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In the main part of published papers about systems with delay finite di-
mensional boundary conditions are considered, as in ordinary systems. The con-
sideration of functional boundary conditions meets serious difficulties [1,2]. The
present paper is connected with the results of [1,2], where, using the constructive
approach [3], the support maximum principle is proved for a system with time-
lag and functional terminal restrictions. The present research is devoted to the
properties of the support contrajectory.

We consider the system

(1) z(t) = Aoz(t) + Arz(t — h) + bu(t),t € [0,t" + A] =T,
.’L‘(T) = xO(T)’T € [—h,O[,.’L‘(O) = zo,

on the trajectories of which the linear terminal criterion is to be maximized:
(2) J(u) = z(t* + h) = maz.

In (1)-(2) z(t) € R",u(t) € R';c,b € R"; Ap, A; are n X n - matrices;
h > 0; zo(7) is a piece-wise continuous n - vector function.

Every piece-wise continuous function u(t), t € T, will be called an admis-
sible control, if

(3) lu) < 1,teT,
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and for the corresponding trajectory of (1) the next terminal restriction is satisfied
(4) d'z(t) =y,t € T* = [t*,t* + h],

where d, y are given n-vector and a scalar. Here and further we shall use for
transposition the sign’.

The basic means to give an account of the constraints in the constructive
approach is support [3]. When applying the constructive approach for problems
with finite dimensional boundary conditions the support is concentrated, con-
sists of limited number of points. The functional constraints for a time-delayed
system considerably complicate the problem, causing the necessity of principle
generalization [1,2] of concepts of the method for ordinary systems.

Let us chose the segment T* = [t*,t* + h] points pui,z = 0,p+1,p >
0,p0 = t* pip41 = t* + hyp; < piy1,t = 0,p . To every segment T; = [p;, pi + 1]
let us put in correspondence an integer k; ("depth” of T; ), k; < m, (m < [t*/h]),
ki # kiy1,4=0,p — 1. For convenience we put k_; = k,4; = —1. Let I = {0, p}.
We introduce also the segments

]

i =i pip i€ IYY =i €1 ki > kioy, ki > ki),
Ti = (pi, pisalyi € Y™ = (i € T : ki > kicy, ki < kia},
i =i i, i € I ={i €1 ki < kioy, ki > ki },
Ti =]y,,-,p,-+1[,i eI ={iel:k<ki-1,ki < kiy1},

Rt

and the sets of indexes
I*=1rtturt-,1- = I'+UI“,I,,= {t€1:ki=p}.

In intervals 7; we chose points Tiisd = 1,8, 7 < Tij+1,] = 1,8 —1.
Denote

pi = pi —sh, 7 =7 — sh, T = [p, pil;

ki—1 k
TO == LpJ U TiaaTaup = Uﬂki,Tn = T\TO’
1=0 s=0 1=0

Tnn = Tn \ Tsup;

S — 0, 1€ 1™,
v {k,'_1+1,k,'_1 +2,...,k,'}, 1€ I,
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P

Ko=) (ISil +s:).

1=0

The physical sense of the "depth” k; of T; is that for keeping the identity
(4) on T; the control u(t) is found on T} in form of a feedback [1].

On the set Ty we introduce functions f(t), t € T*, Au,(t),t € T, s =
0,k; — 1,i = 0, p, with following properties:

1. f(t) € Cx*' t € Ti,i = 0,p, ie. f(t),t € T;, is continuous and has
continuous derivatives up to the k; - order inclusive and piece wise continuous
derivative of (k; + 1) - order;

2. f(t) € C%*? in neighbourhoods of the points t € {7;,j = 1,8} \
{wipina} i = 0,p, f(t) € Cmin{ki+lkit1+1} iy peighbourhoods of the points
Bit1,t =0, p.

