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Composition of Fractional Integration Operators
Involving Multivariable H-Function

R.K. Sazena, O.P. Dave

Presented by V. Kiryakova

In this paper the authors derive compositions of fractional integral operators associated
with multivariable H-function and product of r-general class of polynomials introduced and
studied recently by the authors and V.S. Kiryakova in the same journal. Special classes of
these results yield compositions concerning fractional integration operators, associated with
the , Fy-function, Meijer’s G-function, Fox’s H-function and multivariable H-function.

1.Introduction

In a recent paper [22] R. K. Saxena, V. Kiryakovaand O. P.Dave
introduced two-generalized fractional integration operators in the following form:
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where U; and V;; i = 1,2, ..., r respectively, represent the expressions:

3
vi= (G- S

13 4
>\ M; TN oo
‘/,'= t_e) (1—?) ,1-—1,...,7‘,

and &, M;, N; are positive numbers. The kernel cp(;—i-) occurring in (1.1) and
(1.2) is supposed to be a continuous function, such that the integrals make sense
for a wide class of functions f(z). ;
The operators (1.1) a.nd (1.2) exist under the following sets of conditions:
(i) 1<p,g<oo,p” +q t=1

(ii) Re[’H‘EZ l(M +T+elgl)] > -1 3 J3=1.,my
Re[a + }:’-_I(N~—-(-T +0igi)] > =g J =1, mu;

Re[6+62 1(M+)'+e:gt)] > =2 3= 1,0, my;
where g; =0,1,2,.. [B/A]z_l

(“l) ¢ = Z]—ﬂ+1 a(‘ . Zr—l 7_5‘) ]—n.+l 7;‘ ]—l ,B(.
+ 3, 69 - "'_M, 89 > 0; |argz| < § - Qi3

J=1%j
(1.3) "3 -2 SUAEE o
(iv) f(z) € Lp(0,00).

The last condition ensures that I7°{f(z)} and R$*{f(z)} both exisf
and belong to L,(0,00).
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“yivastava

' (1.2) is
The multivariable H-function introduced an d studied by H. » )

and R. Panda [28] (also see [27], pp.251-253) aj>pearing in (1.1) ana
defined as follows:
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where w = v/—1;
bu(o) = T 0@ = 605 I, Peg o) +9s)
T2 T3 )+ 80080 [ T 708
(1.5) &l R
(1.6) ¥(s1,...,8k) = =T -aj + 307, a(‘)ss)

Bensi D@ - T ‘-10(‘)3.)Hj_1F(l~b T APs)

All the Greek letters are assumed to be positive real numbers; the definition
of the multivariable H-functioni is however meaningful even if some of these
numbers are zero. For convergence conditions of this function the reader is
referred to the original monograph [27].

The general class of polynomials S}(z) is mtroduced and studied by
H.Srivastava 24,p.1,(1)], in the form:

e (—#)wt
(1.7) Sh(z) = Y. o Aua(et); p=0,1,2,...

!
-

where v is an arbitrary positive integer and the coefficients A, :(u,t > 0) are
arbitrary real or complex constants.

If we set p(z) =1, M; =0, ¢; = 0 in (1.1) and (1.2), then it yields the
following operators:

Ere{f@) =gzmtet [C et = gt
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and -
R#{f(a)} = €2* [ ¢75-601 (¢t — af)f
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where X; = (1 - ;—i—)’\" and Y; = (1 - ’t"—:)""; i=1,2,..r
These operators exist under the following sets of conditions: (i) 1 < p,
g<oo,pt+ql=1

., (%)
(i) Re(n) > —%; Re[la+ Y, (z\,-;{_—;y +0i9i)] > — 38
J
15
Re[S + 2:—1(”1';‘3‘.:)’ +pili)] > — ¢

i i
Re[§ + £ Xica (v +pili)] > —3

j
where ¢; = 0,1,2, ..., [B.'/A.'], & 29,3, 2,.., [Di/Cs);
i=1,...,r;j=1 Mg gl M,

(iil) Al' — ZJ=N+1 3 9 aa E;v—'-l 0? zfj-N:"'l oy)

M; ; Qi
(1.10) ST I ST S P

i=1 71 j=M;+1

the condition (1.3) is also satisfied, and
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(iv) £(z) € Ly(0,0).

