® + (1 — a12a23 + a13a221/Dy)?,
Dy = (@12 + a23)* + (1 — a12a23 + a13a22)?,

we obtain Bs7.

4.5. azg # 0. We assume az¢ = 1. The operators define a group if and
only if



206

Adrijan V. Borisov

Replasing

1 a2
a1 #0, a3 =0, ax3=——, azp=—.
a1 ail
_ — _ an a2
=2z, y—___z+y7
a1 ai
- a12a21 1
Z=aQyg — ———— —T+ 2,
a a

we obtain Baj,.

5. a15 # 0, a6 = 0. We suppose a15 = 1, azs = 0.
5.1. @ag2 = a3 = a4 = aze = 0 . Therefore az; # 0 and choosing

az; =1, a;; = 0 we find 1.4.

2.4.

4.4.

group.

17 al

2.5.

5.2. azy # 0, a3 = azq = aze = 0. We put az; = 1, a;2 = 0 and we get

5.3. azz # 0, azq = aze¢ = 0. Taking a3 = 1, a;3 = 0 we have 3.4.
5.4. agq # 0, aze = 0. Now we choose a4 = 1, a;4 = 0 and we obtain

5.5. aze¢ # 0. We put aze¢ = 1. In this case the operators do not define a

6. aj6 # 0. We assume a6 = 1, aze = 0.

6.1. azp = a3 = ag4 = azs = 0 . Then az; # 0 and putting az; =
= 0 we find 1.5.

6.2. azy # 0, azz = az4 = azs = 0. We take az; = 1, a12 = 0 and we get

6.3. a3 # 0, az4 = azs = 0. Choosing az3 = 1, a;3 = 0 we obtain 3.5.
6.4. azq # 0, azs = 0. Now we put a4 = 1, a;4 = 0 and we have 4.5.

6.5. azs # 0. In this case we suppose azs = 1, a;5 = 0 and we find 5.5.
Thus the following theorem is stated:

Theorem 1. The two-parametric subgroups of Bg can be reduced to
one of the subgroups:
B21 = {XI)XZ}’
322 = {XI’XG}y

Bas = {X2,aX1 + X3|a € R}.
Byy = {Xz,&Xa + X4|a € R}
Bas = {X2,aX1 + X3 + Xs|ap € R}
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B = {X3,aX2 + X4 + Xs|a, B € R}.
Ba7 = {aX3 + X4,8X2 + X5|laf < 0; a,B € R}.

3. Three-parametric subgroups of Bg

A three-parametric subgroup of Bg can be define by three infinitesimal
operators Y, h = 1,2, 3, in the form (1), which satisfy (2) fori,5 = 1,2,3, 1 # j.
Consider the possible cases.

1. aj2 = a13 = a14 = a15 = a1 = 0 . Then @y # 0 and we can assume
that a1y = 1, ag; = az; = 0.

1.1. ag3 = a4 = azs5 = agg = 0 . Therefore azy # 0 and we can choose
azz = 1, aza = 0. The operators Y; = X;, Y2 = X3 and Y3 = a33X3 + azs X4 +
a35Xs5+azsXe define a group if and only if azs = 0, aszs = 0 and |ass|+|ass| # 0.
Thus we find the subgroup

Bz, = {X1, X2,aX3 + BX4lla| + |B| # 0; «,B € R}.

1.2. az3 ;é 0, A24 = Q25 = Q26 = 0. Now we can assume a3 = 1, azz = 0
and applying the condition (2) for 7,5 = 1,2,3, ¢ # j, we obtain azq = azs =
azg = 0. Then we choose az; = 1 and making the change T = a; + z, ¥ =
Yy, Z = z we obtain Bs; by § = 0.

1.3. a4 # 0, a5 = aze = 0. We suppose azq =1, az4 =0 .

1.3.1. az3 = a3s = azg = 0 . Consequently azz # 0 and putting az; =
1, azo = 0 we get B3; by 8 # 0.

1.3.2. a3z # 0, a3s = aze = 0. We choose aaz = 1, az3 = 0 and in this
case the operators do not define a group.

