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The paper deals with the representation of the commutants of the nonlocal Sturm-
Liouville integro-differential operator, whose integral part is of Volterra type, as well as with
the convolutional structure and multipliers of its root function (eigen and associated function)
expansion.

0. Preliminaries

Throughout the paper all functional spaces L?,1 < p < 00, C, BV, AC
etc. are considered on the segment [0, a], a > 0. Also we denote by AC! = {f €
AC: f'€ AC}, BV! = {f € AC : f' € BV}, BV} = {f € BV': f(0) = 0},
AC} = {f € AC' : f(0) = 0}, and let BVporm be the subspace of these
functions f € BV, which are normalized by the condition f(t+ 0) = f(t),t €
[0,a), f(a—0)= f(a). Also = 5.¢. denote coincidence almost everywhere with
respect to the Lebesgue measure in [0, a].

Consider the integro-differential expression

(1) ly = ¥"(t) - q(t)u(t) + / V(t, u)y(u)du, € [0,al
0

where ¢ € L', V(t,u) € C(G),G = {(t,u) : 0<u<t<a} Let xo(f) =
a0 f(0) + Bof'(0), |ao| + |Bol # 0 and let x(f) = [5 f'de + [§ fdy with ¢,¥ €
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BV be arbitrary nonzero continuous linear functional in C', which is linearly
independent with xo. :

The nonlocal Sturm-Liouville integro-differential operator is said to be the
operator D generated by the expression (1) in the space X = L' with domain

= {f € AC' : xo(f) = x(f) = 0}. More general, with the same letter
D we denote the operator generated by the same expression (1) in the spaces
X =IP,1<p<ooorX =C; X =BV with domain Xp = {f € AC': If €
X, xo(f) = x(f) = 0}.

The present paper is devoted to representation of the (X, X )—commutant
of the operator D for several classes of functionals xo,x when X is a space of
the mentioned types, i.e. to representations of the (X, X)p,com consisting of
the continuous linear operators M : X — X with M (Xp) € Xp and MD =
DM in Xp (see [1], p. 10). Another aim of the present paper is to obtain
representation formulas for the coefficient multipliers and multiplier sequences
of the root function expansion of the operator D. This expansion have been
studied by N.S. Boz hinovin [2]. Our results have been partially announced
without proofs in (3], [4].

Let y(A,t) be the solution of the problem ly = Ay, y(A,0) = Bo, ¥'(A,0) =
—ag. Also, for each f € L' and each A € C let = Rf\o)f € AC? be the unique
solution of the Cauchy problem In— An = f,n(0) = 0,7'(0) = 0. (The existence
and uniqueness of the solutions of these problems is trivially proved reducing
them to Volterra integral equations of second kind. It is clear that ”the initial
resolvent” R(O) maps L! in AC! and that for each f € L' the function R(o) f
and y(\,t) are C — C entire function of \.)

It is easily proved that the operator D has a point spectrum o(D), which
coincides with the set of zeroes {A;, A2, A3, ...} of the entire function E(A) =
xt{y(A, 1)}, if zeroes exist. For each A of the resolvent set p(D) = C\ o(D) =
{A € C : E(\) # 0} the resolvent Ry = (D — AI)~! of the operator D is
represented by the equality

RO
(2) Ryf = ROf - X{E(A)f} y(\t), fell

1. Convolutional representations of the commutants of the op-
erator D in some functional spaces

In [2) N.S. Boz'hin o v proves that the operator D has a continuous
convolution * in the space X, which is a continuous convolution in each space
X = L?,1 < p < o00; C; BV as well, i.e. * is such a continuous bilinear
commutative and associative operation in X, that Xp is an ideal of the algebra
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(X,*) and D(f*g) = (Df)*g for all f € Xp,g € X (see [1], p.10). This
convolution represents the resolvent R, in the space X by the equality :

(3) R,\f={—gé%\t))} * f, f€ X,where A € C, E(A\) #0,
and it is uniquelly determined by the last property. This shows that the Sturm-
Liouville integro-differential operator D is an operator with convolutional mul-
tiplier resolvent in the sense of [1], p.65. In [2] N.S. Bo z h i n o v proves that
the spectrum o(D) = 0, if and only if supp x = {0}, i.e. if and only if x is of
the form x(f) = af(0) + Bf'(0) with a,8 € C, afy # aoB. In the opposite
case, i.e. if and only if supp x # {0}, the spectrum (D) is always an infinite
countable set. However, we obtain representation of the commutants by other
conditions, which do not depend, if the spectrum (D) is infinite set, or not.

