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Presented by P. Kenderov

In this paper the four and five-parametric subgroups of the isometry group in three-

dimensional Galilean space are determined.

1. Introduction

With respect to nonhomogeneous coordinates an isometry of the six-
parametric isometry group Bg in the three-dimensional Galilean space G3 has
the form

rT=a+z,
y=>b+cx + cosp.y + sin p.z,

z=d+ ex —sinp.y + cosp.z,
where a,b,c,d,e and ¢ are real numbers [4]. The infinitesimal operators of Bg

are

X1=§;» X2=a%, X3:B%a

Xe=5%, Xs=2f, Xe=25—-y5:

and satisfy the system

'This work was partially supported by MES grant MM-18/91.
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[X1,X2] =0, (X1, X3] = 2, [X1,X4] =0,
(X1, X5] = z4, [X1,X6] =0
[X2, X3] =0, [X2, X4] =0, [X2, X5] = 0,
[Xz,Xs] = —Xj, [X3,X4 =0
(X3, X5] = 0, [X3, X6] = — X, [X4,Xs] =0,
(X4, X6] = X2, (X5, X6] = X3

where [.,.] is the bracket of Poisson.

For the necessities of some applications the natural problem which arises
is to classify the subgroups of Bg. That is the aim of this paper and we give the
four and five-parametric subgroups of Bg which are different up to a Galilean
isometry. The results have been announced without proofs [1], which are given
here.

We note that the one-parametric subgroups of Bg have been found by 0.
Roschel in [4] and the two and three-parametric subgroups - by the author in

[2].

2. Four-parametric subgroups of Bs.

A four-parametric subgroup of Bg can be defined by four infinitesimal
operators (see [3], p. 163)

6
(1) ' Yh ol Zahkzks h= 1) --’4,
k=1
satisfying the conditions
4
(2) Y, Yl =) chiYe, ij=1,.4i#]
k=1

where ap, and cfj are real numbers. Now we shall consider the possible cases.
1. a12 = a13 = a14 = a15 = a16 = 0. Then a;; # 0 and by a suitable
change of the variables we can obtain a;; = 1, a3 = a3 = aq = 0.
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1.1. a3 = ag4 = ags = age = 0. Consequently az; # 0 and we suppose
a2 =1, azz = aq2 = 0.

1.1.1. az4 = a3s = aze = 0. Now a3z # 0 and we choose azz = 1,

a43 = 0. The operators Y] = X;, Y2 = X3, Y3 = X3,

Yy = a44 X4 + a45 X5 + a46Xe define a group if and only if

a45 = age = 0. Then ay4 # 0 and taking aqq = 1 we get the

subgroup

By = {X1, X2, X3, X4}

1.1.2. a34 # 0, a3s = aze = 0. We assume az4 = 1, aqq =0.

1.1.2.1. a45 = a4¢ = 0. Therefore a43 # 0 and choosing a43 = 1, asz =
0 we find By;.

1.1.2.2. a45 # 0, ase = 0. We take ag5 = 1 and from the condition
Yy, h=1,2,3,4, to determine a group we get azz = 0. Changing the variables
in the form

_ _ 1 _ 1
(3) T=z, J= ————=(a43y + 2),Z = ——=(—y + a432)
V1+tag, 1+ a3s

we find again By;.
1.1.2.3. a4¢ # 0. We choose ag¢ = 1 and applying the condition the
operators to define a group we obtain azz = 0. By the substitution

T=2z, Yy=—a45+Y, Z=a43+ 2

we get the subgroup
Byz = {X1, X2, X4, X6}

1.1.3. a3s # 0,a36 = 0. We suppose azs = 1,a45 = 0.

1.1.3.1. a44 = ag¢ = 0. Therefore a43 # 0 and we take a4z = 1,a3z = 0.
In this case the operators do not define a group. '

1.1.3.2. a44 # 0,a46 = 0. Choosing asq = 1,a34 = 0 we have 1.1.2.2.

1.1.3.3. a4 # 0. We take a46 = 1. Now the operators do not determine
a group.

1.1.4. a3 # 0. Lettoputa36_1 a46—0

1.1.4.1. a4q4 = a45 = 0. Consequently a43 # 0 and choosing a4z = 1 azz =
0 we obtain that the operators do not define a group.

1.1.4.2. a44 # 0,a45 = 0. We assume a4qq = 1,a34 = 0 and we get 1.1.2.3.

1.1.4.3. a45 # 0. Putting a45 = 1,a35 = 0 we obtain 1.1.3.3.
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1.2. a3 # 0,a24 = azs = az¢ = 0. Now we suppose az3 = 1, azz = a43 =
0.

1.2.1. a34 = a35 = azg = 0. Then a3y # 0 and taking a3z, = 1,a9; =
as2 = 0 we have 1.1.1.

1.2.2. az4 # 0,a35 = azg = 0. We assume a3zq = 1,a44 = 0.

1.2.2.1. a45 = a4 = 0. Therefore aq2 # 0 and putting agy = 1,a92 =
a3z = 0 we get By;.

1.2.2.2. a45 # 0,a46 = 0. Choosing ags = 1 we find that the operators
do not define a group.

1.2.2.3. a4 # 0. Now we assume aq¢ = 1. The operators do not deter-
mine a group.

1.2.3. ass # O, aze = 0. We suppose azs = 1,1145 = 0.

1.2.3.1. Q44 = Q46 = 0. Then a4 # 0 and taking a4 = 1, Q22 = A3z = 0
we obtain 1.1.3.1.

1.2.3.2. a4q # 0,a4¢ = 0. Putting aqq = 1,a34 = 0 we get 1.2.2.2.

1.2.3.3. a4¢ # 0. We choose ag¢ = 1 and we find that the operators do
not defined a group.

1.2.4. aze # 0. We assume azg = 1,a4¢ = 0.

1.2.4.1. a44 = a45 = 0. Consequently ag2 # 0 and taking as2 = 1,a22 =
a3y = 0 we have 1.1.4.1.

1.2.4.2. a44 # 0,a45 = 0. We put a4q4 = 1,a34 = 0 and we obtain 1.2.2.3.

1.2.4.3. a4s # 0. Choosing a4s = 1,a35 = 0 we get 1.2.3.3.

1.3. az4 # 0,a25 = aze = 0. Now we suppose azq4 = 1, azq = aqq = 0.