3. Au,(t) € CH ' t e T?,s=0,ki— 1,i =0, p;

4. a) if s <min {ki + 1,kiy1 + 1}, then Aux(t) € € Omintki—stlkiy1—s+1} jp
neighbourhoods of the points pf,,,1 =0, p;

b) if s < k;, then Au * (t) € C*~**? in neighbourhoods of points ¢ €
{ uaJ = l’sj} \ {/“i’a#:+l} 1= O,P

In points Til;-" Ye assign numbers Au;j, j = 1,8, i =0,p (-r'-':" = u¥ 40, if
Ti, = pi and Ti’:i = piyr — 0, if Tig, = priga).

We introduce the support in connection with controlability of time-delayed
systems. Together with the system (I) consider the system

(5) Ai(t) = AoAx(t) + Ay Az(t — k) + bAu(t),t € T,
Az(t) =0,t € [—h,0].

Definition 1. The system (5) is called controllable with respect to
the set Ty and moments 7%, v =T, s;,1 = 0, p, if for arbitrary functions s f(t),t €
T*, Au,t),t € Tp, satisfying 1.-4., and numbers Au;,,i = 0,p,v = 1,s;, it is
poss1ble to find Au(t),t € T, such that for the control Au(t) = Au.(t) te
To; Atu(t) = Au(t),t € T,, and corresponding trajectory Az(t) of the system (5)
the next identity
(6) d'Az(t) = f(t),t e T".
and equalities

(7) Au(r) = Auiji =0 ,i = T3
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are satisfied.

So if we define arbitrary Au.(t) (submitted to 3.-4.) on Tj, find Au(t)
in a form of a feedback on T,,,, then for keeping the equalities (6)—(7) it is
necessary and sufficient to solve in relation to the function Au(t),t € Ty, =
T, \ T,up the finite dimensional boundary problem (6),(7). For the solvability
of this problem it is necessary and sufficient [1] that there exist such different
moments {t;,j =1,Ko},t; € Tnn, for which the support matrix Psup [1] is
invertible.

Definition 2. The totality Sep = {Ti, ki, 7,7 = 1,8i,8 = 0, p,te, k =
1, Ko} is called a support of the problem (1)-(4), if detPy, # 0 (P, is a
finite dimensional matrix, made up of the parameters of the problem and S,,,

[1])-

Definition 3. The pair {u,S,,} of an admissible control u(-) and a
support S,y, of the problem is called a support control.

For the deviation of the criterion (2) the next formula is worked out [2].

AJ(u) = /0 o W' (t)bAu(t)dt

ki p-1p-Ii-1

+ 333 rdip - 1= 1AW — sh +0)

1€[+0 p=0 I=0 s=0
ki—1 p—1 p—i-1

(8) + 3330 vrdi(p — 1 - 1)bAuO (; — sh - 0)

1€]-% p=0 =0 s=0
P si ki+1 p—1p-i-1

030 Y vhdi(p— 1= 1)bAu(r; — sh),

i=0 j=1 p=1 =0 s=0

where I*0 = {ie€ I*:p #1ma},I7° = {iEI'U{p+1}:p,-#‘r,-_l‘,'._l}lo =

I*® U I7° 07, 0f; are constants, n-vectors d,(p) are calculated by the recurrent

formulae:
do(0) = d,dy(1) = d' Ao, dr(1) = d' Ay, dy(p) = dy(p — 1) Ao,

dy(p) = d,_y(p — 1) A1, dy(p) = di(p — 1) Ao + d,_,(p — 1) A,

s=1,2,...,p—1,d,(p) = 0,8 < 0,8 > p.
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The support contrajectory ¥(t),t € T, is a n-vector -solution of the con-
jugate system

