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The non-commutative neutrix convolution product of the functions cos_(Az) and
cos4 (pz) is evaluated. Further similar non-commutative neutrix convolution products are

evaluated and deduced.

In the following we let D be the space of infinitely differentiable functions
with compact support and let D’ be the space of distributions defined on D.
The convolution product f *g of two distributions f and g in D’ is then usually
defined by the equation

((f *9)(2),0) = (f(¥), (9(2), ¢(z + ¥)))

for arbitrary ¢ in D, provided f and g satisfy either of the conditions

(a) either f or g has bounded support,

(b) the supports of f and g are bounded on the same side,
see Gel’fand and Shilov [6].

Note that if f and g are locally summable functions satisfying either of
the above conditions then

M U@ = [ fose-ndi= [ fa- et

It follows that if the convolution product f * g exists by this definition
then
(2) frg=g+{,

(3) (f*g) =fxg = f*g.
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This definition of the convolution product is rather restrictive and so a
neutrix convolution product was introduced in [2]. In order to define the neutrix
convolution product we first of all let 7 be a function in D satisfying the following
properties:

(i) 7(2) = 7(~2),

(i) 0<7(z)<1,

(i) 7(z)=1for |z| < 1,

(iv) 7(z) =0 for |z| > 1.

The function 7, is now defined by

1, lz| < v,
(z) = vz —vtl), z>v,
r(vz + v, z< —v,

for v > 0.

We now give a new neutrix convolution product which generalizes the
one given in [2].

Definition 1. Let f and g be distributions in D' and let f, = fr, for

v > 0. Then the neutriz convolution product f &) g is defined as the neutriz
limit of the sequence {f, * g}, provided that the limit h ezists in the sense that

N-lim(f, * g,¢) = (h, ),

for all ¢ in D, where N is the neutriz, see van der Corput [1], having domain
N' the positive reals and range N" the real numbers, with negligible functions
finite linear sums of the functions

PIn""ly, In" v, vheM, vhcos Ay, vPsindy (A #0, 7 =1,2,...)
and all functions which converge to zero in the usual sense as v tends to infinity.

Note that in this definition the convolution product f, * g is defined in
Gel’fand and Shilov’s sense, the distribution f, having bounded support.

In the original definition of the neutrix convoution product, the domain
of the neutrix N was the set of positive integers N’ = {1,2,...,7n,...} and the
negligible functions were finite linear sums of the functions

n*In""'n,In"n (A>0,r=1,2,...)

and all funtions which converge to zero in the usual sense as n tends to infinity.
In [5], the set of negligible functions was extended to include finite linear sums
of the functions

n*e’"  (u > 0).
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It is easily seen that any results proved with the original definition hold
with the new definition. The following theorems, proved in [2] therefore hold,
the first showing that the neutrix convolution product is a generalization of the
convolution product.

Theorem 1. Let f and g be distributions in D’ satisfying either condi-
tion (a) or condition (b) of Gel’fand and Shilov’s definition. Then the neutriz
convolution product f &) g ezists and

f®g=Tf=*g.

Theorem 2. Let f and g be distributions in D' and suppose that the
neutriz convolution product f ¥ g exists. Then the neutriz convolution product
f® ¢’ exists and

(f®9)=f®4d"

Note however that equation (1) does not necessarily hold for the neutrix
convolution product and that (f & g)’ is not necessarily equal to f' ® g.

A number of neutrix convolution products have been evaluated. For
example, z2 ® a7, see (2], 22" ® z5 see [3],Inz_ ®Inz, see [7] and Inz_ @ ¥,
z” ® Inz4 see [4].

We now define the locally summable functions ei”, ), cos(+ Az), cosg_ Az),
siny(Az) and sin_(Az) by

Az {e’\’, z >0, Az { 0, =z>0,

ey = =
+ 0, =z<0, e’ <0,

_ J cos(Az), z >0, _ 0, z >0,
cos(Az) = { 0, z <0, coel{Az) = { cos(Az), = <0,
. _ | sin(Az), =z >0, : _ 0, z >0,
siny (A2) = { 0, z <0, sin_(Az) = { sin(Az), z <0.
It follows that

cos_(Az) + cosy(Az) = cos(Az), sin_(Az) + siny (Az) = sin(Az).
The following theorem was proved in [5].

