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A characterization of initial operators for a right invertible operator with the finite
dimesional kernel admitting the interpolation is given by means of determinants induced by

basis coefficients of the kernel.

The following interpolation problem has been studied in PR[2] :

D be a linear right invertible operator with the domain and range in a linear
space X . Find a D-polynomial, i.e. an element of the kernel of DN | which
admits for given initial (or/and boundary) conditions given values (cf. also [K],
PR3], [N]).

In the present paper a characterization of initial operators for a right
invertible operator D with the N-dimesional kernel admitting the interpolation
is given by means of determinants induced by basis coefficients of the kernel of
D . These determinants are polynomials of the degree N .

1. General interpolation problem. We shall give here some defi-

nitions and main results of PR[2] (without proofs) which will be useful in our
subsequent considerations.

Let X be a linear space over a field F of scalars. Here either F =
Ror F = C. Let L(X) be the set of all linear operators with domains and
rangesin X , Lo(X)={A € L(X):dom D = X} andlet R(X) be the set of
all right invertible operators belonging to L(X). For a given D € R(X) write

Rp ={R€ Lo(X): DR = I}
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Fp={F € Lo(X): F*=F ; FX = ker D and 3per, FR =0} .

Any F € Fp is an initial operator for D . We say that F € Fp is
corresponding to an R€ Rp if FR=0.

We admit here and in the sequel that ker D # {0} , i.e. operators
D under consideration are right invertible but not invertible. Any element of
ker D is said to be a constant. Right inverses and initial operators have the
following properties (cf. PR[1]) :

An operator F € Lo(X) is an initial operator for a D € R(X)
and only if there is an R € Rp such that F = I — RD on dom D .
Any projection F; onto ker D is an initial operator for D corresponding
to a right inverse R; = R — F;R and R; is independent of the choice
of an R € Rp . If two right inverses (initial operators, respectively) are
commutative each with another then they are equal. Initial operators preserve
constants : Fz = 2z forall z € kerD , F € Fp . Elements of the set
S = Unen ker D™ are said to be D-polynomials. In particular, elements
of the form : Rkz for z € kerD, R € Rp, k € N) are said to be
D-monomials. Elements 2z, Rz,...,R"z, are linearly independent for all
20,21,.y2n € ker D, R € Rp and n € N . It is easy to verify that S = P(R),
where

P(R)=1lin {R*2:2¢ckerD; ke No}; No=Nu{0}

and that the set P(R) is independent of the choice ofan R € Rp .

Let A(R) = Ry or R. Let F be an initial operator for a D €
R(X) corresponding toan R € Rp . A family {Sh}rear) C Lo(X) is said
to be a family of R-shiftsif So =1 and

k

k—j .
ShR"F E (: J)'R’F for all he A(R), k€ Nog .

R-shifts preserve constants: S,z = z forall z € ker D, h € A(R) . The family
of R-shifts is a semigroup if A(R) = R4 and a group if A(R) = R (with
respect to the superposition as a structure operation). R-shifts are uniquely
determined on the set S (cf. PR[1], also PR[5]).

Some more informations about right invertible operators and their appli-
cations can be found in PR[1], PR[3].

Definition 1.1. (cf. PR[2]) it An operator Fy € Fp has the property
c¢(R) for an R € Rp if there exist scalars c; such that

FR"z—f'-z forall z€kerD , ke N
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and ¢, =0 forall k€ N if Fyp = F , where F is an initial operator for
D corresponding to R . We shall write : Fy € ¢(R) . A set Fp C Fp has
the property (c) if for every Fy € Fp there exists an R € Rp such that
Fo € ¢(R) . We admit ¢ =1 ,since Fpz =2 forall 2z € kerD .

Theorem 1.1. (cf. PR[2]) The set Fp of all initial operators for a
D € R(X) has the property c(R) if and only if dim ker D-=1 .