(9) U(t) = —ApU(t) — AyU(t + h) + £(t)d, t € T,
E(t) =0,t ¢ T, U(t) =0,¢ > 1" + h,

with a boundary condition

T kel
(10) Y(E+h=0)=c+ ) 541do(p),
p=0
and jumps
ko+1
(11) U(t" —sh —0) = U(t" — sh +0) + Y _ 9%d,(p)
p=s
ko+1
+ Z 98 ,1dst1(p), s = 0,maz {ko + 1,k, + 1},
p=s+1
(12) U(p; — sh —0) = W(p; — sh+0) + Y _ vPd,(p)
p=s
i€ I°\{0,p+1},s = 0,m;,m; = maz {ki, ki_, },
ki+1
(13) U(ri; — sh —0) = U(m; — sh+0) + Y _ vfd,(p),i = 0,p,
p=s
J=1,8;,5=0, ki + l’TO,l # t"Tp,gP # t* + h,

p+10 P =0,k,,

(14) P=40, p=k+lp+lel
v:,:,,’ p= Oakp +Lp+1 ¢ I_o;

Vo> p 0$ kO,
(15) 9p=¢ 0, p=ko+1,0€ I

vg,l’ p=0,k + 1,0 ¢ I+o;
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Definition 4. The scalar product A(t) = ¥'(¢)b,t € T, will be called a
co-control.

We shall prove the next theorem, describing the properties of the support
contrajectory.

Theorem 1. Ifa support of the problem (1) (4) ezists, then there exists
an unique totality of numbers vf,i € I°p = 0,m;, u” =10,p,7 = 1,s5,p =
0,k + 1, and a function £(t),t € T* £(t) = 0,t ¢ T*, such that the solution of
the system (9)-(13) satisfies the conditions:

(16) A(t) = V' (t)b=0,t € intTF,i =10, p,

(17) A(ty) = W(t)b = 0,k = T, Ko,

Proof. We shall prove the theorem by derivation in another way the
formula for the deviation of the criterion (2).

The problem (6)—(7) can be written in a vector form. Let us chose
Au(t),t € Tnn, in the form:

Ko
Au(t) = Aun(t) + Y vib(t — t),

k=1

where Au,(t),t € Ty, is an arbitrary function, v,k = 1, Ko, are uncertain
coefficients, 6(t) is Dyrak’s function. Let

/ / ’ T 1V
v = (20,21, s Zky—1, Uk, k = 1, Ko)',

where z; = Az(t* — jh),j =0,k — 1, k. = maz,_5 —ki. Denote
ki ki—J ]

(18) Teorr(t) =Y D dy(ki = j)bAuY) (¢ — sh)
7=1 s=0

+Zd’ )bAuL(t — sh),t € T;,i = 0, p;

=0

(19) Fi(t) = —(f%*(t) = Gpaa(B),t € Thyi = 0,7

a;
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Assume D
(20) o " dy (k)b = d AR #0,i =0, p.
If o
(21) f(r) = filr + kik), 7 € TF,i = 0,p,
then the equalities (6)—(7) can be written [1] in the form

nn

@) Pt [ 70+ [ p0Aw@d+ [ pOw(0d =7,

where

/ G QU™ + b, 1)b \
p=0,k, -1

7, Q(pi, )b
— 1= Wap € Si
p(t) - T):,,-+1Q(Tij,t)b )t € T,

el \ Li.,5 = H

TL+IQ(T,'J‘, i)b + d;c.+l(k'i]_‘)F(Ti§'+l, t)b
\ ielkt’j:]‘,si'

(o)

i = Wape Si
aii; -
\ 1= 0,p,5=1,s; /

G, is n x n(k. + 1) - matrix,

O and E are n x n -zero and identity matrix. Q(¢,7) — n(k. + 1) X n -matrix
function, defined in [1], rp, Tk, 41 — n(k. + 1) -vectors

rt, = (dy(p), d} (p), ..., d(p), O, ...,

—t

0)1
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Froor = (do(ka + 1), oo di, (ku + 1)),
O— n-vector,

p—1p-j-1
o= fP(ui+0) =Y Y di(p— 35— 1)bAuY (i - sh +0),
j=0 s=0
& = filry) —wiji=0,p,j =T1,s,p € S..