1.3.1. a3z = azs = azg = 0. Therefore a3y # 0 and putting az; = 1,a22 =
ag2 = 0 we get 1.1.2.

1.3.2. azs # 0,0,35 = aze = 0. We take azz = 1, A3 = Q43 = 0 and we
have 1.2.2.

1.3.3. azs # 0,a36 = 0. We assume a3s = 1,a45 = 0.

1.3.3.1. a43 = a4¢ = 0. Then ay2 # 0 and choosing ag; = 1, a2 = azz =0
we obtain 1.1.2.2.

1.3.3.2. a43 # 0, A4q6 = 0. We take a43 = 1,(123 = a3z = 0 and we get
1.2.3.2.

1.3.3.3. a4¢ # 0. In this case we can assume a4 = 1. The verification
indicates that the operators do not define a group.

1.3.4. aze # 0. We suppose azg = 1,a46 = 0.

1.3.4.1. a43 = ays = 0. Consequently aso # 0 and replacing a4y =
1,a22 = a3y = 0 we have 1.1.2.3.

1.3.4.2. a43 -',6 0,045 = 0. Taking a43 = 1,(123 = agz3z = 0 we obtain
1.2.2.3.

1.3.4.3. a45 # 0. We put a45 = 1,a35 = 0 and we get 1.3.3.3.
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1.4. a5 # 0,a26 = 0. We suppose ags = 1,a35 = ags5 = 0.

1.4.1. a3z = a34 = azeg = 0. Then a3z # 0 and choosing asz; = 1,a22 =
az4 = 0 we have 1.1.3.

1.4.2. a3z # 0,a34 = aze = 0. We take azz = 1, a3 = aq3 = 0 and we
obtain 1.2.3.

1.4.3. a34 # 0,a36 = 0. Putting aszs = 1,a24 = a44 = 0 we get 1.3.3.

1.4.4. azg # 0. We assume azg = 1,a46 = 0.

1.4.4.1. a43 = agq = 0. Therefore agy # 0 a.nd choosing a4z = 1,a22 =
a3z = 0 we have 1.1.3.3.

1.4.4.2. a43 # 0,a44 = 0. Takmga43—1 az3 = azz = 0 we get 1.2.3.3.

1.4.4.3. a44 # 0. Now we put agq = 1, a4 = az4 = 0 and we obtain
1.3.3.3.

1.5. az6 # 0. We suppose azs = 1,a36 = aq¢ = 0.

1.5.1. a3z = Q34 = a3zs = 0. Then asza # 0 and a.ssuming azy = l,azg =
as2 = 0 we obtain 1.1.4.

1.5.2. as3 # 0, aA34 = Aa35 = 0. We take azsz = 1, a3 = Q43 = 0 and we
obtain 1.2.4.

1.5.3. a3q # 0,a35 = 0. Putting azq = 1,a24 = a44 = 0 we get 1.3.4.

1.5.4. a3zs # 0. Now we choose a3zs = 1,a35 = a4s = 0 and we have 1.4.4.

2. ajp # 0,a13 = a14 = a15 = a1 = 0. In this case we can suppose
a2 = 1,822 = a3z = ag2 = 0.

2.1. 23 = Q24 = Q25 = Q26 = 0. Therefore any # 0 and ta.king azi
1,0.11 = agz) = a41 = 0 we obtain 1.1.

2.2. a3 # 0,0.24 = a25 = QA28 = 0. We choose az3 = 1, Q33 = Q43 = 0.

2.2.1. a3z4 = Aa35 = Q3¢ = 0. Then asy # 0 and repla,cing az; = 1,0.11 =
a1 = a4q1 =0 we get 1.1.1.

2.2.2. a3q # 0,a35 = azg = 0. Now we assume azq = 1,a44 = 0.

2.2.2.1. a45 = ag¢ = 0. Consequently a4; # 0 and taking a4y = 1 a;; =
as = az; = 0 we obtain By;.

2.2.2.2. ag5 # 0,a46 = 0. We suppose aq5 = 1. Then the operators define
a group iff a;; = az; = 0.

2.2.2.2.1. a; = a4y = 0. In this case the operators determine the
subgroup

B;S = {X2,X3a X4» XS}
2.2.2.2.2. |ag1| + |aq1| # 0 If we make the change

T =z, y=

1
-————(a41y by 0212),
Vg + ag
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_ 1
z = ————(agly + a412)
g, T a4y
then we get the subgroup

Bg3 = {X2’X3’X4a C!X'l + X5|a # O,C! € R}.

Unifying the last two cases we have the subgroup

Byz = {X2, X3, X4,aX) + Xs|a € R}.

2.2.2.3. a46 # 0. We replace aq¢ = 1. In this case the operators do not
define a group.

2.2.3. azs # 0,a36 = 0. Now we suppose azs = 1,a45 = 0.

2.2.3.1. a44 = a4 = 0. Therefore ay; # 0 and putting agy = 1,ay; =
az; = az; = 0 we obtain 1.1.3.1.

2.2.3.2. a4 # 0,a46 = 0. We take aqq = 1,a34 = 0 and we have 2.2.2.2.

2.2.3.3. a46 # 0. Choosing ase = 1 we get that the operators do not
define a group.

2.2.4. aze # 0. We suppose azg = 1,a46 = 0.

2.2.4.1. agq = a45 = 0. Then a4y # 0 and replacing a4; = 1, a17 = a1 =
az; = 0 we find 1.1.4.1.

2.2.4.2. a44 # 0,a45 = 0. We take agq = 1,a34 = 0 and we have 2.2.2.3.

2.2.4.3. a45 # 0. Choosing a45 = 1,a35 = 0 we get 2.2.3.3.

2.3. a4 # 0,0,25 = Q2 = 0. Now we assume a4 = 1, Q34 = Q44 = 0.

2.3.1. a3z = azs = aze = 0. Consequently a3; # 0 and putting az; =
1,a1; = ag; = a4; = 0 we obtain 1.1.2.

2.3.2. a3z # 0,a35 = azg = 0.We take azz = 1,a,3 = a43 = 0 and we have
2.2.2.

2.3.3. a3zs # 0,a36 = 0. We suppose azs = 1,a45 = 0.

2.3.3.1. a43 = aq¢ = 0. Then a4; # 0 and choosing aq; = 1, a11 = a9 =
az; = 0 we get 1.1.2.2.