Proposition 1.1. (cf. PR[2]) Suppose that D € R(X) and dim ker D =

1, ie. kerD = {pe :p € F} foran e # 0 . Denote by X' the space

of all linear functionals over X . Then every initial operator is of the form

F, = p(z)e for z € X , where ¢ € X' and ¢p(e) = 1 . Moreover,

ek = ck(p) = klo(RFe) for k € N, where R € Rp is this right inverse for
which FR =0 .

Proposition 1.2. (cf. PR[2]) Suppose that X is a complete linear
metric space, D € R(X) , F is an initial operator for D corresponding to an
ReRp, P(R)=X and F, # F is an arbitrarily fized continuous initial
operator having the property c(R) . Then not all numbers ci (k € Ng) do not ’
vanish simultaneously.

Clearly, if the system {Fy,...,Fx_1} C Fp has the property c(R) with
constants dix , i.e. F;RFz = ik"fz for ¢ = 0,1,...,N —1; k € Npg, and
Fy,...,Fn—1 are linearly independent then Vy = det(dik)ik=o0,1,.,N-1 = 0 .
The following question arises : is Vy # 0 for any system {Fp,...,Fny-1} of
linearly independent initial operators having the property c(R) ?

Proposition 1.3. (cf. PR[2]) Suppose that D € R(X), F is an initial
operator for D corresponding to an R € Rp and {Sh}rea®) s a family
of R-shifts. Let F = FSh and R, = R— FyR for he€e A(R) (Fy=F,,
hence we admit Ro = R). Then F} are initial operators for D corresponding
to Ry , respectively, Fjn € ¢(Ry,) for all h € A(R) and an arbitrarily fized
ho € A(R) and
(h — ho)*

k!
i.e. cx(h) = (h — ho)* (k € No) . Moreover, if N € N is arbitrarily fized,
h; € A(R) and h;i # h; #0 for i# j (i, =1,...,N) then the determinant
VN of the system {Fh,,...,Fhy} isthe Vandermond e determinant of
numbers h; — ho , hence is different than zero.

(1.1) FyRf z = z for z€kerD ; k€ Np,

Examplel.l. Suppose that all assumptions of Proposition 1.3 are
satisfied. Then the following initial operators have the property c¢(R) for all
he A(R) :
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(i) F' = (1—-d)F+dF, (where d € F is a parameter) with ci(h) = dh¥;

(i) F" = F + F,D with cg(h) = kh*=1 ;=

(ili) F" = Fy + FD with cx(h) = h* + 6 (where 6; isthe Krone
c k e r symbol) ;

(iv) F@) = LE,R with cx(h) = &7 ; k

(v) FO) =(1-d)F +dF®) with cx(h) =ds ;

(vi) Fli) — ;7;1 a; Fy, , where Z;’;l otjh;F =1, ajhf € A(R), h; #
hi for j#k,j=1,..,m,with cx(h) =Y, ajhk.
Observe that for all listed here initial operators cx(h) #0 if h#0.

Examplel2 Lt X =CR), D = j‘;, R = fg and
(Fz)(t) = z(0) for z € X . Then R-shifts are defined as usual shifts op-
erators : (Spz)(t) = z(t+h) for t, h € R, z € X . Thus we have :
(F)(t) = z(h), Ry = [! and FyRkc=chi forc,t,heR,2€ X ,keNp.
We therefore conclude that Fj € ¢(R) and cx(h) = h* . Initial operators de-
fined in Example 1.1 are of the form :

(F2)(t) = (1-d)a(0)+da(h); (F"z)(t) = 2(0)+2'(h) ; (F"z)(t) = z(h)+2'(0)

. h h
(FO2)(0) = 3 / z(s)ds ; (FMz)(t) = (1 - d)=(0) + %/ Hghde3
(F2)(t) = 3 aja(hy)

i=1

for z € X and have also property c(R) . Recall that in this case we have
dim ker D = 1 .Hence, by Theorem 1.1, all initial operators have the property
c(R) .