We use a transmutation operator of the form (7' f)(t) = f(t)+f°t K(t,u)x
x f(u)du, t € [0,a], considered in [5], [6]. The operator T is a continuous
authomorphism of the space L! and it is a continuous authomorphism of the
spaces X = LP,1 < p < oo; C; BV; AC as well. The operator T' ”transforms”
the integro-differential operator D into the operator @ = d?/dt? considered in L?!
with domain X5 = {f € AC': %o(f) = 0,%x(f) = 0}, where ¥ = xo T € (C')*,
and where xo(f) = f(0), if Bo # 0 or Xo(f) = f(0), if Bo = 0. The operator
T ”transforms” D into 0 in the sense that T : L' — L', T(Xs) = Xp, and
DT = T in X5. Also we note that y(\,t) = Ty(chv/At), if By # 0 and
y(\,t) = T,(shv/Xt/V/X), if o = 0 and that the convolution, introduced by
NS.Bozhinovin [2] has the form f*g = T(T~'f *; T"'g), f,g € L,
where *; is Dimovski convolution (see [1], 3.1.1) with ¢ = 1, if 8o # 0 and 7 = 2,
if ,30 = 0.

We note also that from the results of N.S. Bozhinov ([1],3.1.1) and
the properties of the operator T' the next three theorems follows:

Theorem 1.1.  Let xo(f) = aof(0) + Bof'(0), |ao| + |Bo| # 0 and
let x(f) = [y f'de+ [y fdy with ¢, € BV be arbitrary nonzero continuous
linear functional in C', which is linearly independent with xo. Then:

a) The spaces X = LP, 1 < p < oo0; C; BV, AC are ideals with-
out annihilators of the algebra (L', *), and the convolution * is X x L' — X
continuous bilinear operation.
b) If Bo # 0, then the convolution * is is BV x L' — AC', BVIxLP —
{f e AC' : If € LP},1 < p < 00, C x BV! — {f € AC! : If € C} and
BV x BVl - {f € AC' :If € BV'} continuous operation.
c) If Bo = 0, then the convolution * is BVg x L' — AC', BV x L? —
{f € AC' : If e LP},1 < p< 00, Co x BVy — {f € AC? : If € C, f(0) =
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x(f) = 0} and BVy] x BV} — {f € AC! : If € BVy, f(0) = x(f) = 0}
continuous operation. . '

d) In both cases o # 0 or o = 0 the operation %\ = (D — \)(. *.) is
L' x BV! — L', LP x BV! — L?,1 < p < 0o continuous operation. It is also
C x BV! — C and BV! x BV! — BV continuous operation, if o # 0, and
Co x BVy — Co, BVg x BV} — BV continuous operation, if o = 0.

Theorem 1.1 '. Le t xo(f) = aof(0) + Bof'(0), |ao| + |Bo| # 0 and let
x(f) = [y fdi with p € BV be arbitrary nonzero continuous linear functional
in C, which is linearly independent with xo. Then the convolution * is is L' x
L' = AC, BV x L' — ACY, BV x I? — {f € AC : If € L’},1< p < o0
and BV x BV — {f € AC! : If € BV} continuous operation. The operation
*y = (D—-X)(.x.)is LY x BV — L', L?» x BV — L?,1 < p < o0, and
BV x BV — BV continuous operation.

Theorem 1.1 ”. Let xo(f) = aof(0)+B0f'(0), |ao|+|Bo| # 0 and let the
functional x is of the form x(f) = [3 fy with v € BV. Then the convolution *
isis L' x L' - AC',CxC - C? LPxL? - {f€ AC':If € LP},1<p<
continuous operation. The operation *y = (D — A)(.*.) is L' x L' — L,
LP x LP — LP;1 < p < o0, and C x C — C continuous operation.