Theorem 3. The neutriz convolution product (z7eX*) ® (z°€”) ezists
and
oy +eX

(7eX) @ (") = DRDL =,
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where D\ = 0/0X and D, = 0/0u, for X # p and r,s = 0,1,2,... , these

neutriz convolution products ezisting as convolution products if A > p and
(z"e*) ® (:z:’e_’}_"') = B(r + 1,5+ 1)z" e+l

where B denotes the Beta function, for all A and r,s =0,1,2,....

We now prove the following theorem.

Theorem 4. The neutriz convolution products cos_(Az) & cosy(uz),
cos_(Az) ®sinyg(puz), sin_(Az)® cosy(puz) and sin_(Az) ® siny (uz) ezist and

(4) cos_(Az) ® cosy (uz) Asin_(Az) + psing (pz) ’

A2 _ p2
(5) cos-(Aa) @ siny (ue) = - L) it
©) sin_ (Az) @ cosy (ue) = —2=(e)¥ I tonlin),
) sin_ (A2) @ siny (u) = —LI=AE 2 Ane(n),
for A # +p.

P r o o f. We first of all note that since
sin(az + fv) = sin(az) cos(Br) + cos(az) sin(Bv),
it follows that
(8) Nu:Liom sin(az + fv) = Nu:loiom vsin(az + frv) =0
for g # 0.
We now put [cos_(Az)], = cos_(Az)7,(z). Since cosy (pz) and [cos_ (Az)],

are locally summable functions with [cos_(Az)], having compact support, the
convolution product [cos_(Az)], * cosy(uz) is defined by equation (1) and so

©  feos- ()l xcosy(uz) = [ [cos- (A0, cosy (e — 1)) .
When —v < z < 0,
[ leos- (A0 coss (e — o)t
- /_ x cos(At) coslu(z — 1)) dt + _:u_y cos(At) cos[u(z — t)]r(2) dt
_ sin(k2) ~ sinluz — (A= )] | sin(ha) + sinfpz + + ] | 00

2(A — p) 2(A +p)
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and it follows that

(10) N-tim [ fcos- (A0l cosu(z — )]t = 53252,

on using equation (8).
When z > 0,

[-oo [cos_(At)], cosy[pu(z — t)] dt
= / cos(At) cos[u(z — t)] dt + /_U ) cos(At) cos[u(z — t)]7,(t) dt

-V —Y—y=

sin(pz) — sinfuz — (A — p)v]  sin(pz) — sinfpz + (A + p)v] —
C2(A - p) N 20 + p) +0(™)

and it follows that

(11) Nu:loiom [_:[COS—(’V)]V cosy[u(z — t)]dt = ———lt\;m_(‘:;),

on using equation (8).
It now follows from equations (9),(10) and (11) that for arbitrary ¢ in
D

N~ lim({cos_(A2)], * cosy (uz), #(z)) = oz (sin-(Aa), é(e) +
e sins (k). 9(2))

and equation (4) follows.
Differentiating equation (4), using Theorem 2, we have

A2 cos_(Az) + p? cosy (puz)

cos_(Az) @ [ siny (uz) + 8(z)] = s
and so
. A2 cos_(Az) + p? cosy (puz
peos_(Az) ® sing(pz) = — ( /\2 —~ z2 +(42) + cos_(Az)
_ pPcos_(Az) + p? cosy (pe)
- A2 — 2 :

Equation (5) follows.
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To prove equation (7) we put [sin_(Az)], = sin_(/\z)r,,(z).. Then as
above o
(12)  [sin_(Az)], * siny (uz) = / [sin— (A)], sing [u(z — 1)) d.