2.3.3.2. a43 # 0,a4¢ = 0. Putting a4z = 1,a23 = azz = 0 we obtain
2.2.2.2.

2.3.3.3. a46 # 0. Now we take a46 = 1 and in this case the operators do
not define a group.

2.3.4. aze # 0. We assume azg = 1,a46 = 0.

2.3.4.1. a43 = a45 = 0. Therefore a4y # 0 and replacing a4, = 1,a1; =
az = az; = 0 we have 1.1.2.3.

" 2.3.4.2. a43 # 0,a45 = 0. We choose aq3 = 1,a33 = azz = 0 and we get

2.2.2.3.
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2.3.4.3. a4s # 0. Putting a45 = 1,a3s = 0 we obtain 2.3.3.3.

2.4. azs # 0,a26 = 0. We suppose azs = 1,a35 = aq5 = 0.

az; = 1,a11 = a9y = a4; = 0 we have 1.1.3.

2.4.2. a3z # 0,a34 = azg = 0. Now we choose azz = 1, a3 = a43 = 0 and
we get 2.2.3.

2.4.3. a3q4 # 0,a36 = 0. Replacing az4 = 1, a24_a44_0weget233

2.4.4. (136#0 Weputa36 10.46—0

2.4.4.1. a43 = aq4 = 0. Consequently a4y # 0 and taking agy = 1,a11 =
as1 = az; = 0 we have 1.1.3.3. _

2.4.4.2. a43 # 0,a44 = 0. We put ag3 = 1,a23 = azz = 0 and we find
2.2.3.3.

2.4.4.3. agq4 # 0. Choosing aq4 = 1,a24 = azq4 = 0 we get 2.3.3.3.

2.5. azs # 0. We suppose aze = 1,a36 = ag¢ = 0.

2.5.1. a3z = az4 = azs = 0. Therefore az; # 0 and taking az; =1, a;; =
ag1 = a4q1 = 0 we have 1.1.4.

2.5.2. a3z # 0,a34 = azs = 0. We choose a3z = 1, a3 = a4z = 0 and we
get 2.2.4.

2.5.3. azq # 0,a35 = 0. Now we replace azq = 1, a4 = a44 = 0 and we
obtain 2.3.4.

2.5.4. ass 36 0. Ta.kmg azs = 1,(125 = Q45 = 0 we have 2.4.4.

3. as ;é 0,0,14 = a15 = a1 = 0. We assume a1z = 1, a3 = Q33 = Q43 =
0.

3.1. az; = a4 = azs = aze = 0. Then az; # 0 and choosing az; =
1,(111 = 4az) = a4 = 0 we get 1.2.

3.2. agy # 0,a24 = az5 = aze = 0. Now we take az; = 1, a2 = a3
a42 = 0 and we obtain 2.2.

3.3. azq # 0,a25 = aze = 0. We suppose agq = 1, azq4 = aqq = 0.

3.3.1. a3z = a3zs = aze = 0. Consequently az; # 0 and putting a31 =
1 all—agl—a41_0weha.ve122

3.3.2. a3z # 0,a35 = aze = 0. We choose azz = 1, a12 = azz = ag2 = 0
and we get 2.2.2.

3.3.3. ass # 0,a36 = 0. We suppose azs = 1,a45 = 0.

3.3.3.1. a42 = a4¢ = 0. Then a4; # 0 and taking aq; = 1, a1 = ag =
asz) = 0 we obtain 1.2.2.2. )

3.3.3.2. a42 # 0,a46 = 0. Replacing a42 = 1, a12 = az2 = azz = 0 we
have 2.2.2.2.

3.3.3.3. a46 # 0. Now we put age = 1 and we get that the operators do
not define a group.

3.3.4. azg # 0. We suppose agg = 1,a4¢ = 0.
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3.3.4.1. a4 = a45 = 0. Therefore a4; # 0-@nd putting aqy = 1,a1; =
a1 = a3z; = 0 we get 1.2.2.3.

3.3.4.2. a42 # 0,a45 = 0. We take aq2 = 1 a12 = azz = a3z = 0 and we
obtain 2.2.2.3.

3.3.4.3. a45 # 0. Choosing a45 = 1,a35 = 0 we have 3.3.3.3.

3.4. aszs 96 0,a26 = 0. We assume ags5 = 1,(135 = Q45 = 0.

3.4.1. a3; = a3y = azg = 0. Consequently az; # 0 and taking az; =
1,(111 = Q21 = Q41 = 0 we get 1.2.3.

3.4.2. a3z # 0,a34 = azg = 0. Now we put azz = 1, a12 = az; = ag2 =0
and we obtain 2.2.3.

3.4.3. azq # 0,a36 = 0.Choosing az4 = 1,a24 = ag4 = 0 we have 3.3.3.

3.4.4. azg # 0. We suppose age = 1,a4¢6 = 0.

3.44.1. a4 = a44 = 0. Then a4y # 0 and taking agyy = 1, a1 = az; =
a3 = 0 we get 1.2.3.3.

3.4.4.2. agy # 0,a44 = 0. Now we put ag2 = 1, @12 = azz2 = a3z = 0 and
we obtain 2.2.3.3.

3.4.4.3. a44 # 0. Replacing aqq4 = 1,a24 = az4 = 0 we have 3.3.3.3.

3.5. aze¢ # 0. We assume azg = 1,a36 = aq¢ = 0.

3.5.1. a3zz = azq = azs = 0. Therefore az; # 0 and putting a3z; = 1,a1; =
a1 = Q41 = 0 we get 1.2.4.

3.5.2. azz # 0,a34 = azs = 0. We take az; = 1, aj2 = @22 = a42 = 0 and
we obtain 2.2.4. v

3.5.3. az4 # 0,a35 = 0. Now we choose az4 = 1,a24 = aq4 = 0 and we
have 3.3.4.

3.5.4. a3zs # 0. Putting ags = 1,a25 = a45 = 0 we get 3.3.4.

4. a14 # 0,a15 = a16 = 0. We suppose a14 = 1, ag4 = a3zq4 = a44 = 0.

4.1. ayy = az3 = azs = aze = 0. Then az; # 0 and replacing az; =
1,a11 = a3z = a4 = 0 we get 1.3.