The next theorem shows that for the mentioned spaces X the commutant
(X, X)D,com coincides with the corresponding set (X, X). consisting of the
(X, X )-multipliers of the algebra (X,x), i.e. with the set of these operators
M : X — X for which Mf*g= f+ Mg, when f,g€ X (see[1], p.10).

Theorem 1.2. Let xo(f) = aof(0)+Bof'(0), and let x(f) = [ f'deo+
+ f0° fdy with ¢, € BV be arbitrary nonzero continuous linear functional in
C', which is linearly independent with xo. Then the equalities (L?, L?)p com =
(L, LP)a,1 < p < 003 (C,C)p,com = (C,C)ay (BV,BV)p,com = (BV,BV).
hold.

Proof: For X = LP,1 < p< oo; C; BV; AC it is not difficult to see
that (X,X)p,com = (X, X)R,,com for arbitrarily fixed A € p(D), and that
(X,X). C (X,X)R,, com . We shall prove that (X, X)gr, com C (X, X).. Let
M € (X,X)R,,com,i.e. MR f = RxMf for f € X and for arbitrary A € C
with E()) # 0. Then from (3) we obtain that M{y(X,t)* f} = y(A,t) * M f for
A € C, E(X) # 0, but by the continuity it follows that the last equality is true for
each A € C as well. Now, if 8o # 0, then M {T:(chv/At)* f} = {Tu(chv/At)}+M f
for A € C. If Bo = 0, then M{Ti(shv/At/VA) % f} = {Tu(shvVXt/VX)} * M f
for A € C. By differentiation with respect to A and putting A = 0 we get
M(Tt?* « f) = (Tt**)« Mf for k = 0,1,2,..., if Bo # 0, and M(Tt2k+! %
f) = (Tt*+*) « Mf for k = 0,1,2,..., if Bo = 0. Since T is a continuous
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authomorphism of L', then the span of the set {7t?*}$° as well as the span of
the set {T't2*+1}¢° ; are dense in the space L! = L'[0,a]. On the other hand, M
is X — X continuous, X is an ideal in L! and the convolution * is X x L! — X
continuous. ‘Then using the continuity we get that M(g * f) = g * M f for all
f,9 € X. Hence M € (X, X ). and the inclusion is proved. W

This theorem shows that the problem for representation of the commu-
tant (X, X)p,com of the operator D for the mentioned spaces is reduced to
the problem for representation of the multipliers of the convolution * in the
corresponding spaces. :

Hereafter we suppose that the complex number A € C is arbitrarily fixed
that E(A) # 0 and let us denote ry = —y(A,t)/E(A). Also, by I, we denote
the mapping I : m € M — I (m), where Ih(m)f = (D - A)(m=*f), fe X
and m belongs to certain space M. By x) we denote the formal operation
f*xg =(D =X (f*g), where f,g belong to suitable spaces, which will be
described later in all particular cases . Using these denotations in the next
statements we denote shortly by (M, *)) 2, (X, X ). that the mapping I, is an
algebraical and topological isomorphism between the algebras (M, *,), (X, X)..

Theorem 1.3. Let xo(f) = aof(0)+ Bof'(0) and let x(f) = [; f' dp+
Jo fdy with ¢, € BV, where the representing function ¢ € BV be normalized
by p(t—0) = ¢(t) fort € (0,a), and let ¢ has at least one point of discontinuity
to € (0,a], if Bo # 0 and to € [0,a], if Bo = 0. Then :
a) An operator M € (L', L')., if and only if M is represented in the
form

(4) Mf=(D-X(mxf), feL

with unique m € BV, if Bo # 0 and m € BV, if o = 0, where m =a.e. Mr)
in both cases.
'b) The relation of algebraical and topological isomorphism (BV'!, %) &,
(L', LY). holds, if Bo # 0 and (BVy,*)) =5, (L', L'). holds, if Bo = 0.
c¢) The factorization relation L' = L' + L' holds.
d) An operation % : L' x L' — L' is a continuous convolution in L!
for the operator D, if and only if it is represented in the form

(5) f¥g=(D-N(mx*fxg), fige L

with unique m € BV, if By # 0 and m € BVy, if fo = 0, where m = ..
(D - /\)(T)‘;T,\).