The object of this paper is to establish some compositions of the operators
(1.8) and (1.9). The technique developed here is believed to be new.

The main results of this paper unify the earlier results by S.P. Goyal,
R.M. Jain aad Neelima Gaur[7], R.K. Saxena, Y. Singh and

A. Ramawat [23], HM. Srivastava and R.G. Buschman [25],
M. Saigo [19], H.M. Srivastava, S.P. Goyal and R.M. Jain [26], V.S.
Kiryakova [12,13], S. L. Kalla and V.S. Kiryakova [11], S. L. Kalla
[9.10] and several others.

2.Auxiliary results

The following results are used in next sections [8, p.286, (3.197, 3)], [3,
p.64, (23)], [4, p-201, (8)] and [3, p.62, (15)]: :

1

(2.1) / 711 = 2)*71 (1 ~ Bz) Vdz = B(A, p)aFi(v; A A+ p; B)
0

provided that Re(\) > 0, Re(u) > 0, |8| < 1;

(2.2) 2Fi(a,b;c;2) = (1 - 2)° % % Fy(c— a,c—b;c;2), |2| < 1;

[T eyt

(2.3) =y TBAA - p—v) (14 a/y) T Fi(A B A - v - 2a/w),
provided that 0 < Re(u) < Re(A — p), |a/y| < 1,

(2.4) 2Fi(a,b;c;—2) = _2_:_w /c'i':” e+ S%E‘g:'i's;)r(_s) Pds

provided that |arg(—z)| < # and ¢ = v/—1.
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8
3.Compositions of the operators defined by (1. ) and (1.9))

Theorem 1. If f(z) € L,,(o %), 1< p<2for fz&) € Mp(0) ),
P> 2, Re(ﬂ) > —3; Relar+ 30 (A ~h +oig)] > %, g:=0,1,2,.... B/ 4,
1=1,.
r
Re[ﬂ+E(A,6M +ail)] > "E ;=0,1,2,..,[Bi/Ai,

i=1

(1)

i = 1,..,r, Re(6) > —i; Re[a + B+ Y iz (oi(gi + L) + z\;%ﬁ-)] > —2, then
5

;o158 f(z)} € Ly(0,00) and the following result holds:
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(r+1) ( )
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Aty Ay 0) 5 (=B = G52 — 57, Oilis 0, onn 0, Agy oo Apy 1) 2
(Fl—a=B—=10i(gi + L); Ay ey Ars ALy ey Ay 1)
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Proof. In view of definition (1.8), it follows that

I;me 1358 f ()} = €z [7 en(af — tf)=

X H[z1, X1, .oy 2-Xy) [Tiz1 {SB;' [y‘-'(l “ 5‘)"‘]} (ft—cs—&ﬁ—l

x Jiud (1€ — wb)Pf(u)H [21 (1 — )M, ., (1 = %)

x [Ticy {58 [wi(1 = %)%¢] } duw)at
If we interchange the order of integration, which is permissible under the con-
ditions stated with the theorem, it is found that

(3.3) LeIB{f(@)} = €27 [Tt f(wdu,

where

(3.2)

Q = [Fn—6-€-1 (g€ — &) (¢¢ — ub)PH (21 Xy, ..., 2. X,]
(3.4) x [Tiey {S&: [ = £)7 |} H [ (1= 29, 21 = %)™]
x iz {S5; (i1 = 360
If we write the series representation (1.7) for [Ji-, Sj (2:) and Mellin-Barnes in-

tegral representation (1.4) for the multivariable H-functions appearing in (3.4),
and interchange the order of integration, we will obtain Q as

B B. A A (gi+1;
oy { S (B4 PO PO mshpnAniai™

XW Ju, o Jog, V(81,1 8.)9(84, . .-, 8,

(35) l—l {0 (s,)0 (3’) s.+8 } (fz tn—&—fﬁ—f E'._.l(,\.'s£+0.'l.')—-l
X(.’Ee = t()a+2‘=l()‘.a.+a.g.)(z£) Zml(/\.a.+a.g.)
x (€ — uf)ﬁ"'):-sl(’\" i+oil) dt) ds,...ds,ds),...ds...
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The t-integral can be evaluated fairly easily by the substitution

Tzt

The w*-integral can be evaluated with the help of the integral (2.1) and then

on using (2.4) the equation (3.5) transforms into the desired form (3.1), when

we apply the definition (1.4) appropriately. i
The proof of (3.1) presented here in reasonable detail, can be applied

mutatis mutandis in order to prove the composition formulas contained in next
Theorem 2 and Theorem 3.