When —v < z <0,

/oo [sin_(At)], sing [u(z — t)]dt = /I sin(At) sin[u(z — t)] dt +

-V

+ / T sin(A) sinfu(e — )], (t) dt

—y—y—V

sin(Az) + sin[uz + (A + p)v] n

2(A+ )
sin(Az) — sin[pz — (A — p)v) .
- 20— ) +0(v™")
and it follows that
(13) N —lim /_ :[sin_(At)],,sin+[;L(z — )] dt = _%l%),
on using equation (8).
When z > 0,
oo 0
/; [sin_(At)], sing [u(z — t)]dt = /_ sin(At) sin[u(z — t)] dt +
# [ sin(w)sinfu(e - 0l (0) de
__sin(pz) — sin(pz + (A + p)v] N
- 2(A+p)
sin(pz) — sinfpz — (A — p)v) W
N 2(\ - ) +0(™)
and it follows that
(14) Nu:gm /_Z[sin_(/\t)]., sing[(z - t)]dt = —):\S;L_(l:;—)

on using equation (8).
Equation (7) now follows as above on using equations (12), (13) and (14).
Differentiating equation (7), using Theorem 2, we get

Apcos—(Az) + Ap cosy (pz)
- A2 — 2

psin_(Az) @ cosy(pz) =
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and equation (6) follows.

Corollary. The neutriz convolution products cos;(Az)@®cos_ (uz), cosy(Az)

® sin_(uz), sing (Az) ® cos_(pz) and siny(Az) ® sin_(uz) ezist and

cosy(Az) @ cos_(pz) = _A sm+(’\;2 t Zsm (uz)
cosy(Az) ® sin_(uz) = I coS+()\;2) t Zcos (;n:)
siny (Az) @ cos_(ua) = 2ROt 2 cos._(uz)

sing (Az) ® sin_(uz) usm+(z\;g f Zsm (p.z)

for A # tp.

P r o o f. The results follow immediately on replacing = by —z in equa-
tions (4), (5), (6) and (7).

Further results can be easily deduced. For example, it is easily proved
that
Asing(Az) — usm+(uz)
2 —

cost(Az) * cosy(pz) =

for A # tpu, and it follows that

cos(Az) ® cosy(pz) = cos_(Az)® cosy(pz) + cosy(Az) * cosy (uz)

_ A sm(Az)
A% —p?
Replacing z by —z in this equation we get
cos(Az) ® cos_(puz) = _):\sz_in—f/:‘_az:)
and so
cos(Az) ® cos(puz) = cos(Az) @ cos_(pz) + cos(Az) ® cosy(uz)

= 0.
Theorem 5. The neutriz convolution products cos_(Az) @ cosy(Az),
cos_(Az) @ sing(Az), sin_(Az) @ cosy(Az) and sin_(Az) @® siny(Az) ezist and

2Az cos_(Az) + sin_(Az) — siny(Az)
4\ ’

(15)  cos_(Az) ® cosy(Az)
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2)z sin_(Az) + cos_(Az) 4 cos (Az)

(16) cos—(Az) ®sing(Az) = B ,
(17)  sin_(Az) @ cosy(Az) 2Az sin_(Az) — C(;S/\..(A:E) + cosy (Az) ’
(18) sin_(Az) ® sing(Az) = sin_(Az) — 2Az CZ;—(/\I) — sm+()\:z:)’
for A #£0.

P roof. Wehave
(19) [cos_(Az)], * cosy(Az) = /oo [cos_(At)], cos4[A(z — t)] dt.

When —v < z < 0,

/_:[cos_(/\t)],, cosi[A(z — )] dt [: cos(At) cos[A(z — t)] dt +

+ /—V cos(At) cos[A(z — t)]T,(t) dt

—_—y—p—V

z cos(Az) + v cos(Az) .