Proof. a) The convolution * introduced by N.S. Boz hin o v has
the form f*g=T(T " f*; T 'g), f,g € L', where *; is Dimovski convolution
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(see [1], 3.1.1) with ¢ = 1, if 8o # 0 and : = 2, if Bp = 0. Let us consider the
functional x = x o T € (C)*. It is not difficult to see that this functional has
the form X(f) = [5 f'dp+ [y fd, f € C, where its representation function
@ € BV has the same jumps as ¢. Let 7y = —y(A,t)/E(A). From (3) we have
that M € (L', L'). implies the equalities M7y * f = ry* Mf = R\M f € AC!
for each f € L', and using a theorem of N.S. Boz hin o v ([1], 3.1.2)
for Dimovski convolutions *;,7 = 1,2 we get that Mry =ae. m € BV! or
Mry =ae. m € BV in the cases 8y # 0 or By = 0 respectively. Therefore
Mf = (D-X(m=f), f€ L' with m in corresponding spaces BV! or BV
and the first part of a) is proved.

Conversely, from the BV x L' — AC! or BV x L! — AC} continuity
of the convolution #*, established in Theorem 1.1 b), c), it is easy to see that
for each m € BV! or m € BVj respectively, formula (4) defines L' — L!
continuous operator M. To prove that M € (L', L'). we note that from (3)
one may prove easily that for all f € L', g € Xp we have fxg € Xp and
D(f xg) = (Df) * g. Moreover, it can be proved that for each m € BV! or
m € BV} respectively, we have m* f,m*g € Xp for arbitrary f,g € L!, and we
get (Mf)+g = [(D—A)(ms )] xg = (D= A)(m+f)+g] = (D= N)[f*(m=g)] =
f*[(D—=A)(m=*g)] = f+(Mg).

b) follows from a general result of N.S. B oz hin o v ([1], Theorem
1.1.2).

c) follows from the existence of L'-bounded approximate identity for the
Dimovski convolution #; in L! when @ has at least one jump (see [1], Theorem
3.1.7).

[

Theorem 1.4. Let xo(f) = aof(0) + Bof'(0) with Bo # 0, x(f) =
f(to) + [y fv with v € BV, to € [0,a]. Then an operator M € (L', L")., if and
only if M is represented in the form

(6) Mf=(D-X)(mxf), fel

with unique m € BVporm, ™m =a.e. Mry. The relation of algebraical and
topological isomorphism (BVnorm , *») =1, (L', L'). holds.

Proof. Now it is not difficult to see that the functional x has the similar
form x(f) = f(to) + [, f7 with ¥ € BV, to € [0,a]. Let ry = —y(A,t)/E()).
From (3) we have that M € (L!, L'), implies the equalities M7 % f = ryx M f =
R M f € AC! for each f € L', and using a proposition of NNS. Bozhinov
([1], 3.1.2, lemma 7) for Dimovski convolution *; we get that M7y =a.e. m €
BVnorm - Therefore M f = (D — A)(mx f), f € L' with m € BVporm and the
first part of a) is proved.
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Conversely, according to Theorem 1.1’ for such a functional x the con-
volution * is L! x BV — AC! continuous operation and the operation *) =
(D = A)(.*.)is L' x BV — L', continuous operation. Then for each m € BV
formula Mf = (D — A)(m * f), f € L' defines L' — L' continuous operator
M. To prove that M € (L', L'). we recall that for all f € L', g € Xp we have
f*g € Xp and D(f *g) = (Df) * g. Moreover, now it can be proved that for
each m € BV we have m * f,m * g € Xp for arbitrary f,g € L', and we get
()25 = (D= N(me fleg =D -Nlme fag) = (D-Nlfa(me o)l -

f*[(D—=AX)(m=g)] = f*(Mg). The relation of algebraical and topological
isomorphism follows from a general result of N.S. Bo z h i n o v ([1], Theorem
1.1.2). o]

Theorem 1.5. Let xo(f) = aof(0) + Bof'(0) and x(f) = [3 fvy with
v € BV. Then:

a) An operator M € (C,C). if and only if M is represented in the
form

(7) Mf=(D-A)(m=*f), feC
with unique m € C, m = Mr,.