4.2. azy # 0,a23 = azs = aze = 0. Now we choose az; = 1, aj2 = az; =
a4o = 0 and we obtain 2.3. :

4.3. az3 # 0,a25 = aze = 0. We put a3 = 1, a3 = azz = a43 = 0 and we
have 3.3.

4.4. aszs # 0,(126 = 0. We assume azs = 1,a35 = Q45 = 0.

4.4.1. a3z = a3z = azge = 0. Consequently az; # 0 and taking az =
1,a11 = a9 = a4; = 0 we get 1.3.3.

4.4.2. a3y # 0,a33 = azg = 0. Choosing az; = 1, a1z = az2 = a4z = 0 we
obtain 2.3.3.

4.4.3. a3z # 0,a36 = 0. Now we put azz = 1, a13 = az3 = a43 = 0 and we
have 3.3.3.

4.4.4. aze # 0. We suppose azg = 1,a4¢ = 0.
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4.4.4.1.a49 = a4q3 = 0. Therefore ay; # 0 and putting aq; = 1,a1; =
az; = az; = 0 we get 1.3.3.3.

4.4.4.2. aqy # 0,a43 = 0.We choose aq = 1, a12 = az2 = azz = 0 and we
obtain 2.3.3.3. )

4.4.4.3. a43 # 0. Taking a43 = 1,a13 = az3 = azz = 0 we have 3.3.3.3.

4.5. aze # 0. We suppose az = 1,a36 = a46 = 0.

4.5.1. a3y = azz3 = azs = 0. Then a3; # 0 and we replace az; = 1,a1; =
az1 = ag1 = 0 and we get 1.3.4.

4.5.2. azy # 0,a33 = azs = 0. Now we choose azz = 1, aj2 = azz = a42 =
0 and we obtain 2.3.4. i

4.5.3. a3z # 0,a3s = 0. Taking ass = 1,a13 = a3 = as3 = 0 we have
3.3.4.

4.5.4. azs # 0. We put azs = 1,a25 = aq5 = 0 and we get 4.4.4.

5. a5 75 O,ale =0. We suppose a5 = 1, Q25 = Q35 = Q45 = 0.

5.1. azy = a3 = azq = aze = 0. Consequently az; # 0 and choosing
az; = 1,a11 = as) = a41 = 0 we obtain 1.4.

5.2. azy # 0,a23 = az4 = aze = 0. We take azp = 1, aj2 = a3z = ag2 = 0
and we have 2.4.

5.3. a3 # 0,a24 = aze = 0. Putting a3 = 1, a3 = a3z = a43 = 0 we get
3.4.

'5.4. azq # 0,a26 = 0. Now we choose azq4 = 1, aj4 = @34 = ag4 = 0 and
we obtain 4.4.

5.5. age # 0. We assume ags = 1,a36 = ag¢ = 0.

5.5.1. a3; = azz3 = azq4 = 0. Then a3z; # 0 and replacing a3z = 1,
a1l = @21 = a4 = 0 we have 1.4.4.

5.5.2. azp 75 0,033 = Q34 = 0. Choosing azz = 1, A1 = Q292 = Q42 = 0 we
get 2.4.4.

5.5.3. a3z # 0,a34 = 0. We put azz = 1,813 = az3 = a43 = 0 and we
obtain 3.4.4.

5.5.4. azq # 0. Now taking azq = 1,814 = @24 = agq = 0 we have 4.4.4.

6. a16 # 0. We suppose a1 = 1,826 = aze = a4 = 0.

6.1. azy = a3 = azq = azs = 0. Therefore az; # 0 and choosing
a1 = 1,a11 = az; = aq1 = 0 we get 1.5. '

6.2. a2 75 0,a23 = a4 = Q25 = 0. Assuming a2 = 1, Ay = Q432 = Q42 =
0 we obtain 2.5.

6.3. aq3 # 0,0.24 = a5 = 0. We take a3 = 1, a13 = Q33 = Q43 = 0 and
we have 3.5. ‘

6.4. azq # 0,a35 = 0. Now we choose azq = 1, a4 = azq4 = agq = 0 and
we get 4.5.

6.5. azs # 0. Putting azs = 1,a15 = a3s = a45 = 0 we obtain 5.5.
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Therefore we may state the following.

Theorem 1. The four-parametric subgroups of Bg can be reduced to
one of the subgroups

Bgyy = {X1, X2, X3, X4}, Bz = {X1,X2, X4, X6},

B43 = {X2aX37 X4,(1X1 + Xsla € R}

3. Five-parametric subgroups of Bg.

A five-parametric subgroup of Bg may be determined by five infinitesimal
operators in the form (1), satisfying the conditions (2) for 4,5 =1,...,5;1 # j.
Consider the possible cases.

1. @12 = a13 = @14 = a15 = a1 = 0. Then a1; # 0 and we can put
a;; = l,az1 = az; = aqy = as; = 0.

1.1. a3 = agq = ags = agze = 0. We have az; # 0 and we assume that
1,(132 = 442 = Q52 = 0.

1.1.1. a34 = azs = azg = 0. Now a3z # 0 and we take azz = 1,a43 =
as3 = 0.

1.1.1.1. a4s = a4 = 0. We get aqq4 = 1,a54 = 0. The operators

Y1 =X1, Ya=X2, Ya= X3, Yy=X4, Y5 =as55Xs5+ ase6Xe

determine a group if and only if as¢ = 0. Then ass # 0 and by a change
of the variables we find the subgroups

a2

Bsy = {X1,X2, X3, X4, X5}.

1.1.1.2. a4s # 0,a46 = 0. We suppose aygs = 1,as5 = 0. The operators
define a group iff as4 # 0,as6 = 0. We obtain the subgroup Bs;.

1.1.1.3. a4¢ # 0. Therefore we have a46 = 1,as6 = 0 and a simple
calculation gives that the operators do not define a group.

1.1.2. az4 7’-‘ 0, azs = a3ze = 0. Then azq = 1,0.44 = Qas4 = 0.

1.1.2.1. Q45 = Q46 = 0. Now a43 75 0 and a.ssuming a43 = 1, az3z = 453 = 0
we get 1.1.1.1.

1.1.2.2. a45 # 0,a46 = 0. We take a45 = 1,a55 = 0.

1.1.2.2.1. asg = 0. Then as3 # 0 and choosing as3 = 1, azz = a43 = 0 we
obtain Bs;.

1.1.2.2.2. ase # 0. The operators do not define a group.