From (22) assuming the support S,, exists we get

@) v="Paln- [ pT@d - [ pdwdt = [ pOAuL

sup nn

The deviation of the criterion (2), using [1], can be written in the form:

(24) AJ(u) = dAz(t" + h) — /T ¢Qo(t* + b, t)bAu.(t)dt

+/ I Qo(t* + h,t)bf(t)dt + / Qo(t” + h,t)bAu,(t)dt + T, 0.
Tnsp

nn

Here Q,(t,7),s = 0, k., is n x n -matrix, constituted from n-rows of the
matrix Q(¢, 1),

Qo
h
Q= ’
Q.
Coup = (Qo(t™ + b, t* — ph),p = 0,k — 1;Qo(t* + h, t4)b, k = 1, Ko).

We denote

8(t) = c(t) — V'p(t),t € T;c(t) = Qo(t* + h,t)bt € T; V' =<, Pk

sup” sup)

and components of v respectively

V'=(V, 3=0,k-—I;Vf,i=ﬁ-,_PaP€Si,Vijai=W,j =1—,-‘;)’
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where v, are n-vectors, v?, v;; -numbers. Putting (23) in (24) and using introduced
symbols, we get

(25) AJ(u) = /T 5(t) Aug(t)dt + /T 8(t) Aul(t)dt + /T 8(t)F(t)dt + v'n.

As for the admissible control %(t) = u(t) + Au(t),t € T, the identity
f(t) = 0,t € T*, holds, then if we write (25) in detail using the definition of
1,v,8(t),p(t),Gp and r,, we can express §(t) as following:

5(t) =T'(t)b,t € T,

where

ke—1
= Jd(t"+h,t) = Y Vi Qupa(t"+ h,t)

=0

- S Y ) (i)

1=0 p€S; =0
8 ki+1

(26) DD NP IACERNCIN)

"e[\[k. I=1 s=0

8i ke
_.Z Z Vij Ed’,(k. + I)Qa(Tiht)

i€y, J=1 s=0

- Z Z Vija;e.+l(k‘ + I)F(Tit'..'-l’t),t € T,

i€ly, j=1

<

F(7,t) is the fundamental matrix of the homogeneous system, correspond-
ing to (1). Besides, from (21), (19), (18) we obtain

T®) = Tt +kh) = = Gualt + k)

ki ki-p
- (Z 3 d\(ki — p)bAUP(t + (ki — s)h)
+ i (ki )bAua(t + (ki — s)h)) e THi=0,p;

s=0
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p) P s
Z Z vinip + Z Z vk

i=0 pES. i=0 j=1
=—E E Vgpu.+0+2 E avij (F(mi) — uij)
1=0 p€S; 1=0 j=1
p—1p-Ii-1

=_ZZ Py N dip—1—1)bAuO (i — sh +0)

1=0 p€S; =0 s=0

ki ki=l
S 3 Sk - DbAuO(r, — sh)
1=0 j=1 I=1 s=0
_ 2,,: Z vij Z d(k;)bAuO(r; — sh) Z Z Vijoi,
i=0 j=1 s=1 i=0 j=1
where
p—1p-j-1 L
9p(t) = Z Z di(p—j— l)bAqu)(t —sh),p=1,k;,t€T;,i =0, p.
=0 s=0

As S; =0 when i € I~ and from (7), (20) we obtain (25) in the form:

AJ(u) = i U'(t)bAun(t)dt + TW’(t)bAu.(t)dt

Lk w (t)b

—z/z

p-l s=0

—d' (k; — p)bAuP(t + (ki — s)h)dt

Z / q’ (t)bd’(k VbAu(t + (k; — s)h)dt
- = p—1 p-i-1

(27) —Z Z ufz Z d\(p— 1 —1)bAuY (i — sh + 0)

i€lt p=ki_1+1 =0 s=0
ki ki=l

—Ezu., 30 dy (ki — DbAUY(7i; — sh).