Examplel.3. Let X = C[1,00), D =t$, (Rz)(t) = J5 s71z(s)ds and
(Fz)(t) = z(1) for = € X . Here we have : (S,z)(t) = z(e"t) ; (Fha)(t) =
z(eh) ; R"c:cﬂ—“g?: for ¢, h,te Ry, z € X . Here ck = (Ineh)* = h* for
k € Ng . Since dim ker D = 1, all initial operators have the property c(R) .

Examplel.4. Suppose that X = (s),i.e. X is the space of
all sequences z = {z,} , where z, € F for n € N . The operator of
the forward shift : D{z,} = {zn41} is right invertible and dim kerD =1 .
Write :  R{z,} = {zn.-1} , where we admit z,_, = 0 if n < k for all
z€ X, F{z,} = z1{6,1} . Then F is an initial operator for D corresponding
to R . Since the kernel of D is one-dimensional, all initial operators have the
property ¢(R). Let Fiz = E;’;l ajz; with Z;’;l aj = 1. Clearly, Fy is
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an initial operator for D and Fy = F if and only aj = 6;1 (j = 1,...,m) .
Assume that this is not the case. It is not difficult to verify that

Ck={2 ajéj’,ﬂ,l, ikam—l; (k'GNo)

=1
0 otherwise

and that not all ¢; do not vanish simultaneously (cf. PR[2], Example 2.3).
The list of examples can be essentially prolongated if we use functional shifts

introduced by Z. Bin d er m a n (cf. for instance, B[1], B[2]) instead of R- -
shifts. Namely, R-shifts correspond are connected in a sense with the function
e, functional shifts may be induced by an arbitrary function f € H(SQ) .

The general interpolation problem (shortly : (GI), cf. PR[2]).
Given n finite sets I; = {mj1,...,mjp, } of different nonnegative integers.
Assume that these numbers are ordered, i.e. nj; < nji41 < N —1, where
N =", pj,pi=#Ij (j=1,...,n) . We are looking for a D-polynomial
u of degree N — 1 (i.e. for an element of ker DY) satisfying for n given
different initial operators Fp,...,F,_; the conditions

(1.2) F;D*u=wj, kelj;j=1,..n,

where uj;, € kerD are given, u = Ziv___'ol Rkz, foran R € Rp and
21,...,2N—1 € ker D are to be determined.

Theorem 1.2. (cf. PR[2]) Suppose that D € R(X) and Fy,...,FN_1 €
Fp have the property c¢(R) foran R€ Rp , i.e.
d;
(1.3) F;sz=—kaz for z€kerD , i=0,1,...n—1; k€N

(recall that dio =1 for i=0,1,..,n—1 since F;z=2z for z€kerD). If

(1.4) det Viy = det ( ..... ) #0, where

djm—
(1.5) VMF(#’?%» o G =Ly

) kel; ; m=k,...,.N-1

is the triangle matriz with all terms equal zero for m < k , then the general
interpolation problem (GI) has a unique solution for every wujx € kerD , k €
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I; , 7 =1,...,n which is of the form :

N-1
(1.6) u = Wn(uo,...,un, def Z VNj(R)u; , where
i=0

N-1
1 .
(1.7) Vni(t) = Ve S (D)MW ptt (5=0,1,.,N-1),
k=0

Vnjk is the minor determinant obtained by cancelling in Vy the k-th column
and the j-th row (j,k = 0,1,..,N — 1) and the elements wug,...,uny_1 are
defined as follows :

Uy = U, if v=0,1,...,p¢— 1,
(18) Upi+v = U2y lf’ v =0, 1,-"ap2 -1

Upy+..4+pp_14v = Uny lf v=0,1,...,pp,— 1.