1.1.2.3. a4¢ # 0. We have age = 1,a56 = 0.
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1.1.2.3.1. ass = 0. Now as3 # 0 and the operators do not determine a
group.

1.1.2.3.2. ass # 0. The operators again do not generate a group.

1.1.3. azs # 0,a3¢ = 0. We choose azs = 1,a45 = ass = 0.

1.1.3.1. as4 = as¢ = 0. Then as3 # 0 and we put asz = 1, aaz = aq3 = 0.

1.1.3.1.1. a4¢ = 0. Therefore aqq # 0 and replacing aqq4 = 1, azq4 = 0 we
obtain Bs;.

1.1.3.1.2. a4¢ # 0. In this case the operators do not define a group.

1.1.3.2. as4 # 0,as56 = 0. Now asq = 1,a34 = aga = 0 and we have
1.1.2.2. : .
1.1.3.3. ase # 0. We can choose asg = 1,a46 = 0.
1.1.3.3.1. a4q = 0. Then a43 # 0 and putting a43 = 1, azz = asz = 0 we
obtain 1.1.3.1.2.

1.1.3.3.2. a44 # 0. Consequently we can replace aqq = 1, azq = asq = 0
and we have 1,1.2.2.2.

1.1.4. azg ;é 0. We assume aze = 1,046 = 456 = 0.

1.1.4.1. asq4 = ass = 0. Therefore asz # 0 and choosing as3 = 1,a33 =
as3 = 0 we get 1.1.1.3. '

1.1.4.2. asq4 = 0,as5 # 0. We have ass = 1,a35 = aq5 = 0.

1.1.4.2.1. a44 = 0. Now a43 # 0 and the operators do not define a group.

1.1.4.2.2. a44 # 0. Replacing agq = 1,a34 = 0 we get 1.1.2.2.2.

1.1.4.3. asq4 # 0. We put asq = 1,a34 = aq4 = 0.

1.1.4.3.1. a45 = 0. Therefore a43 # 0-and assuming a43 = 1, azz = as3z =
0 we have 1.1.1.3.

1.1.4.3.2. a45 # 0. We can choose aqs = 1,a35 = ass = 0 and we find
1.1.2.2.2.

1.2. ag3 75 0,a24 = ag5 = agze = 0. We put az3 = 1, azz = a43 = as3 = 0.

1.2.1. a34 = a3zs = azg = 0. Now a3z # 0 and replacing a3z = 1,a22 =
a4y = asy = 0 we obtain 1.1.1. . '

1.2.2. a3q # 0,a35 = aze = 0. We assume that azq = 1, agq = as4 = 0.

1.2.2.1. ass = as¢ = 0. Consequently a5 # 0 and putting asz = 1,a22 =
a3z = a4 = 0 we obtain 1.1.1.1.

1.2.2.2. ass # 0,as6 = 0. Then we choose ass = 1,a45 = 0.

1.2.2.2.1. a4¢ = 0. Therefore a42 # 0 and taking as2 = 1, azz = az2 =
asy = 0 we receive Bs;.

1.2.2.2.2. a4¢ # 0. Now the operators do not define a group.

1.2.2.3. ase¢ # 0. We take asg = 1,a46 = 0.

1.2.2.3.1 a4s = 0. Then a4 # 0 and choosing a4z = 1, azz = a3z = as2 =
0 we find 1.1.2.3.1.

1.2.2.3.2. a45 # 0. We replace a45 = 1,a55 = 0 and we get 1.2.2.2.2.
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1.2.3. a3s # 0,a36 = 0. We suppose azs = lya4s = ass = 0.

1.2.3.1. as4 = asg = 0. Consequently as; # 0 and putting as; = 1,a2; =
a3y = a49 = 0 we obtain 1.1.3.1.

1.2.3.2. asq4 # 0,a56 = 0. Now we take asq = 1,a34 = aqq = 0 and we
arrive to 1.2.2.2.

1.2.3.3. as¢ # 0. We can have asg = 1,a46 = 0.

1.2.3.3.1. a44 = 0. Then a4 # 0 and assuming a4z = 1, az; = az; =
as2 = 0 we obtain 1.1.3.1.2.

1.2.3.3.2. agq # 0. We put aqq = 1,a34 = as4 = 0 and get 1.2.2.2.2.

1.2.4. azg # 0. We choose azg = 1,a46 = ase = 0.

1.2.4.1. as4 = ass = 0. Therefore a5y # 0 and taking asz = 1,a32 =
a3y = a4 = 0 we have 1.1.1.3.

1.2.4.2. asq4 # 0,as5 = 0. We suppose as4 = 1,a34 = a44 = 0.

1.2.4.2.1. a4s = 0. Replacing a4 = 1,a22 = a3z = asz = 0 we get that
the operators do not define a group.

1.2.4.2.2. a45 # 0. Now taking a4s = 1 we arrive 1.2.2.2.2.

1.2.4.3. as5 # 0. We assume ass = 1,a35 = ags = 0.

1.2.4.3.1. a4q4 = 0. Consequently a42 # 0 and choosing a4 = 1,az2 =
a3y = asy = 0 we find 1.1.3.1.2.

1.2.4.3.2. a44 # 0. Now we can do aqq4 = 1,a34 = as4 = 0 and we obtain
1.2.2.2.2.

1.3. a24 ;é 0,025 = Q26 = 0. We suppose az4 = l, a34 = Q44 = G54 = 0.

1.3.1. a33 = a3s = aze = 0. Then a3z # 0 and putting az; = 1,a2; =
a4y = asy = 0 we get 1.1.2. .

1.3.2. asz3 -',é 0, azs = azg = 0. Assuming azz = 1, a23 = A43 = Q53 = 0 we
have 1.2.2.

1.3.3. a3s # 0,a36 = 0. We put azs = 1,a45 = ass = 0.

1.3.3.1. as3 = asg = 0. Therefore as2 # 0 and replacing asz = 1,a22 =
a3y = a42 = 0 we obtain 1.1.2.2.

1.3.3.2. as3 # 0,as¢ = 0. Choosing as3 = 1, a3 = a3z = aq3 = 0 we
arrive to 1.2.3.2.

1.3.3.3. ase # 0. Now we suppose aseg = 1,a4¢6 = 0.

1.3.3.3.1. a43 = 0. Then a4q2 # 0 and putting a4 = 1, a2 = G323 = A5 =
0 we have 1.1.2.2.2. . .