b) An operator M € (LP,LP)., 1 < p < oo, if and only if M is
represented in the form

(8) Mf=(D=-A)(m=+f), felP

with unique m € LP, m =3¢ Mr).
¢) The relations of algebraical and topological isomorphism (C, *)) =,
(C,C)u, (LP, %)) =y, (L?,LP),, 1 < p < 00 hold.
d) Let X = C or X = LP, 1 < p < o0o. Then an operation % :
X x X — X is a continuous convolution in X for the operator D, if and only
if it is represented in the form

9) frg=(D-N*(m*f+g), fLgeX
with unique m € X, m =j.e. r,\*r,\ . (If X = C the last equality holds

everywhere in [0, a].)

Proof. According to theorem 1.1”, for such a functional x the convolu-
tion ) = (D —A)(.*.)is L' x L' - L', C xC — C, LP x L? — L continuous
operation for 1 < p < co. Hereafter the proof is similar as those of theorems 1.3
and 1.4. u

Theorem 1.6. Let xo(f) = aof(0)+ Bof'(0) and let x(f) = [3 fdv
with ¥ € BV be an arbitrary continuous linear functional in C, which is linearly
independent with xo . Then:



140 N. S. Bozhinov , E. M. Elabd

a) An operator M € (BV, BV).. if and only if M is represented in the
form

(10) Mf=(D—-A)m+f), fe€BV

with unique m € BVporm, m =a.e. Mry. The relation of algebraical and
topological isomorphism (BVnorm ,*x) =1, (BV, BV). holds.

b) An operation ¥ : BV x BV — BV is a continuous convolution
in BV for the operator D, if and only if it is represented in the form FEg=
(D= X)*(m=* f*g), f,g€ BV with unigue.m € BVnorm , =a.e. TA¥T) .

Proof. Now according to Theorem 1.1’, for such a functional x the
convolution *) = (D — A)(.*.) is BV x BV — BV continuous operation.
Hereafter the proof is similar as those of Theorems 1.3 and 1.4. [

2. Convolutional structure and multipliers of the root expan-
sion of the operator D

Hereafter we suppose that the condition supp x # {0} is always satisfied.
As we mentioned before in [2] N.S. Boz h i n o v proved that this condition
is necessary and sufficient the spectrum o(D) to be an infinite countable set
(D) = {\}, (in the opposite case the spectrum is always an empty set). Let
mg, my, My, ... be the corresponding multiplicities of the zeros Ag, A1, Az, ... To
each zero \; one may correspond the one-dimensional eigensubspace generated
by the eigenfunction y(Ak,t). So, for each Ax the corresponding root projection

By = f R) d) has the form

21r:

(0
(11) Pf= %/ v, t;"({l\l){ 3 d);- felLl,
|

k

and it maps the space L! on the m,-dimensional root subspace H), = ker(D —
ArI)™* of the operator D corresponding to Ax (here I'x is a circle with a center
Ar enclosing only the eigenvalue \; among all the eigenvalues of the operator
D). The root subspace H), is generated by the basis of root functions (eigen

and associated functions) {;‘;gf,—y(/\k,t) : 0<s < mg — 1} of the operator D
and the projection P, is represented with respect to this basis in the form

m;,—l

1) P = Y A (DiamvOn, eI

=0
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where

a my—1—s (0)
1) Ak = g (OB g fen,

Tk

0<s<mp—1, k=0,1,2,... are the coefficient functionals of the projection
P, with respect to this basis. Let { Py, }32, be the orthogonal projection system
of the root projections of the operator D (i.e. Py, P, = 0 for k # s). In [2]
N.S.Boz hin ov proved that the condition a € suppx is necessary
and sufficient for the totality of the projection system {P, }72, in the space
L', i.e. the equalities Py, f = 0, k = 0,1,2,... for some f € L' (ie. A%(f) =
0,0 <s<mp—1, k =0,1,2,...) imply that f = 0 almost everywhere in
[0,a]. In other words, the condition a € suppx is necessary and sufficient
o0
a uniqueness theorem to be valid for the root function expansion f ~ > P\, f
k=0
of the functions of L!, i.e. for the formal expansion