Observe that rank Vi ; = p; for j =1,..,n. Hence } 7, rank Vy; =
N and N is the dimension of the square matrix Vy . However, we do not
know, is rank Vy = N ? On the other hand, we have

Corollary 1.1. (cf. PR|[2]) Suppose that all assumptions of Theo-
rem 1.2 are satisfied and I; = {0} (j = 1,..,n) . Then n = N , Vy =
det(dik)ik=01,..N-1 # 0 and the L agr an g e interpolation problem (shortly
: (L))

Fiu=u,;, u; € ker D (=0,1yuy N — 1)

has a unique solution for every wug,...,un_; € ker D which is of the form (1.6).

In particular, if Fp,,..., Fy_; satisfy all assumptions of Proposition 1.3
(i.e. Fj = Fp,,,),then VN # 0 and the problem (L) has a unique solution.
Observe also that Corollary 1.1 gives us solutions of the boundary value problem
for the operator DV (cf. [K] and PR([3]).

Corollary 1.2. (cf. PR[2]) Suppose that all assumptions of Theorem 1.2
are satisfied and I; = {j} for j=1,...,n. Then n=N ,

Ao j—
Vdeet(# #0

(k — m)! )k=m,...,N—1 ; m=0,1,...,.N—1
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(as a triangle matriz with all terms equal zero for k < m) and the New ton
interpolation problem (shortly(Nt))

Fo.D™u = U, , Uy, € ker D (¢=0,1,..,N=-1)

has a unique solution for every wug,...,un—-1 € ker D which is of the form (1.6).

Note that Corollary 1.2 gives the solutions of them mized boundary value
problem for the operator D in a simpler form than that obtained by means
ofthe Taylor-Gontcharov formula (cf. PR[1]).

Corollary 1.3. (cf. PR[2]) Suppose that all assumptions of Theorem 1.2
are satisfied, I, = {0,1,...,p;—1} for j=1,...,n, {Sh}rear) is a family of
R-shifts and F; = Fj, = FS4, , where h; # h; if i#j. Then Vy #0 and
the H e r m it e interpolation problem (shortly : (H)) has a unique solution
for every ujr (k=0,1,...,p; —1; j=1,..,n) which is of the form (1.6).

We recall without the proof

Theorem 1.3. (cf. NguyenVanM a u [N]) Suppose that all
assumptions of Theorem 2.1 are satisfied. Then VN # 0 if and only if the
operators F;D*F | (k€ I; ; j =1,...,n) are linearly independent on the set

Pn(R) =1lin {RFz:z€kerD; k=0,1,..,N -1}

(cf. Conditions (1.4)).

2. Finite dimensional kernels. Suppose that we are given an operator

D € R(X) such that dim ker D = n (n € N) . It means that
(2.1) ker D = lin {ej,...,e,} ,

where ey,...,e, are linearly independent. Any initial operator F; for D is
then of the form :
n .
(2.2) Fz= Z aj(z)ej , wherea; € X', ai(e;) =6; (1,7 =1,...,n).
i=0

Proposition 2.1. Suppose that D € R(X), dim kerD =n, F isan
initial operator for D correspondingtoan R€ Rp and Fy € Fp, Fy # F .
Then the operators FyR* (k € No) preserve coordinates, i.e. there exist scalars
cjk such that i

FleCJ' = Cjk€; forj=1,..,n; k € Ny , namely, Cik = aj(Rkej) ’



360 ‘ D. Przeworska-Rolewicz

provided that ker D and F, are determined by Formulae (2.1), (2.2), respec-
tively, if and only if

(2.3) Qijk o ai(Re;) = { gé;O :;: 7——6 .]7 ,

If this condition is satisfied then c;i = a;j(RFe;) (j =1,...,n; k € Ny) .
Proof. Let kerD and F; be determined by Formulae (2.1), (2. 2)
respectively. By definitions,

n
F1Rkej = Z a,-(R"eJ-)e,- for everyk € No, 7=1,...,n
1=0

Since ey,...,e, are linearly independent, we get (2.3). (]

Corollary 2.1. Suppose that all assumptions of Proposition 2.1 are
satisfied and the initial operator F; preserve coordinates. Then Fy has the

property c(R) .
The converse statement is not true if n # 1, as it is shown by Theorem
1.1.