1=0 j=1 =0 s=0

From the definition (26) of the function ¥(t) and the differential equation
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for the matrix function Q(¢,7) [1] we obtain the equations:

[ —T'(t) Ao — U (t+h) A+
+ U (t+(p—k)h)bdy(ki+1), teT?,i=0,p,p=0,ki;

(28) T(t)={ —T(1)Ao— T (t+h)A+

+W’(t+h)ﬂ%ﬂ, tenkﬁl,i:W;
|~V () Ao~V (t+h)A,  teThp>ki+1,i =0,p;
(29) U(t) =0,t > t* + h;
= 0 Tps, F1*+h
30 V(" +h—0)=c—1{ e ’
(30) (" + )=e { Vpspdo(k, + 1), Tps, =t*+h;

(31) W(u; — sh —0) = W(u; — sh +0) —

ki

227

0, Tiw # Wi N
- Y ) -
V; ds(p) { V,'d,(k.' + 1), T = p,.'i € T"',s = 0, ’Ci + 1;

p=kil
p=s

U(mj — sh = 0) = U(r;j — sh+0) — vijdy (ki +1),i €0,p,5 = T3,
(32) S =07ki+1)‘r0,l #t.,Tp,a‘,#t‘+h’ki+l S k--
Using the definition of ¥'(t), it follows:

(33) U (t)b =0,k =T, Ko

Let us introduce the vector function

U(t) = U(t),t € Tpn,

T i (A2 Car N PPN
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As tx € Tan,k = 1, Ko, then from (33), (34) we have the equalities (17). From
the definition of ¥(t) we get

- bd;, (k: . —
(35) w0 =0 (B- ) rerhi-o5,
and as dj (k;)b = a;, then from (34) we obtain W(t)b=0,t € intT* i =0,p,ie.

(16) holds. If Au(t) = Aun(t),t € Tan, Au(t) = Au.(t),t € To, then using (16),
(34) and after some transformations in the right part of (27), we get

t*+h
(36) AJ(u) = /0 ¥ (t)bAu(t)dt

p p-Il-1

-y Z 2y Y di(p— 1= 1)bAu"(p; — sh +0)

1€l p=ki_1+1 =0 s=0

s ki ki-l
- i Z Vi z Z d' (k; — 1)bAuY (7,5 — sh)
1=0 j=1 1=0 s=0

ki—1 k;—s p—1 —(p—l 1)’ (T . ke O)b

DI ID ) D s m—d, (k= p)b A7~ sh)

1€I0 s=0 p=1 [=0

—-1ki—s p—-1 ——(p—l-—l)
_ (wi — kih 4 0)b
D YD 33 ) & e o

i € IO s=0 p=1 =0
i#Fp+1

- d' (ki — p)bAu) (p; — sh +0)

kiz1=1kiz1=s p-1 T (4= ki h=0)b

IDIIDIDVC o o

i€l s=0 p=1 I=0

d, (ki-rp)bAu") (u~sh-0)

-1

kic1—=1ki—1—s p—1 —(P—' v i=1.0._, —kih b
2SS Sy Tk,

i€I0 =0 p=1 [=0
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- d (ki1 —p)bAUYD (Ti_y ., —sh)

p kic1—-1k;—s p—1

"'(P"’ 1)’
3 S S e T kO,

i
1=0 s=0 p=1 [=0 ¢

- d' (ki — p)bAu)(7;; — sh +0)

p ki-1ki—sp—1

-2 22 Z(—I)P-'-IW(""""(T'-.,.- — kih —0)b

1=0 s=0 p=1 [=0 o

- d, (ki — p)bAu (7, ,, — s;h —0)

1ki—1 ki—s p—1 -
_izzzpz( l)p—ll[ P (7i; — kih = 0)
i=0 j=2 s=0 p=1 I=0 “
-
55 — kih
= (T;; ‘ * 0)] bd, (ki — p)bAu)(7;; — sh)

We shall obtain a differential equation for ¥(t). First, for every p we will
find T, ¢t € T%,i = 0, p. The relation

37 TP@) (1)P§:wa+sh)A,‘z’, p=1,2.,teTk i=0,p,

1
=0

is true, where

AQ=E

P=1 4y ki +1
@) AR Aol Y keI o

;g
=0
A,(”) =0, s>p,

AP = Ao AP L A4 AP p=1,2,.5 s=1,2,..,p.