1.3.3. azs # 0, azs = 0. We assume azs = 1. The operators define a
group iff a3 = 0, a2 = azsz. Then we make the substitution

— a22032 _ 1
z = +2z, Y= ——=(an2y+ 2
1+a§2 1+022( )’
_ 1
2 =

————=(~y + a2z
\/l—n-g;(y 22)

and we obtain B3; by a # 0.
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1.3.4. a3¢ # 0 . Taking aze = 1 we have that the operators do not define
a group. .
1.4. a5 # 0, azs = 0. Now we suppose a5 = 1, a3s = 0.

1.4.1. a33 = a34 = azg = 0. Therefore a3, # 0 and weé put azz = 1, azz =
0. The operators do not define a group.

1.4.2. az3 # 0, a3q = aze = 0. We assume a3z = 1, az3 = 0 and we find
that the operators do not define a group.

1.4.3. azq4 # 0, aze = 0. Taking az4 = 1, az4 = 0, we get 1.3.3.

1.4.4. a3z¢ # 0. Putting azg = 1 we obtain the operators do not define a
group.

1.5. az¢ # 0 . We suppose azg = 1, azg = 0.

1.5.1. az3 = az4 = azs = 0 . Then a3z; # 0 and we can choose az; =
1, a2 = 0. In this case the operators do not define a group.

1.5.2. a3z # 0, azq = azs = 0. We take azz = 1, a3 = 0 and from 1.2.
it follows that the operators do not define a group.

1.5.3. a34 # 0, a3s = 0. Choosing a3z4 = 1, az4 = 0, we have 1.3.4.
1.5.4. a3s # 0. We put azs = 1, azs = 0 and we obtain 1.4.4.

2. a2 # 0, a13 = a14 = a5 = a16 = 0. We suppose aj2 = 1, az; =
azz = 0.

2.1. az3 = a4 = azs = aze¢ = 0. Therefore az; # 0 and putting az;
1, ay; = a3z; = 0 we have 1.1.

2.2. a3 # 0, a4 = azs = aze = 0. We assume az3 = 1, azz = 0.

2.2.1. a34 = azs = azeg = 0. Consequently a3; # 0 and taking a3
1, aj;; = az; = 0 we get B3; by 8 =0.

2.2.2. az4 # 0, a3s = azg = 0. Now we choose az4 = 1 and obtain that
in this case the operators do not define a group iff a;; = 0.

2.2.2.1. a3; = 0 . We have the subgroup

B3z = {XZ, aX1 + X3, X4|la € R}.
2.2.2.2. az; # 0 . We make the change
T=u, y=19, Z=——zx+ 2
y=y -

and we get the subgroup Bs; by a # 0.
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2.2.3. azs # 0, azg = 0 . We suppose azgs = 1 . The operators define a
group if and only if a;; = az; = 0 . Applying a obvious change of the variables
we find the subgroup

B33 = {X2’X3) aXl + X5|a € R}-

2.2.4. azg # 0 . Putting azg = 1 we obtain that the operators do not
define a group.

2.3. a4 ;é 0, azs = Q26 = 0 . We assume az4 = 1, azq = 0.

2.3.1. az3 = a3s = azg = 0. Therefore a3y # 0 and taking az; =1, a3 =
as; = 0 we obtain 1.3.1.

2.3.2. a3z # 0, aszs = azg = 0. Choosing a3z = 1, a3 = 0 we have 2.2.2.

2.3.3. azs # 0, azg = 0. We put azs = 1 . Now the operators define a
group iff (i) @11 = a21 = 0 or (ii) az3 = anjazz +azn =0.

2.3.3.1. a11 = ag; = 0 . For the coefficients az3 and asz we have the
following possibilities:

2.3.3.1.1. a3 = a3z = 0 . Applying (5) we get Bs,.
2.3.3.1.2. a3 # 0, a3z = 0. Now we obtain the subgroup

B34 = {X3,aX3 + X4,8X1 + Xs|a # 0;a,8 € R}.