1.3.3.3.2. a43 # 0. We replace a43 = 1,a23 = a3z3 = as3 = 0 and we get
- 1.2.2.2.2.

1.3.4. age # 0. We assume azg = 1,a46 = as¢ = 0.

1.3.4.1. as3 = ass = 0. Consequently as; # 0 and taking asz = 1,a2; =
.azz = a4 = 0 we have 1.1.2.3.
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1.3.4.2. as3 9’-‘ 0,as5 = 0. We put as3 = 1, 23 = Q33 = Q43 = 0 and we
obtain 1.2.2.3.

1.3.4.3. as5 # 0. Choosing ass = 1,a3s = ag5 = 0 we get 1.3.3.3.

1.4. a5 # 0,a26 = 0. We suppose a5 = 1, azs = aq5 = ass = 0.

1.4.1. a3z = azs4 = azg = 0. Therefore az; # 0 and taking az; = 1,az22 =
a49 = aso = 0 we find 1.1.3.

1.4.2. a3z # 0,a34 = azg = 0. Then we replace azz = 1, a3 = a43 =
as3 = 0 and we have 1.2.3.

1.4.3. azq # 0,a36 = 0. Now we choose azq = 1, az4 = aq4 = @54 = 0 and
we get 1.3.3.

1.4.4. azg # 0. We assume azg = 1,a46 = ase = 0.

1.4.4.1. as3 = asq = 0. Consequently as; # 0 and putting as; = 1,a22 =
a3y = a4 = 0 we have 1.1.3.3.

1.4.4.2. as3 # 0,as4 = 0. Then we replace as3 = 1, a3 = azz = a43 =0
and we arrive to 1.2.4.3.

1.4.4.3. asq ;é 0. Ta.kmg Q54 = 1,0.24 =434 = Q44 = 0 we obtain 1.3.4.3.

1.5. aze # 0. In this case we can suppose az¢ = 1, aze = a6 = ase = 0.

1.5.1 az3 = az4 = azs = 0. Therefore az; # 0 and assuming az; =
1,a20 = a42 = as2 = 0 we get 1.1.4.

1.5.2. a3z # 0,a34 = azs = 0. We replace azz = 1, a3 = aq3 = as3 = 0
and we find 1.2.4.

1.5.3. a34 # 0,a3s = 0. Putting azq = 1, a24 = a44 = asq4 = 0 we obtain

1.3.4.

1.5.4. azs # 0. Now we choose ags = 1,az5 = ag5 = as5 = 0 and we get
1.4.4.

2. a12 # 0,a13 = a14 = ay5 = a16 = 0. Changing the variables we can
obtain ajp = 1,a29 = a3z = a42 = as2 = 0.
. 2.1. az3 = agy = azs = agze = 0. Therefore az; # 0 and taking a;
l,an = as] = a41 = as1 = 0 we have 1.1.

2.2. az3 ;é 0,a24 = Q25 = Q28 = 0. We suppose a23 = 1, a3z = Q43 =
as3 = 0.
2.2.1. az4 = azs = aze = 0. Then a3y # 0 and choosing a3z = 1,a1; =
az; = a4 = as; = 0 we get 1.1.1.

2.2.2. azq # 0,a35 = aze = 0. We assume azq4 = 1, aqq = asq = 0.

2.2.2.1. ass = asg = 0. Consequently as; # 0 and putting as; = 1,a11 =
as; = a3z; = a4 = 0 we have 1.1.1.1. )

2.2.2.2. ass # 0,(1.56 = 0. We repla,ce ass = 1,(145 =0.

2.2.2.2.1. a46 = 0. Now a4 # 0 and taking agyy =1, a3 = a1 = a3y =
as; = 0 we obtain B51.

2.2.2.2.2. a46 # 0. We put ag¢ = 1. Then the operators



322 ‘ Adrijan V. Borisov

Y: = an Xy + Xo, Y; = an X + X3,
Y3 = a;1 X1 + Xy, Yy = an Xy + X,

Ys = a51 X1+ X5

define a group iff a;; = az; = a3 = as; = 0 and we get the subgroup

B52 = {X27X31X4’X570X1 + X6la € R}

2.2.2.3. as¢ # 0. We suppose asg = 1,a46 = 0.

2.2.2.3.1. ags = 0. Then a4y # 0 and putting a41 = 1, a11 = a = asz; =
as; = 0 we find that the operators do not define a group.

2.2.2.3.2. a45 # 0. Now we take ag5 = 1,as5 = 0 and we obtain 2.2.2.2.2.

2.2.3. ass ;é 0,‘136 = 0. We assume azs = 1,0,45 =ass = 0.

2.2.3.1. asq4 = ase = 0. Therefore asy # 0 and choosing asy = laall =
a1 = az; = a4y = 0 we have 1.1.1.2.

2.2.3.2. asq4 # 0,a56 = 0. Replacing asq = 1,a34 = a44 = 0 we arrive to
2.2.2.2.

2.2.3.3. ase # 0. We choose ase = 1, Q46 = 0.

2.2.3.3.1. a44 = 0. Then a4; # 0 and taking aq; = 1, a1 = az1 = a3z =
as; = 0 we get 1.1.3.1.2.

2.2.3.3.2. agqq # 0. We put aqq = 1,a34 = asq4 = 0 and we have 2.2.2.2.2.

2.2.4. aze # 0. Now we assume aze = 1,a46 = ase = 0.

2.2.4.1. as4 = ass = 0. Consequently as; # 0 and replacing as; =
1,a11 = az; = az; = a4 = 0 we obtain 1.1.1.3.

2.2.4.2. asq # 0,a55 = 0. We put asq = 1,a34 = aq4 = 0 and we get
2.2.2.3.

2.2.4.3. ass # 0. Then we choose as5s = 1,a35 = a45 = 0 and we have
2.2.3.3.

2.3. azq # 0,az5 = aze = 0. Now we can assume that azq = 1, azq =
a44 = asq = 0.

2.3.1. asz = ass = azg = 0. In this case certainly a3; # 0 and choosing
az; = 1,0,11 = Q21 = Q41 = Q51 = 0 we find 1.1.2.

2.3.2. a3z # 0,a35 = aze = 0. We take as3 = 1, a3 = a43 = as3 = 0 and
we have 2.2.2.