Theorem 2. If f(z) € Ly(0,00), 1 < p < 2 [or f(z) € Mp(0,00),
p>2,p +qg =1

w‘

r (¥)
: 1
R B . i #
Re[a + .E(U' (‘) + plgl)] > g£1
=1 ¢J
Re( + i =+ pili)] > ——;

8,1 =0,1,2,..[Di/Ci], $=1,...,1;
then R1°RSP{f(z)} € L,(0,00) and the following result holds:
a r i/Ci D;/C:) (=Di)c;g;
R REP{f(2)} = €27 [Ticy {424 {200 00
x (“D‘)Cﬂi‘:l!’.‘.aaAD.'J.‘ (y'{)(gi+l.-) }
% f?(ut)—m%l—a—ﬁ—l-z,f_l pi(gi+i)

a+B8+Y 7 pilgi+li)+1 0, 2N+4:MNy;...MyNy;
x (ué — zf) Limy piles .') “Hjp4,20+2:P,Q1:..:PrQy;

£
21(1 = %{)"1

My, Ny: s MoN.: 1,0 (1 '
194V15 eeey MpiNpS 1, zl(l__%:_)ul C X2 f('u)d‘lln
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) 4
zr(lt_ i‘_‘)Ur
(-1
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where
(r+1) (")
(hj; €, orey €7,0, . 0)1,p (hj; 0,0, €, ve&,0),p
X2 =
(ks 1, ...,p}'),o, e 0)1, * (K530, ...,0, 4%, . ,;41 ,0)1,0 :
(r+1) (r)
(r+1) (r+1)

(=8 = iz pili; 0, ...,0) : (—a = Y- Pigis Y1y «os ¥ry 0, ..., 0)
(ml—a-B8-Ypilgi+ L)iv1, ey Uy 01, ey 1, 0) ¢
(-1 =—a-p8- 3o pilgi + L)

(r)
N~
(5-2—9- —a =3, pigii %,y Ur, 0,..,,0,1) ¢
Uy eeeyUpy U1y oeny Vgy 1)
(r)
(=B = iy pilis 0, s O vy ooy s 1) 2 (€ 01,2y i (€87, 61,15

- :(Fh @@ - (£, ),
(er J)‘.P]) (eg'r),og'r))l,l’r—
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4.Composition of mixed type

Theorem 3. If f(z) € L,,(O,oo), 1< p<2 for f(z) € Mp(0,00),
p>2],p ' +q' =1, Re(n) > -}

r d(')

Re[a + g(Aa (‘) + atgt)] > - gf

r (1)
1
Re[ﬂ + E (V: f(') + P:l )] > =95 li =0,12,.., [Bl'/Al']:
=1

13
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[;=0,1,2,...,[Di/Ci], Re(8) > —;l; then
IR {f(2)} = R I3%{f(2)} € Ly(0,00)
and the following result holds:

Mo RPP{f(z)} = RP°I:5P{f(2)}

—nt! . e iAi i/Ci)
= E(x9) e (L) [, { S (2D

'(_Bi)A,' 9 (_Dl')C,',lj ABigj AD.‘ A yi’i (]lé)"’
PR }

X fo u(1 - ;“—:—)°+ﬁ+z::.l(0iyi+pili)+l

XHO' n+N+3 :ming;....men;M;,Ny;...;Mp,Nyp3;1,0
p+p+3,0+Q+2:p1415...:Prqri P1,Q15... PrQri0,1

z(1- %)M :

"t
z (1 - ;‘?)'\'

3 (1 = %g_))‘, X3 f(u)du+&(z°)I'(

e )

zr(lt_ l;-':')'\'
(% -1) 4

r i/ Ai i/Ci) (=Bi)a;9,(=Di)ci1;AB; .9, AD; 14
| 1 {Eﬁ?:ﬁ“i?fﬂéc)( lnd g.-)!?.-!' e

: ; EEhPs - ! igitoili
Xyfi(y)h [P ut1(1 - :7)°+5+Z.,,(6y+p )+1

XHO' n4+N+4+3 minyi..menye;M;,Nyj...;Me,Nri1,0
P+p+3,9+Q+2:p1915...:prr; P1,Q1;... PrQr;0,1
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-

&
21(1 _ f’e’)h .