The proof of (37) can be done by induction. Then instead of (34) we get

ki—s

. k+s—k)h)A%b
Vi) = TO-3 ) (”(* AL i (i — p)

p=0 k=0
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2 At

ki—s
R 00 > (TN SO, S L
k=0 ‘

p=k
or
. T(t)— Ty Ut + (k+s—k)h)BY, teTy,i=0,p,
(39) ¥(1) = =0 E:
\—I}-’(t), t € Tnn,
where

k=2 ADbe ks~ )

a;

,8=0,ki,k=0,k; —s,0=0,

Using the form (39) of the function U(t) and equations (28) for W(t), we
shall obtain the equations (9) for ¥(t), where £(t) has the form

(41) Zw t+ (k— k)h)—2— teT.

We will consider, that if ¢t > t*+h, thent € T;"! and B(_'.l ¢ = O. Therefore

from the property (29) of the function W¥(t) and the definition of ¥ (t) we get, that
U(t) = 0,¢ > t* + h. Let us go back to the relation (36). The formula (39) can

be written in another form, using the change k; = —k — s + k;:
- — _ ki—s 3, _ (; s _ A
i@ =] TO-LiZ V- khB ., teTi=0ps=0F;
v(2), t € T

moreover, according to (40)

ki—s () (1.
(43) B0, = Y Amoebdliop)

p=ki—k-s

Q;

i=0,p, s=0,ki k=0k —s.

Let us look through every of the sums in the relation (36), in which the
derivative T~V i included, taking into consideration (37). For the first sum

we obtain:
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ki—1ki—s p—1 —(p—l l)(

P3PPI i

1€I° s=0 p=1 I=0
ki p—1p-Ii-1

T(ki-p)'
= ZZZ Z (_l)k.'—p v (Ti,l—kih—O)bd:(p_l_l)bAu(l)(Ti'l_sh)

o
1€]0 p=1 I=0 s=0 t

Tia = Rh=00 gk, p)bsuO(ri s —sh)

For the rest of the sums analogous transformations can be done. At last,
formula (36) takes the form:

t*+h
(44) AJ(u) = /0 W(t)bAu(t)dt

p p=i-1

-3 Z 3> vrdi(p—1—1)bAuD(u; — sh +0)

i€I* p=ki_1+1 I=0 s=0

P s

ki k=l
=33 wdi (ks — DbAUO(r; — sh)

-0 j=1 |=0 s=0

ki p-1p-i-1

TF5 (o _kih—
S S e o,

Py
i€l® p=1 |=0 s=0 :

d\(p—1—1)bAu(r;; — sh)

ki p-1p-i-1 -(kl P) ,'—]C,'h b
Sl ) o pi B e amdCEL
: € IO p=1 I=1 s=0 y

it#Fp+1

Cod(p—1—1)bAu (p; — sh +0) .

ki-1 p—1 p=Ii-1

=(ki-1-p)’ 1. _
T NS S (et (i m Bk — 08,

. =1 on Q-1
i € ]0 p=1 I=0 s=0

i #0
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~d\(p—1—1)bAuO(p; — sh —0)

oy ptpct T (it gy — ki + 0)b

PSS (e T

i€l0 p=1 =0 s=0

di(p—1—1)bAu (71,6, — sh)

p ki p—1p=i-1 \_I,“(ki_p),(fi 1— kih + O)b

222 2 (O =

1=0 p=0 [=0 s=0

d\(p—1—1)bAu(7;, — sh)

8

P =

1 —(k-—l’) (Tis. _ k,h _ O)b

o
S (e T e

d'(p — 1 — 1)bAu(7; s, — sh)

8

1=0 p=0

p si-1 ki p—1p—Ii-1

P ID Ve

i=0 j=2 p=0 =0 s=0
L (ke I
{[W(k' D (1 — kih = 0) = T (m; — ik + O)] b} '