2.3.3. azs # 0,a3s = 0. We suppose azs = 1,a45 = ass = 0.

2.3.3.1. as3 = asg¢ = 0. Therefore as; # 0 and putting as; = 1,a11 =
az1 = a3 = G4 = 0 we obtain 1122
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2.3.3.2. as3 # 0,(156 = 0. We repla.ce as3 = 1, a3 = Q33 = Q43 = 0 and
we get 2.2.2.2.

2.3.3.3. ase # 0. Now we assume ase = 1,a4¢6 = 0.

2.3.3.3.1. a43 = 0. Then a4; # 0 and choosing a4q; = 1, a13 = a1 =
a3y = asy = 0 we arrive to 1.1.2.2.2.

2.3.3.3.2. a43 # 0. We put a43 = 1,a23 = azz = as3 = 0 and we obtain
2.2.2.2.2.

2.3.4. azg # 0. We assume azg = 1,a46 = ase = 0.

2.3.4.1. as3 = ass = 0. Consequently as; # 0 and taking as; = 1,a11 =
ay; = a3 = a4 = 0 we have 1.1.2.3. ‘

2.3.4.2. as3 # 0,as5 = 0. Now we can assume that as3 = 1, a3 = a3z =
as3 = 0 and we arrive to 2.2.2.3.

2.3.4.3. ass # 0. We choose ass = 1,a35 = a45 = 0 and we get 2.3.3.3.

2.4. azs # 0,a26 = 0. We can take azs = 1, azs = ags = ass = 0.

2.4.1. a3z = a34 = azg = 0. Therefore az; # 0 and putting a3z; = 1,a11 =
a1 = Q41 = A51 = 0 we have 1.1.3.

2.4.2. a3z 75 0,a34 = aze = 0. Supposing assz = 1, a3 = Q43 = A53 = 0 we
get 2.2.3.

2.4.3. az4 # 0,a36 = 0. Now we replace azq4 = 1, azq = a44 = as4 = 0
and we obtain 2.3.3.

2.4.4. aze # 0. We assume azg = 1,a4¢6 = ase = 0.

2.4.4.1. as3 = as4 = 0. Consequently as; # 0 and choosing as; = 1, a1
a1 = a3 = a4 = 0 we have 1.1.3.3.

2.4.4.2. as3 # 0,a54 = 0. In this case we can put as3 = 1, a3 = aa3
a4z = 0 and we obtain 2.2.3.3.

2.4.4.3. as4 # 0. Takmg asq4 = 1,0,24 = Q434 = Q44 = 0 we get 2.3.3.3.

2.5. aze¢ # 0. Now we suppose agz = 1,a36 = a46 = as56 = 0.

2.5.1. a3z = ass = azs = 0. Therefore az; # 0 and replacing az; =
1,a1; = a1 = a4 = a5y = 0 we arrive 1.1.4.

2.5.2. aszs 9‘-‘ 0,(134 = azs = 0. We choose azz = 1, a3 = Q43 = Q53 = 0
and we get 2.2.4.

2.5.3. asq # 0,0,35 = 0. We put azq4 = 1,0.24 = Q44 = Q54 = 0 and we
obtain 2.3.4.
2.5.4. azs # 0. We assume a3zs = 1,a35 = ag5 = ass = 0 and we have
2.4.4. : '

3. a13 # 0,a14 = a15 = a16 = 0. Now we replace a13 = 1, a3 = a3z =
a43 = as3 = 0.

3.1. az; = azq = azs = agzg = 0. Consequently az; # 0 and taking
ajz; = 1,(111 = @3] = A4) = Q51 = 0 we get 1.2.
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3.2. az2 # 0,a24 = az5 = aze = 0. We put azs = 1, a12 = azp = agp =
as2 = 0 and we obtain 2.2.

3.3. az4 # 0,a25 = az¢ = 0. Now we choose azq = 1, azq = agq4 = asq = 0.

3.3.1. a3z = a3zs = aze = 0. Then a3z; # 0 and putting az; = 1,a;; =
az; = a41 = as; = 0 we have 1.2.2.

3.3.2. a3, # 0,a35 = azg = 0. We take a3z = 1, @12 = agg = a42 = a5y =
0 and we get 2.2.2.

3.3.3. a3zs # 0,a36 = 0. We suppose azs = 1,a45 = ass = 0.

3.3.3.1. as2 = ase¢ = 0. Therefore as; # 0 and choosing as; = 1,a;; =
a1 = az; = a4; = 0 we obtain 1.2.2.2.

3.3.3.2. as2 -',é 0,(156 = 0. Now we take aso = 1, Q12 = Q22 = Q32 = Q42 =
0 and we have 2.2.2.2.

3.3.3.3. as¢ # 0. We can assume asg = 1,a46 = 0.

3.3.3.3.1. a42 = 0. Then a4; # 0 and replacing aq; = 1, a7 = a9 =
a3z = as; = 0 we get 1.2.2.2.2.

3.3.3.3.2. a42 ;é 0. We put Q42 = 1, al12 = Q22 = Q32 = As2 = 0 and we
obtain 2.2.2.2.2.

3.3.4. aze # 0. We suppose azg = 1,a46 = asg = 0.

3.3.4.1. as2 = ass = 0. In this case as; # 0 and choosing as; = 1,a1; =
az) = a3y = a4; = 0 we have 1.2.2.3.

3.3.4.2. a5y # 0,as5 = 0. We replace ass = 1, a12 = az; = aszp; = a42 = 0
and we get 2.2.2.3.

3.3.4.3. as5 # 0. Then we can assume ass = 1,a35 = a45 = 0 and we
obtain 3.3.3.3. ,

3.4. azs # 0,a26 = 0. Now we choose azs = 1, azs = ay45 = ass = 0.

3.4.1. a3z = az4 = aze = 0. Therefore a3y # 0 and taking a3z; = 1,a1; =
az1 = Q41 = a5 = 0 we have 1.2.3.

3.4.2. a3z # 0,a34 = aze = 0. We suppose a3y = 1, a1 = az; = agp =
as2 = 0 and we get 2.2.3.

3.4.3. azq # 0,a36 = 0. Choosing az4 = 1, ayq = agq = asq4 = 0 we have
3.3.3.

3.4.4. aze # 0. Then we take aze = 11“46 = Q56 = 0.