2.3.3.1.3. az3 = 0, a3z # 0. We make the substitution

T ==z,

1

_=.._.—a +z’

] 1+¢133(33y )
1

————(~y + a33z
\/H_—ag;(y 33)

z =

and we find the subgroup Bsi;.
2.3.3.14. a3 # 0, a3z # 0. Changing the variables in the from
T = —ﬂ-}-z, y=vy, Z2=2
az3
we get the subgroup Ba,.
2.3.3.2. a3 = aj1a3z + az; = 0.
2.3.3.2.1. a1 = a3z = 0. By the change (5) we get Bais.
2.3.3.2.2. a1; # 0, a3z = 0. We make the substitution
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1

T=z, Yy=2, Z= o

-y

and we obtain B3; by a #0 .
2.3.3.2.3. a;; = 0, a3z # 0. Now we have 2.3.3.1.3.
2.3.3.2.4. ay; # 0, a3z # 0. Replasing

_ as; _ 1 ass
T = + z, = ————=(———2z+a + 2),
a11a33 v Vv1+ (1337 ( ap 33y )

1

= -————(Lz + a332)
/——-—2—1+a33 a1 Yy 334 ),

|

we have B3; by a # 0.

2.3.4. azg = 0. Then we can choose azge = 1. The operators define a
group iff a1) = a1 = a3 = 0. We make the change

T =

8

, Y= —aszazgs —a3sT +y,
Z = —az1a35 + a33T + 2

and we obtain the subgroup

Bas = {X3, X4,aX1 + Xe, |a € R}.

2.4. azs # 0, a6 = 0 . We assume a5 = 1, azs = 0.

2.4.1. azz = azs4 = aze = 0. Therefore az; # 0 and taking az; =1, an =
az; = 0 we have 1.4.1.

2.4.2. a3z #0, azg =aze =0. Weputazgz =1, a3 =0 and we get 2.2.3.
2.4.3. azq # 0, aze =0 . Choosing azq = 1, az4 = 0 we obtain 2.3.3.

2.4.4. azg # 0. Now we take azg = 1 and we get that the operators do
not define a group.

2.5. aze # 0 . We suppose aze = 1, aze = 0.

2.5.1. azz = az4 = azs = 0 . Consequently az; # 0 and putting az; =
1, a;; = az; = 0 we get 1.5.1.

2.5.2. azz # 0, azs = azs = 0. We choose a3z = 1, az3 = 0 and we
obtain 2.2.4.

2.5.3. az4 # 0, a3zs = 0. Now we assume az4 = 1, az4 = 0 and we have
2.3.4.

2.5.4. azs # 0. Taking azs = 1, azs = 0 we get 2.4.4.
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3. a3 # 0, 14 = a15 = a1 = 0. We suppose a1z = l, a23 = Q33 = 0.

3.1. az; = a4 = azs = aze = 0. Then az; # 0 and putting ay; =
1, a; = az =0 we get 1.2.

3.2. azs # 0, ag4 = ags = aze = 0. We choose azy = 1, ay3 =az; =0
and we obtain 2.2.

3.3. ag4 ;é 0, a5 = Q26 = 0. We assume QA24 = 1, a3q4 = 0.

3.3.1. a3z = a3s = aze = 0. Therefore az; # 0 and taking az; =1, ay; =
az; = 0 we have 1.3.2.

3.3.2. az; # 0, azs = azg = 0. We put a3z = 1, aj2 = azz = 0 and we
get 2.2.2.

3.3.3. azs # 0, aszg = 0. Now we suppose azs = 1 . The operators define
a droup iff az; = a@y1a22 + a3; = 0.

3.3.3.1. a2 = 0. Replacing Z =ay2+z, =2, Z= —y, we obtain Bs3
or B4 if az; = 0 or a3 # 0, respectively.

3.3.3.2. az; # 0.

3.3.3.2.1. a11 = a12 = a3z = 0. Now after the substitution (3) we get Bas
by a = 0.