_... 28y,
(4.1) 28 B g—g;"‘ Xa | f(u)du,

' 4
zr(lg— z—f)ur
(% -1) i

where
(r+1) (r)
(aj; oy ey D0, ...ml,p : (hj;0,...,0, ¢}, ...,ég-r),O)l'p :

r (e ) )
(bj; B, ...,pf’,o, ey Q1 ¢ (k530,00 0,4t oo 87, 0)10
(r+1) (r)

X3 =

(—a -8 - Hig"tl' - Z::=1(oigi + pili); ALy ooy Ary U1y ...,V,-,O) :
(_a — - ‘2'1"—?4-_1) - Z::"=l(at'gt' + pl'li); ALy eeey Ay 11, "-:VNO) :
("'a - ﬂ - u%.'._l - Z:=1(aigi + ptll)a Ah seey Arv Viy ooy Vry 1) :

(_ﬂ - !Lj-_iril - Z:":l Pili;O, vy 0,21, vy Vpy 1) :

(r)
(r)
S N— r r
(—,B - Zle pili; 01 eeey 01 Viy ooy Vpy 1) : (C_’,, 7;')1@1; ooy (C; )1 J( ))l.Pr;
= (Y )10 s (AT, 881 0

(€}, 81,3 - (617, 08), -

(L@@ (7, 010, (0,1)
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and
(r+1) ()
(aj; o, ...,ag-'),o, ey 0)1,p : (R530,...,0, €, ...,eg-'),O)l,p -
X4 = '
(b5 By -ny J(-'),O, ey 0)1,9 = (K550, ..., 0, ...,ugr),O)l'Q :

(r+1) (r)
(—Of - ,B - ﬂ% - 2:=l(aigi + P:l:); ’\17 eeey A,-, Uiy ooy Vpy 0) :

(_a - ﬂ - w - :'-=1 (‘7:‘9:' + Pili); ’\17 ooy Arv Viy -y Vry 0) :
(- —a = B - iy (0igi + pili)i Ay oo Ar V1 s v 1)

(—ﬂ+—gﬂ —a—Yi1(0i9); A1, .-y A, 0, ..., 0, 1):
(r)
(r)

e N,
(-a - z:'-=l 0:9i; ’\11 eeey Ary 0y ey 0, : (c_’;’a7§)l,p1; “ee)

- : (d;, ;')1,q.; v}

(YN 1005 (€50)1,Py5 o €, 60)1,p,5 -

S (@, 61005 (F1) 10055 U 0 1m0 (0,1)

5.Special case

fwesetr=1,n=p=¢q=0=N =P = Q for the multivariable
H-function and product of the general class of polynomials, (1.8) and (1.9)
respectively reduce to the following operators:

Ere{f(z)} = €a-n~to=t [Fen(at — ) HT" [2(1 - £)*|

(5.1)
(re) ) SAW(1 — £)71f(t)dt
and
F80{f(a)} = €a® [F1-0-60-1(t¢ — o8P HRIY [2(1 - %) |
(5.2) E

() [ 1S8ly'(1 - %)°1f (B)at.
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These operators exist under the following simplified set of conditions:
() 1<pg<oo,pitq” =1;
(ii) Re(n) > —l ; Re(a + /\3-'- +og) > _R’
Re(B + V—-l— +p(l) > —qE’ Re(6) > -1
whereg—O 1 2,..,[B/A);1=0,1,2,. ,[D/C];
i=1...,m;j5 —1,...,M

Li1() = Ejmnsr (1) + 1 (85) = Ziamsa (6) =8 205

largz| < 378, 30, (8;) — 2=, (7)) >0

(5.3) (i)

and
i1 (85) = TN () + T)i(95) = Tilmia (@) =8 2 0;
(5.4)
larg Z| < 76", 51 (¢5) — £121(65) 2 0
(iv) f(z) € Lp(0,00).
It is interesting to observe that the composition of these operators follow

from the result given in the preceding sections by setting r =1, n = p = ¢ =
0=N=P=qQ.
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