For an initial operator F; determined by Formula (2.2) write :
(2.4) Ar(R;t) = det (aijk — 6ijt)ij=1,..n »

R € Rp , aijk = aj(R*e;) (k € No) . Clearly, Ag(R;t) are polynomials of
degree n in the variable ¢t with scalar coefficients.

Theorem 2.1. Suppose that all assumptions of Proposition 2.1 are satis-
fied. Then the initial operator F; determined by Formula ( 2.2) has the property
¢(R) if and only if all equations

(2.5) Aw(R;t)=0  (k€eN)

have non-trivial solutions t; . If it is the case then FiRFz = %z , where
¢k = k'ty for all z € ker D (k € N) and, by definition, co =1 .

Proof. Let z € ker D be arbitrarily fixed. Since F;z = z, we conclude
that z=37_, a;(2)e; . Write : b; = a;(z) for j =1,...,n . Hence for every
fixed k € N the equality FyR¥z =tz , where t € F , holds if and only if

n

Z thie; = ti bie~tz = FiR*z = F\R* i bie; =

1=1 =1 =1
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= Z b,'F]Rke,‘ = Z b,‘Z aj(Rke,-)eJ E (Z Z a;;ixb; )e_, R
=1 =1 1=1

=1 i=1
i.e. if and only if

n

(2.6) (i aijrb; — tbj)e,' =0 (keN).

j=1 i=1

The linear independence of the basic elements ey, ...,e, implies that (2.6) holds
if and only if

(2.7) Z (aijk — tbi;)b; =0 for every k € N .
1=1

For every fixed k € N the system (2.7) has a non-trivial solution ¢; if
and only if its determinant is equal zero, i.e. if and only if the k-th equation
(2.5) is satisfied. If this condition is satisfied, then by Definition 1.1, we get
ck = k't (k € N) . Also by Definition 1.1, ¢cg =1. -

Theorems 1.1 and 2.1 together immediately imply

Corollary 2.4. Suppose that all assumptions of Theorem 2.1 are satisfied
and n = 1. Then for every k € N the equation Ag(R;t) =0 has a nontrivial
solution, i.e. t, = a;(RFe;) # 0 (k € N)-.

E xample 21. Suppose that all assumptions of Theorem 2.1 are
satisfied and n = 2. Then Ag(R;t) = t? — (a1 + az2k )t + @11k822k — G12£A21K »
where a;jx = a;(R¥ej) (i,j=1,2; k€ N).

Example 22 Supposethat D, € R(X), dim kerD, = 1 and
F, is an initial operator for D, corresponding toan R, € Rp, . Let ker D, =
lin {e} . By definition, D,e = 0. Let n € N be arbitrarily fixed. Clearly,
D =D e R(X) and R R} € Rp . By the T a y 1 o r Formula (cf. PR[1]),
the operator F = Y}~ R"F D¥ is an initial operator for D corresponding
to R . The elements eJ = R} 1e (4 = 1,...,n) are linearly independent and
ker D = lin {ey,...,en} . Write r; = sze (j € Ng) . Then e; = rj—y for
j=1,...,n and R"e = (R")"Roe =Tknt; (J=1,...,n; k€ Ng). Let F; be
deﬁned by Formula (2 2). By Proposition 2.1, F;R* preserve coordinates if
and only if

0 ifi#7j; .
ai(Tkntj) = {#0 ifii; (J=1,..,n; ke Np .
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If it is the case then F}RFej = aj(Tkntj) (j = 1,.sn ; k € Ng) . By Theorem
2.1, Fy has the property ¢(R) if every equation

det (ai(Tkn+;) — tij )i,j:l,...,n =0 (k€ N)

has a nontrivial solution ¢x . If it so, then cx = k'tyx for k€ N, ¢g=1.
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