3.3.3.2.2. ayy = azz = 0, a2 # 0. Repla.sing

T =

+z

_— ¥ = ————(any +2)
y §= —F—=(a2 >

_ 1

Z = ——=(~y + a22z)

V1i+ agz

we find B34 by 8 = 0.
3.3.3.2.3. a11 # 0, a12 = a3z; = 0. Applying (3) we get Ba3.
3.3.3.2.4. a;; # 0, ay2 # 0, azz = 0. In this case the change

T=cz,

1
¥ = ————(agy + 2),
! 1_‘*'“22( i )
=1 T+ 1 (—y + az22)
- 22
any/(1+ a3,)3 V1+aj

zZ=
brings to Bag .
3.3.3.2.5. a;1 = a12 =0, a3z # 0. Replasing

_ 022032
1+ a3,

T =

+z,

1
Y = ———=(a22y + 2),
\/1+a2’,( )



212 Adrijan V. Borisov

zZ=

——a(~y + an?)
—=T(- 22
vV1+ agz
we obtain B34 by 8 = 0.

3.3.3.2.6. a;; =0, aj2 #0, a3z # 0. We make the change

ay12 — G220 1
":5:_12—22232_'_3;, y:———-(azgy+z),
1+a’22 1+a22
_ 1
Z= ——=(—y + a222)

vV1+ agz

and we get B3z or Bss if a12a22 + a3z = 0 or aj2a22 + asz # 0, respectively.
3.3.3.2.7. a1; # 0, a2 =0, azz # 0 . By the substitution

1
T=2z Y= ———(a +Z,
y Y 1+‘122( 22Y )

az2a3; 1
z+ (—y + az22)
any/(1+a3,)  V1+aj,

Z=-—
we obtain Baiy.
3.3.3.2.8. aj;; # 0, a2 # 0, azz # 0 . Replacing

E==z ————1—(0. Y+ 2)
=z, Y 1+a, 22 ’

a1z — a22032 1
any/(1+ ‘122)32 * Vit “22( vt amnz)
we find B3z or Bag if ajzaq; +a3z; =0 or ajzaz; + az; # 0, respectively.
3.3.4. azg # 0 . Choosing azg = 1 we get that the operators do not define
a group.

zZ =

3.4. aszs # 0, a2¢ = 0. We assume agzs = 1, ass = 0.

3.4.1. a3; = az4 = azg = 0. Therefore az; # 0 and putting az; =
1, a;; = az; = 0 we obtain 1.4.2.

3.4.2. a3z; # 0, asq = azg = 0. We take azz = 1, a12 = az; = 0 and we
have 2.2.3.
3.4.3. azq4 # 0, azg = 0. We choose azq4 = 1, az4 = 0 and we get 3.3.3.

3.4.4. azg # 0. Now we suppose azg = 1. The operators define a group
iff @11 = a1 = a2 = a3 = a12 — a4 = 0. Making the change

T=a2+2, Yy=—azs+y, Z=a3+ 2,
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we find the subgroup
Bss = {X3, X5, X6}

3.5. az¢ # 0. We assume az¢ = 1 and azg = 0.

3.5.1. a3z = azq4 = azs = 0. Then asy # 0 and putting azy = 1, ag =
az; = 0 we obtain 1.5.2.

3.5.2. aza #0, a3zq = azs = 0. We take azg; =1, aj2 =az =0 and we
have 2.2.4.

3.5.3. az4 # 0, azs = 0. Choosing az4 = 1, az4 = 0 we get 3.3.4.
3.5.4. azs # 0. We put azs = 1, azs = 0 and we obtain 3.4.4.
4. a14 #0, a5 = a1 = 0. We suppose a4 = 1, az4 = azq = 0.

4.1. a2 = a3 = azs = az¢ = 0. Conseguently az; # 0 and putting
az =1, a;; = az =0 we get 1.3.

4.2. aza # 0, a3 = azs = aze = 0. We take az; = 1, a3 = azz = 0 and
we get 2.3.

4.3. a3 # 0, agzs = aze = 0. Choosing a3 = 1, a3 = azz = 0 we obtain
3.3.

4.4. azs # 0, azeg = 0. Now we assume a5 = 1, azs = 0.