3.44.1. as3 = asq4 = 0. Now a5, # 0 and putting a5y = 1, a7 = a2 =
a3; = a4; = 0 we obtain 1.2.3.3.

3.4.4.2. asz # 0,a54 = 0. We assume asg = 1, Q12 = Q29 = 432 = Q42 = 0
and we arrive 2.2.3.3.

3.4.4.3. as4 # 0. Takmg asg = 1,a94 = azq = aq4 = 0 we get 3.3.3.3.

3.5. az¢ # 0. We suppose aze = 1,a36 = ag¢ = asg = 0.

3.5.1. a3z = az4 = azs = 0. Consequently az; # 0 and replacing az; =
l,au =a21 = Q41 = a51 = 0 we find 1.2.4.



Subgroups of the Isometry Group in a Galilean Space II... 325

3.5.2. a3z # 0,a34 = azs = 0. Now we put azz; = 1, a12 = a2 = @42 =
as; = 0 and we get 2.2.4.

3.5.3. aaq ;é 0,035 = 0. Assuming azq = 1, a4 = a44 = @54 = 0 we have
3.3.4.

3.5.4. azs # 0. We choose azs = 1,a25 = a5 = ass = 0 and we obtain
3.4.4. _

4. a14 # 0,a15 = a16 = 0. Now we suppose a14 = 1, G4 = a34 = Q44 =
Qas54 = 0. ;

4.1. a2 = A23 = Q25 = Q26 = 0. Then a1 # 0 and ta.king a = 1,011 =
a3y = a41 = Aas1 —Oweget 1.3.

4.2. a2z ;é 0 a23 = Q25 = Q26 = 0. We repla.ce a22 = 1 al2 = a3 = Q42 =
asy = 0 and we have 2.3.

4.3. a3 # 0,a25 = aze = 0. Putting az3 = 1, a13 = a3z = a43 = as3 =0
we arrive to 3.3.

4.4. azs # 0,a26 = 0. Now we can assume azs = 1, azs = aqs = ass = 0.

4.4.1. a3z = a3z = azg = 0. Therefore az; # 0 and taking a3; = 1,a11 =
az1 = aq1 = as; = 0 we get 1.3.3.

4.4.2. asz2 ;é 0 azz = ass = 0. Choosmg azz = 1 a12 = Q22 = Q42 = Q52 =
0 we have 2.3.3.

4.4.3. a3z # 0,a36 = 0. Weputa33=1 a13 = a3 = a43 = as3 = 0 and
we obtain 3.3.3.

4.4.4. aze # 0. In this case we suppose azg = 1,a46 = as¢ = 0.

44.4.1. sy = Q53 = 0. Then asy -',é 0 and repla.cing asy = 1, a;] = a1 =
a3; = a4 = 0 we get 1.3.3.3.

4.4.4.2. ass # 0,as3 = 0. We put asz = 1, a12 = az2 = @32 = @42 = 0 a.nd
we have 2.3.3.3.

4.4.4.3. as3 # 0. We choose as3 = 1, aj3 = a3 = azz = aq3 = 0 and we
obtain 3.3.3.3.

4.5. aze¢ # 0. Now we can assume that aze = 1, aze = aqge = ase = 0.

4.5.1. azp = azz = azs = 0. Consequently a3z; # 0 and putting a3
1,a11 = a1 = a41 = as1 = 0 we get 1.3.4.

4.5.2. a3z # 0,a33 = azgs = 0. We choose a3z = 1, a12 = a2 = @42 =
as2 = 0 and we have 2.3.4.

4.5.3. 033790 azs = 0. Ta.kmga33—1 a13_a23_a43_a53-0we
get 3.3.4.

4.5.4. azs # 0. We replace azs = 1,a5 = aq5 = ass = 0 and we obtain

4.4.4.
5. a15 # 0,a16 = 0. We can suppose a5 = 1, azs = azs = aqs = ass = 0.
5.1. azy = az3 = azq = agze = 0. Therefore a;; # 0 and choosing
az = l,au = 4agz; = a41 = a5 = 0 we have 1.4.
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5.2. a2 # 0,a23 = a24 = age = 0. We put az; =1, a12 = a3z = aq3 =
as; = 0 and we get 2.4.

5.3. az3 75 0,(124 = Q26 = 0. Ta,king az3z = 1, 13 = A33 = Q43 = Q53 = 0
we obtain 3.4.

54. azq # 0,a26 = 0. We assume azq4 = 1, @14 = @34 = a4q4 = a4 = 0
and we arrrive to 4.4.

5.5. aze # 0. Now we suppose az¢ = 1,a36 = aq6 = ase = 0.

5.5.1. azy = a3z = azq = 0. Then a3; # 0 and putting az; = 1,a;; =
a1 = Q41 = a1 = 0 we get 1.4.4.

5.5.2. aszz 75 0,0.33 = a3q4 = 0. We choose azy = 1, a1 = Q22 = Q42 =
asy = 0 and we obtain 2.4.4.

5.5.3. ass 75 0,(134 =0. Taking azz = 1, 13 = Q23 = Q43 = A53 = 0 we
have 3.4.4.

5.5.4. azq # 0. We put azq = 1,a14 = a24 = a44 = as4 = 0 and we get
4.4.4.

6. a16 # 0. Now we assume a1 = 1,26 = aze = a4 = as¢ = 0.

6.1. ag; = a3 = ayq = azs = 0. Therefore az; # 0 and choosing
az1 = 1,a1; = az; = aq41 = as; = 0 we obtain 1.5.

6.2. azy # 0,423 = azq = G35 = 0. We put azy = 1, a1y = a3y = ag3 =
asy = 0 and we find 2.5.

6.3. as3 75 0,(124 = Q25 = 0. Ta.king a3 = 1, a13 = A33 = Q43 = 453 = 0
we get 3.5. .
6.4. az4 # 0, az5 = 0. We put a4 = 1, 14 = Q34 = Q44 = Q54 = 0 and we
obtain 4.5.

6.5. a5 # 0. Then we can replace azs = 1, a;5 = azs = a45 = ass = 0
and we have 5.5.

Now we may summarize the foregoing results in the following

Theorem 2. The five-parametric subgroups of Bg can be reduced to
one of the subgroups

B51 - {XlaX21X3’ X47 XS}a

Bsz = {X2, X3, X4, X5,2X1 + Xe|a € R}.
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