2
+sin(/\:c) + sin(Az + 2Av) + o)
4
and it follows that
[ A A i
(20) N-lim / [cos_(At)], coss [A(z — )] dt = 2220 2\”‘“(’\2),
n—oo J_

on using equation (8).
When z > 0,

/oo [cos—_(At)], cosi[A(z — t)]dt = /0 cos(At) cos[A(z — t)] dt +

-0 —-v

+ /_u cos(At) cos[A(z — t)]7,(t) dt

—v—v—V
vcos(Az) sin(Az) — sin(Az + 2Av) i
2 4
+0(v™")
and it follows that
sin(Az)

(21) Nu:Liom /—oo [cos(At)], cosy[A(z — t)]dt = iy
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on using equation (8). :
Equation (15) now follows as above from equations (19), (20) and (21).
Differentiating equation (15), using Theorem 2, we get

3 cos_(Az) — 2Az sin_(Az) — cosy(Ax)
4

cos_(Az) ® [~Asing(Az) + 6(z)] =

and so

-— 1 _ A
Acos_(Az) ® siny(Az) _3cos_(Az) — 2Azsin_(Az) + cos4(A2)

— cos_(Az)

4
2z sin_(Az) + cos_(Az) + cos4(Az)
= D .
Equation (16) follows.
We now prove equation (18). We have
oo
(22) [sin_(Az)], * sing (Az) = / [sin_(At)], sing [A(z — t)] dt.

When —v < z < 0,

/ * [sin_ (M), sing [Mz — )] dt = / " sin(At) sin[A(z — ¢)] dt +

—00 —-v

+ /_ sin(At) sin[A(z — t)]7,(t) dt
sin(Az) + sin(Az + 2vz)
= g
4\
_ zcos(Az) — v cos(Az)

2

+0(w™)

and it follows that _
oo = A —
(23) N-lim / [sin_ (\t)], siny [\(z — £)] de = S2A2) = 2Az cos(Az)
V—00 —00

4

on using equation (8).
When z > 0,

=) 0
/_ [sin_(At)], sing[A(z — t)]dt = '/_u sin(At) sin[A(z — t)] dt +

+ sin(At) sin[A(z — t)]7,(t) dt
sin(Az) — sin(Az + 2Av) = vcos(Az)
e 4 ARNeLe T

+0(v™")
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and it follows that

oo . A
(24) N—lim / [sin_(At)], sing [A(z — 1)) dt = — Sn(A2)
v=o0 J—oo 4\
on using equation (8).
Equation (18) now follows as above on using equations (22), (23) and
(24).
Differentiating equation (18), using Theorem 2, we get

—Acos_(Az) + 2X%sin_(Az) — A cosy (Az)

Asin_(Az) ® cosy(Az) = B ,

and equation (17) follows.

Corollary. The neutriz convolution products cos;(Az) ® cos_(Az),
cosy (Az)
® sin_(Az), sing (Az) ® cos_(Az) and siny(Az) ® sin_(Az) ezist and

0 (Az) — gin_
cos;(Az) ® cos_(Az) = _2Az cosy(Az) + siny (Az) — sin (’\1‘),

cosy(Az) @ sin_(Az) = —22zsing(Az)+ ?‘Es:\\*“(’\“) + cos_(Az)

sing (Az) ® cos_(Az) _ —cosy(Az) + 2Az Zi;l+(z\a:) + cos_()\a:)’

siny (Az) @ sin_(Ae) = —Snt(A2) -2z CZ:+(’\z) — sin_(Az)
for X # 0.

P r o o f. The results follow immediately on replacing z by —z in e-
quations (15), (16), (17) and (18). Further results can again be easily deduced.
Since,
sing (Az) + Az cos; (Az)

2) ’

cosy4 (Az) * cos(Az) =
for A # 0, it follows as above that

cos(Az) ® cosy(Az) = cos_(Az) ® cosy(Az) + cosy(Az) * cosy(Az)

_ sin(Az) + 2Az cos(Az)
N 73 ’
cos(Az) @ cos_(Az) = —n(Az) +42;\z cos(Az)
cos(Az) ® cos(Az) = O,

for A # 0.
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