0o mE—1

(13) ~ Y A (D),

k=0 s=0

of the operator D. Then the coefficient functionals A of this expansion gener-
ates the ”traditional” integral transformation

(14) feLl 0 f = {Ag(.f)’ mk—l(f)}k=07

which is injective according to the totality and maps the space L! in the algebra
(X, *x) consisting of the cellular sequences of the form ¢ = {£k,...,€% _,}%2,

provided with the inner Cauchy convolutlon Exxyn = {2 ok 0< 8%
my — 112, (see [1], 2.2, 3.3.1). Followmg the ideas in [1], p-30 we introduce
the outer Cauchy convolution € xy U = {Z gk uk(t): 0 <8 < mp - 1)2,

defined for arbitrary £ = {fg,...,f,’;k_l} 20 € X and arbitrary root function
system W = {w§(t),...,wk _,(¢)}%2, where w§,...,wk, _; is a chain of root
functions in the root subspace H), for k =0,1,2,...

Hereafter we suppose that the condition a € supp x is always satisfied.

In the preliminaries we marked that the operator D is an operator with
convolutional multiplier resolvent with respect to a continuous convolution * in
the space L! in the sense of [1], p.65, introduced by N. S. Bozhinovin
[2]. Using this, the next theorem is true, which makes clear the convolutional
structure of the root expansion (14) and the integral transformation (15).
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Theorem 2.1. Let A\x be my-multiple zero of the entire function E())
and let Ty be a circle enclosing only A\, among the zeros of E()\). Then:

a) The projection Py, is the unique continuous projection, mapping ¥ Ay
onto H), and commuting with D. It is the unique nontrivial continuous projec-
tion mapping L' in H), and commuting with D. The projection P), is convo-
lutionally represented in the form

POBREY. 3 k y(At)
(15) P,\,‘f 3 f*umk-l’ feL, where Ume-1 = Zﬂ'i /[‘k E(’\) o

is an associated function of highest order. The functions

uk (A= A)™1=0y(A, )
= < 8x -1
1) =5 [ o, 0<e<m
form a ”good” root basis in H), with respect to the convolution *, i.e.
0 ,P+s<mp-—1
(17)  ufxuf= , 0<p,s<mp—1
u’;_,,,_mk_,_l , P+s>mp—1

B) If E(\) = (A — A)™ 5> ak(A — Ay)! is the Taylor expansion of E(X)
=0

around A\, then

( 18)

= m,y( 1t) = Za,_,u, (t), u l}_‘;ﬂ,_,l' a,\ly(z\l,t) 0<s<me—1;
for 0 < s < my — 1, where ¥ : 0 < s < my — 1 are the first my coeficients of
the Taylor ezpansion of the function (A — A\g)™* / E(A) around A.
¢) The representation

mie—1
(19) Pif= Y CriaPui(t), 1€,
1=0
holds with respect to the ”good” basis in H A swhere
(0)
: k ik / x{R) 'm} d\
(20) Ci(f) =3 Mrowan— dude

The relations

s - s
(21) ck = Za',‘_,Af‘, A* = Zﬂf_,C,", 0<s<me—1;

=0 =0
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(22) Ci(f*9) = ZC _(f)CHg), f.g9€lLh;

1=0

s l :
(23) A(frg)= Y ok Y AL (DAJ(9), fgelLl;
=0 3=0

hold for 0 < s < mg_; (A* are deﬁned by (12)).
Proof. Since P, = fR,\ d), formula (15) follows from (3) by

21n

contour integration under the convolutnon sign. Other statements of the theorem
are proved in similar way as the proof of a theorem of N.S. Boz hin o v ([1],
pp.193 - 195). .

Let us consider the ”"good” transformation

(24) fel' — f={C5(f),--:,Cna(MIo € X

generated by the root function system U = {u(t),...,uk, _;(t)}52, of the
”good” root basis in L!. Let a = {af,... ,afnk_l}z‘_’_.o €X,B={8,. '-vﬂfnk—l}?’:o €
X.