- d\(p —1—1)bAu(7;; — sh)/ai .
Let us denote:
= ()8 (4 kih 4 0)b/a
kl—P

(45) — ; T (i — (ki — k)b + 0) A% b,
' k=0

i€ I\ {p+1},p=0,k;

kl_p

(46) o= ——Z (i — (ki — k)b — 0) A% ™)b,

a
' k=0

1 € Io\ {0}’p =0, ki—1;
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(47)

ki—p

-2 [¥(ri; — (ki — k)h = 0)—
k=0

U(ri; — (ki — k)b +0)] A% b,

ki—p
_LZ r(Ti 1 — (ki — k)h — 0)—

k=0

Ty — (ki — k) +0)] AL,

ki—1-p

ai—1 ‘I’(Ttl—(
k=0

ki—p
+ai.-ZTI;—'(T.',1 —(ki— k)h+O)A'(_'kki—p)b,

ki—p
al,-z-‘i'(ﬂ',l — (ki —p)h + O)Af,k,:"”)b -t

k=0

ki—p

——2 [U(7i — (ki — k)b —0)—

‘I’(T,,,.- — (ki — k)h +0)] AP,
k.‘—p—,

~L5 W (s, — (ki — k)R - 0)AT ™
k=’°?+1 =p

a.,“ Z \I’ Tta. -

LSRR (i —

\ vfj = _Vij,i=6-a—/;aj = 1,36,P= ki +11

-1 = k)h — 0) A% P

kivs — k)b + 0) A%,

(ki — k)b — 0) A% ™b,

j=1’p=0,ki—l,

Ti1=pi,t € 1T\ {0};

j=1aP=kt'—l+1, ki,

Tin=pit €1

I I

ﬂ_
i =0,p

I
o

J
p,k
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j=sii+1eI"\{p+1}

p=0,kit1, Ti,s; = i1

j=3i,P=ki+1+1,kg,‘
Tisi = Mit1,0+1 €175
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WA, p=0kia,i € ¥\ {0}

pt i I
(48) ’U?: 7t+ 7:7 P = k, l,k”z GOI
71 +’7; y D= Oki,ZEI \{p+1}
% p=ki+1L,ki1,i €l

With the help of (45)-(48) the relation (44) takes the form (8) (with respect
to W(t)). We will show, that the jumps of W(t) have the form (10)-(13). After
(42), (43) we have

ki—s
V(t) = Zw (t—kh)BY) _,_,
_ Z i t-kh)Auk kad/(k_p)
k=0 p=k;—
= o U'(t—kh)AP)_, b\ ,
_ \Il(t)—Z( 3 i ko) g (ki — p)
p—-O k=ki—s—p '
-'—’ W'(t— kh)A% )b
_ Z ) 1,ki—k—s )dl‘(p)
p=s \k=p-s o
T (t— (ki — k- s)h)A"‘-‘”’b>
_ d,(p)
pX—; (k_o Qi
teT!i=0,p,s=0,k;
or
- , ST (- (ki — k)R AL
(49) W(t—sh) = W(t—sh)—> (> . d,(p)
p=s k=0 '

teT,s=0,k.+1,1=0,p.
Thus, according to (45)-(49), (30)-(32), we get

V(E'+h=0) = T(t"+h-0)
5 (Z (e +h— (ky— H)h—0) Aw-")b) &

[0
p=0 k=0 P
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ko

= ¢+ Fhdy(p)
p=0
ko

= d+ ) vhady(p), p+1el™
p=0

V(t*+h—0) = U(t*+h-0)
k kp=p =t
(=¥ (t*+h—(k,—k)h—0 _
— Z(Z ( (P ) )A(:,: P)b> d:)(p)

p=0 k=0 %
ko
= ¢ —vps,dy(k, +1)+ Z Vp,s,d0(P)
p=0
kp+1
= ¢ =Y vudo(p), pH+1¢ I
p=0

i.e. after (15) the equality (10) holds. Also we get

ki
U(p; — sh—0) — ¥(ui — sh+0) =Y _vPdy(p),i € [*°,5 =0,k
p=s
ki-1
W(pi — sh —0) — W(p; — sh+0) = Y vldy(p),i € I\ {p +1},

p=s

s = 0, ,C.'_l,

Which according to the definition of I*°, I=° and m; is the equality (12). By
analogy we obtain the equalities (11) and (13). The theorem is proved.