4.4.1. a3z = azz = aze = 0. Then a3; # 0 and taking a3z; =1, a; =
as; = 0 we have 1.3.3.

4.42. a32 # 0, a3z =aze =0. Weput azgg =1, a2 =azp =0 and we
get 2.3.3.

4.4.3. a3z # 0, agzge = 0. In this case we choose azz = 1, a13 = a3 =0
and we obtain 3.3.3.

4.4.4. azs # 0. We take azgg = 1 . The operators define a droup iff

1+ aj,
ay) =az =az; =0, azz = —ayz, ax=-— , a13#0.

a3
We make the substitution
—_ a1 _ -
T = a_+z’ Y=y, Z=a3 t+asxsz+2
13

and we get the subgroup

Bsr = {aX3+ X4, - X2 + aXs, Xe|la # 0;a € R}.

4.5. az¢ # 0. We suppose az¢ = 1, azg¢ = 0.
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4.5.1. azz = a3z = azs = 0. Therefore a3; # 0 and putting az; = 1, a;; =
a1 = 0 we obtain 1.3.4.

4.5.2. azz # 0, az3 = ags = 0. Taking a3z =1, a;2 = az; = 0 we have
2.3.4.

4.5.3. azz # 0, azs = 0. Choosing a3z = 1, a13 = az3 = 0 we get 3.3.4.
4.5.4. azs # 0. We put azs = 1, azs = 0 and we obtain 4.4.4.
5. a15 # 0, a16 = 0. We suppose a15 = 1, azs = azs = 0.

5.1. az; = a3 = azq = aze = 0. Conseguently az; # 0 and choosing
az =1, a3 = az; = 0 we have 1.4.

5.2. azy # 0, azs = agzq = aze = 0. Putting az; = 1, a1 = azz = 0 we
get 2.4.

5.3. a3 # 0, az4 = aze = 0. Now we choose a3 = 1, a;3 = azz = 0 and
we have 3.4.

5.4. agq # 0, aze = 0. We take azq = 1, a14 = a34 = 0 and we get 4.4.
5.5. aze # 0. We assume a6 = 1,a36 = 0.

5.5.1. a3z = a3z = azq4 = 0. Then a3z # 0 and taking a3; = 1, a1 =
az; = 0 we obtain 1.4.4.

5.5.2. a3; 9(-’ 0, a3z = azq4 = 0. We put a3z = 1, a12 = a2 = 0 and we
find 2.4.4.

5.5.3. azz # 0, azq = 0. Choosing a3z = 1, a13 = az3 = 0 we have 3.4.4.

5.5.4. azq # 0. Now we take azq = 1, aj4 = az4 = 0 and we get 4.4.4.
6. a16 # 0. We suppose ajg = 1, azg = azg = 0.

6.1. az; = a3 = azq = azs = 0. Therefore az; # 0 and putting az; =
1, a;; = a3; = 0 we obtain 1.5.

6.2. azx # 0, azz = azq = azs = 0. We choose az; = 1, a12 = az; =0
and we have 2.5.

6.3. a3 # 0, az4 = azs = 0. Taking a3 = 1, aj3 = azz = 0 we get 3.5.

6.4. a4 # 0, azs = 0. Now we put azq = 1, aj4 = az4 = 0 and we have
4.5.

6.5. azs # 0. We assume azs = 1, a;5 = azs = 0 and we obtain 5.5.
Now we may summarize the foregoing rezults in the following

Theorem 2. The three-parametric subgroups of Bg can be reduced to
one of the subgroups

B3, = {X1, X2,aX3+ BX4||le| + |8| # 0; a, 8 € R}.
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B3z = {X3,aX1 + X3, X4|la € R}.
Bas = {Xa2, X3,aX1 + Xs|a € R).
Bas = {Xa,aXs + X4, X1 + Xs|a # 0; 0, € R}.
Bas = { X3, X4,aX1 + X6, | € R}.
Bas = { X3, Xs, Xe).

B3 = {aX3+ X4,— X3 + a X5, Xe|la # 0;a € R}

Remark. The one-parametric subgroups of Bg have been found by O.
Réschelin [3].
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