The previous theorem shows that the "good” transformation (24) and ‘
the ”good” root system U are related to the "traditional” transformation (14)

and the ”traditional” root system V = {‘ra‘ry('\k,t) 0<s<my— 1}
with the equalities

(25) V=aslU, U= V; f=Bxf, f=asxf, fel!

and that the convolution # is a coefficient convolution of the root expansion in
the sense of [1], 1.2.6, i.e.

(26) (f*9) =Ff*xd, (frgy =axrxf+x§, fgel

Following the ideas of 1], 1.2.4 we call (X, X)-coefficient multiplier every opera-

tor M : X — X for which there is a multiplier sequence p = {uf, . . .,pfnk_l}i":o €
X such that

(27) (Mfy = pxx f for feX.

In[1],1.2.6 N.S. Bo z h i n o v proves that this defintion does not depend on
the choice of the transformation and that the equality

(271 (Mf)y = pxx f for feX

k=0
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holds with the same multiplier sequence p. Also, with (X, X)cm and (X, X) ms
we denote the corresponding spaces of coefficient multipliers and mutliplier se-
quences. (We recall that (X, X). and (X, X )p,com denote the spaces of . multi-

pliers of the convolution * and the commutant of the operator D for the space
X.) ]

Theorem 2.2. Let a € suppx. Then, for X = LP,1 < p < oo;
C; BV; AC we have the equalities

(28) (X XV = (B, X0ds (X, X ), coms™

Proof. The second equality in (28) follows from Theorem 1.1. To prove
the equality (X, X)cm = (X, X ). we use that the condition a € supp x implies
the totality in L' of the projection system {P.}%2, and the injectivity of both
transformations (14), (24) in L'. Let M € (X,X)cm and let h = Mf %
g — f * Mg for arbitrary f,g € X. Then from (26) and (27') we have h =
(Mfxg) —(f*Mg) =(Mf) *x§— f*rx(Mg) = (p*x f)*x§— f+x(u*x
g) = 0, since the Cauchy convolution %y is commutative and associative (see
[1], 1.2.2). Then by the injectivity of the transformation (24) we get A = 0.
Thus we prove the inclusion (X,X). C (X,X)em. The converse inclusion
follows from the fact that (15) implies that MP,, = P\ M in X ,if M €
(X,X).. Then M(H),,) C Hy, and MD = DM in H), according to the equality
(X,X)x« = (X,X)D,com established in Theorem 1.2. Now it is not difficult to
prove (27') since Hy,is generated by the chain basis {ug(t),...,uk, _,(t)} of
eigen and associated functions and that {Muf,..., M ufnk_l} form also a chain
of eigen and associated functions in H),, since MD =DM in H,, . w

Using this theorem we reduce the problem for the representation of the
coefficient mutlipliers and the multiplier sequences to our results in Section 1.
There we found algebraical and topological isomorphism I, (v € p(D) isfixed)
between the multiplier space (X, X). and a function algebra M for various
spaces X.

Theorem 2.3. Let X = I?,1 < p< o0; C; BV; AC and let
M be the functional algebra that the relation of algebraical and topological
isomorphism M =, (X, X ). be established in [3]. Then for the space (X, X)ms
the representation

(29) : (X, X)ms ={M=v, 1,0,..., 002, *x M
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holds. A sequence p = {uk, .. .,p.fnk_l}z‘;o € (X, X)ms, if and only if

(30) o L[ O RDm)

= A
prrl] N O S WL a

0<s<mgp—1, k=0,1,2,3,... with some m € M.

Proof. The isomorphism M 2, (X, X), means that M € (X, X)., iff
Mf=(D-v)mxf), f € X with unique m € M (here v € p(D) is arbitrarily
fixed). Then from (27’) and (26) we have p *,gf‘ =(Mf) =(D-v) *x (m*
) =(D=v) sy (m+x f) = (D - v) *x m) +x f for each f € X, where
(D-v)y ={X-v, 1,0,..., 0}, € (X,*x). Hence, p = (D — v)" *x mh,
since there are f € X such that f is not divizor of zero of the algebra (X, *y)
and since the correspondence M € (X,X)em <« ¢ € (X,X)ms is a linear
isomorphism between the space (X, X)cm and the space (X, X)ms, where
(X,X)ms C (X,*x). Finally, formula (30) follows from Theorem 1.4.10 in [1].
(]
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