Definition 5. The support control {u,S,,,} is not degenerated, if:

15

:l—i.r&u(f) # +1 when t € T \ Ul‘r"" i=0,p;
=
l(u(tk + 0) + u(tk - 0)) /2| # Lk= 1, Ko;
u(ps +0) # 0 when 7 € I~ and |u(p;* + 0)|] = 1,
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a(puki, —0) # 0 when i +1 € It and |u(pfy, —0)| = 1.

For the case d'b # 0 the next theorem is true (2):

Theorem 2 (Support maximum principle). Let {u,Ss;,} be a support
control. For optimality of the admissible control u(t),t € T, it is sufficient that for
u(t), t € T, and the solutions z(t),¥(t),t € T, of the systems (1) and (9)-(13)
respectively Hamilton function H(z,z,¥,u,t) = W'(Aoz + A1z + bu) reaches the
mazimum:

(50) H(z(t), z(t — h), ¥(t),u(t),t) = max H(z(t),z(t — h), ¥(t),u,t), teT.

[ul<1
and the next conditions of co-ordination are fulfilled:
sign v} = sign (d'bu(w;)) when Ju(u;)| =1,

(51) v} =0 when |u(pi)| <1

‘U?:O, p=21mi1 l=0aP+1,
1

sign v;; = sign (d'bu(ri;)) when fu(r;)| =1,

ij

(52) vj; = 0 when [u(7;;)| <1

vh=0, p=2,ki+1, j=1,8 1=0,p;

Let the support control {u, Sy} is not degenerated. For optimality of the
admissible control u(t),t € T, conditions for maximum (50) and for co-ordination
(51), (5‘2) are necessary.

With a view to the theorem 1, the specificity of obtained maximum prin-
ciple is, that it follows from it, that every optimal control has parts of singularity
(16), the total length of which is not less than the delay h and these parts can
appear in arbitrary moments of the process of control. Therefore, in the problem
considered the relay principle in general case is not fulfilled.

References

1. V.V. Alsevitch, O.I. Kostyuokova, Yu. Pesheva. Support maximum
principle for systems with time-delay and functional restrictions -1.Serdica (Bul-
garicae mathematicae communicationes), 19, 1993, 243-357 (in Russian).



V. V. Alsevitch, O. . Kostyukova, Yu. H. Pesheva 237

2. V.V. Alsevitch, O.1. Kostyuokova, Yu. Pesheva. Support maximum
principle for systems with time-delay and functional restrictions -II.Serdica (Bul-
garicae mathematicae communicationes), 20, 1994, 97-110 (in Russian).

3. R.Gabasov,F.M.Kirilova. Constructive methods for optimization. Part 2.
Control problems. Minsk. publishing house universitetskoe”, 1984 (in Russian).

t Department of Mathematics and Informatics

Belarussian State University

4 Fr. Skorina Boulevard Received 06.08.1993
220 080 Minsk

BELARUS

++ Institute of Mathematics
11 Surganovstr.

220 072 Minsk

BELARUS

+++ Institute of Applied Mathematics
& Informatics

Technical University

PO Boz 384

1000 Sofia

BULGARIA



Errata
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Ioverywhere

p.218
1.11 from above

p-220
1.3 from below

Printed

Contrajectory

close the

dy(1) =d A,

To read

Cotrajectory

close on the

dy(1)=d A,

p.223

1.10,12,14 from above 1 r

p-224

1.3 from above d d,

p.225 _

1.6 from below o d

p.226

1.5 from above s = s =10
e u

p.227

1.12 from above p= K1 p=HNi_y +1
et ielt

p.234 :

1.2 from above -7 Nz

p.236

1.2 from above (-2) (2]

p.237
1.3 from above

(in Russian)



